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‘Multiple Unit’’ 


CRUCIBLE FURNACES 


Temperatures to 2300° F. 


Designed for 
* Melting Small Quantities of Metals 
* Pyrometer Calibrations 


* Heating All Materials Contained in Crucibles 


Laboratory technicians using Hevi-Duty 
Crucible Furnaces find they give the de- 
pendable service demanded by exacting re- 
insulation and_ sturdy, 
long-life heating element construction are a 


search. Improved 


few of the advantageous features. 


TO 1850° F. 


Write for Bulletin 1246. MU_ CRUCIBLE FURNACES 
Chember Furnace 
Type Price 

HOT CRUCIBLE FURNACES TO 2300° F. Dia. Deep 
HDT-304* 3" 4" $170.00* 82 24%," x4" $ 47.50 
HDT-506* 5" x 6" 270.00* 84 x 58.00 
HDT-812* | 8” x12” 430.00* 86 71.00 
*Requires a Transformer, 506 110.00 


FOR GENERAL AND SPECIALIZED LABORATORY APPLICATIONS 


“Multiple Unit” 


MUFFLE FURNACE 
Temperatures to 1850 F. 


This furnace is a complete self-con- 
tained unit with the temperature 
indicating and controlling devices 
conveniently located in the pyram- 
idal base. Four interchangeable and 
reversible heating units of heavy 
gauge Nickel Chromium Wire in- 
stalled in grooved refractory plates 
completely surround the heating 
chamber. 


Write for Bulletin 849 for complete details. 


Type Watts W. = Price 
051-PT 1150 5% 4 $ 145.00 
052-PT 1440 44% 10 3 210.00 
054-PT 2070 5% 12 4 245.00 
056-PT 3400 7% 14 5 315.00 
012148-PT* 6500 W% 14 8 1050.00 


Operating voltage either 115 or 230 volts A.C. only except 012148-P 
*Avtomatic temperature control $230.00 additional. 


Industrial Furnaces and Ovens, Electric and Fuel « 
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Proceedings of an International Symposium 
on High Temperature Technology, Stan- 
ford Research Institute. 348 pages, Mc- 
Graw-Hill Book Company, New York. 
$15.00. 


“High Temperature Technology” is a 
collection of the papers and discussions 
presented at an International Symposium 
on the subject on October 6 through 9, 
1959. The conference, held on the Asilomar 
Conference Grounds near Monterey, Cali- 
fornia, must have been as pleasant, judg. 
ing from the informal snapshots included 
in the discussion, as it was successful. 

The book is not, as is often true with 
collected writings, merely a group of 
papers on related topics in which the 
authors happen to be interested. The 
careful selection of the authors has made 
the edition a unified and organized view 
of the whole field of high temperature 
technology. The consistency of point of 
attack of the many contributors reflects the 
well-planned organization of the confer- 
ence by those responsible—the Stanford 
Research Institute and fifteen representa- 
tives of various university, government, 
and industrial research groups under the 
chairmanship of N. K. Hiester. 

The symposium was organized into five 
sections, each under a chairman: Tech- 
niques and Measurements, Materials, Proc- 
esses, Behavior of Materials, and Research 
Abroad. The book is similarly divided 
with a sixth section, and one which is 
definitely an integral part of the book, 
devoted to the discussion which took 
place at the conference on the first four 
of the topics. Section I contains papers on 
image furnaces, high intensity electric dis- 
charges, measurement of temperature, flux, 
and emittance, and problems of missile 
re-entry. The section on materials includes 
discussion of the refractory metals, oxides, 
graphites, and carbides, nitrides, sulfides, 
silicides, borides, aluminides, and_ inter- 
metallics. High pressure, condensed state 
reactions and phase equilibria, fused salt 
chemistry, pyrometallurgy, and chemical 
synthesis are topics of papers in the 
“Processes” section. The fourth division 
gives references to work on mechanical 
properties, thermoelectric power, and 
mass spectrometry in high temperature 
chemistry. Section V on research abroad is 
the most uneven one in the book. It con- 
sists of papers by representatives from five 
groups—the United Kingdom, France, 
Germany, Japan, and Scandinavia—who 
were each given the heroic task of review- 
ing the sum of work at high temperatures 
presently being carried out in their coun- 
tries. The discussions varied in style from 
that of Dr. Trombe and Dr. Foex of 
France who present an extensive survey, 
including 262 literature references, of re- 
search in their country to that of Dr. Mii 
of Japan who dealt more with the work 
with which he was personally familiar— 
the solar furnace: 

Throughout the book literature _refer- 
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Conservation and Engineering 


VI. Water Supply 


The problems of water supply should concern 
chemical engineers, particularly those with an in- 
terest in conservation, for two reasons. First, it is 
probable that acute shortages of water, already 
tamiliar in some places, will soon become more wide- 
spread and more frequent. The most optimistic way 
to look at this prospect is to hope that such shortages 
may waken all of us to the potentially disastrous 
consequences of our persisting abuses of land and 
mineral resources as well as of water. Second, if any 
alleviation of the water shortage is to be found, it 
will undoubtedly come primarily from sound appli- 
cation of chemical engineering principles. 

The magnitude of our water usage is staggering. 
It approximates 1,700 gallons a person a day, of 
which a little less than half is used for industry, the 
same amount for irrigation, and the small remainder 
for the household. Every trend points to greater per 
capita use, and the increasing population will raise 
the total consumption figures to the point where the 
most modern computer is overloaded. Nothing is 
going to increase our rainfall, and we persist in every 
action designed to reduce the rainfall available to us. 
Parking lots, housing developments, supermarkets, 
etc., play their parts in reducing water table, accel- 
erating run-off, and silting up the existing reservoirs. 
This problem is bound to get worse everywhere, un- 
til it becomes critical in more and more places. 

Cheap water almost certainly is about to disappear 
forever in this country, because the things which can 
be done to alleviate the problem of dwindling supply 
are expensive. That they can be done at all is a tri- 
bute to the excellent study and research carried out 
by chemical engineers throughout the years in heat 
transfer, water purification, ion exchange, and ther- 
modynamics. 

Conservation of water, primarily in its industrial 
uses, will be essential. It will no longer be tolerable 
to throw away water used only for cooling. Such 
water must be itself cooled in appropriate towers, 
the design of which is certainly well known in chem- 
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ical engineering. Since some water leaves the system 
as vapor but none of the dissolved solids do, demin- 
eralization will be necessary. There are no technical 
reasons why this cannot be done to conserve water to 
an important extent, but it will be costly. 

Conservation of water now devoted to process 
uses, such as rinsing, will also become essential. This 
is a rather more difficult problem than the recovery 
of cooling water, but it can be solved. Ion exchange, 
precipitation, thickening, and filtration are well 
enough understood to permit us to predict with con- 
fidence that rinse waters can be purified and re- 
cycled with great reduction in net water consump- 
tion. The studies already made, however, leave little 
doubt that the cost will be great. 


New sources of water are unlikely except for the 
ocean. Many industrialists and academicians have 
been working assiduously on demineralizing sea 
water, recently with the great help of the Office of 
Saline Water, and success is in prospect. The large 
pilot plants being built will show the way to the 
most advantageous process for any site. Whether 
conventional, vapor-compression, or “flash” evapora- 
tion, freezing, or electrodialysis is adopted, it is the 
work of the chemical engineer which has made them 
all possible. Again, the cost will be considerable even 
at the often estimated figure of 50 cents a thousand 
gallons. It should also be noted that the promise of 
this process is clearly limited to the seashore or to 
those regions where brackish water is available. 

When the coming crisis in water supply is upon 
us, the world should be thankful for the work chemi- 
cal engineers have done. Even so, alleviation is all 
that can be promised, and that at a rather high price. 
If no stop is put to our burgeoning population, one 
foresees a hinterland starved for water and teeming, 
continuous cities along the seashores, perhaps 
(Heaven forbid!) with water only at licensed premi- 
ses. 
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* Simultaneous Equations 
Solved: 


: 
= “0,(i+1) 
Qy + 
90,041) 
sy my 
i i+] 
In 
Yi+l : 

—Qoa(i+ |) 

—Qoa(i+!) 


Multi-Stage Oxidation Problems Solved in Seconds 


80, (1+1)= 


y 


i+] 


m,i 
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Diagram for determining outlet concentration of a counter current multi-stage oxidizer 


=xi [xX ym,i+ 


PO, 


Qu2 +Qoali+!) 


—Qo2(i+!) 


—Qo2(i+1)+Qn2 


with Computer! 


Dynamic memory and high-speed repetitive operation 
exclusive with DysTAC analog computers offer the 
simplest, most accurate, lowest-cost way of solving 
multi-stage oxidizer problems. Now, with DYSTAC, any 
desired specifications can be selected for a given prob- 
lem. Solutions are achieved at a continuous frequency 
of 60 cycles per second with an accuracy of +0.1%. 
Size of DYSTAC is independent of the number of stages 
since its dynamic memory permits time sharing of 
computing elements. Its solution time for a given set 
of operating conditions is only a few seconds for 10 
stages. 

Whether your problems are dynamic or static, 
covering costs, design or production control in: 
Operations Research, Chemical Kinetics, Structures or 
Hydrodynamics, DysTAC can solve them faster, more 
accurately and more economically than any other 
computer. 


A Schlumberger 
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A computer is judged by the problems it solves. 
Here are some problems which pystac will solve in 
20 seconds. 


¢ multi-dimensional partial differentials (steady state or 
transient) 


* sequential, successive solutions for algebraic matrices at 
60 to 100 cps 


¢ definite integral calculations 


¢ multiple integrals and partial differential equations . . . or 
any combination of these problems 


Send for detailed report “Counter Current Multi- 
Stage Oxidation.” Learn how 
DYSTAC cuts time and costs in 
solving complex problems that 
up to now defied either analog 
or digital computer solution. 


COMPUTER SYSTEMS, INC.., culver Road, Monmouth Junction, N. J. * DAvis 9-2351 


Subsidiary e formerly Mid-Century Instrumatic Corp. 
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A Photographic Study of Pool Boiling in the 
Region of the Critical Heat Flux 


A photographic study was made to investigate the boiling phenomena in the neighborhood 
of the critical heat flux. The system consisted of an electrically heated zirconium ribbon, in- 
sulated on its underface, suspended in a pool of water at its saturation temperature. Measure- 
ments of bubble diameters, bubble positions relative to the heating surface, local bubble fre- 
quencies, and contact angles at known times intervals were obtained from the film. Results in- 
dicate that at high heat fluxes the primary forces acting on a bubble leaving the surface are 
the buoyancy and drag forces. A dimensionless relationship is developed relating bubble velocity, 
bubble diameter, and contact angle at breakoff. Drag coefficients for freely rising vapor bubbles 
in saturated liquid are found to be representable by the usual drag coefficient-Reynolds number 
curves for solid bodies. Jakob’s plot of bubble frequency vs. bubble diameter at breakoff is 
extended to high heat-flux values, and a relationship proposed by Deissler at the critical heat 
flux is found to yield reasonable agreement with the experimental data. 


The use of boiling fluids as an effi- 
cient means of cooling such high heat 
flux devices as nuclear reactors and 
rocket engines is of interest owing to 
the relatively high heat transfer rates 
made possible by the boiling process. 
The physical nature of this process is 
such that it must be classified into three 
separate and distinct regimes; nucleate, 
transitional, and film boiling. Nucleate 
is characterized by the emination of 
bubbles from certain discrete positions 
on the heating surface. Increasing heat 
flux results in an increase in both the 
surface temperature and bubble popu- 
lation. At higher fluxes the bubble 
population increases to such an extent 
that the bubbles coalesce and the sur- 
face becomes completely covered with 
a highly unstable irregular film of 
vapor. This hydrodynamic event marks 
the end of the nucleate boiling region 
and the beginning of the transitional 
region. The mechanism which yielded 
high heat transfer rates in the nucleate 
region is nonexistent in the transitional, 
and as a result, if the power level in 
the system is maintained, the surface 
temperature must increase. Eventually 
the film becomes stable, intermittently 
shooting off large bubbles at regularly 
spaced intervals along the surface. 
Stable operation is possible in this 
region provided that the combined ef- 
fects of conduction and radiation yield 
a heat transfer rate equal to the power 
level prior to failure of the heating 
surface by melting. In many instances 
when the power level is being con- 
trolled (rather than the surface tem- 
perature), the material will melt locally 
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either during the transition region or 
the film boiling region prior to the at- 
tainment of stable operation. Such an 
occurrence is commonly called burnout 
and results in the destruction of the 
device. In order to design against 
burnout and yet obtain high heat trans- 
fer rates it is necessary that some means 
be available for predicting the heat flux 
at which coalescence of the vapor bub- 
bles occurs (the critical heat flux). 
Rohsenow and Griffith (12) success- 
fully correlated critical heat flux data 
for saturated liquids by the relationship 


(1) 


where C, and n are experimentally de- 
termined constants having the values 
14.3 ft./hr. and 0.6, respectively. The 
group on the left is a superficial vapor 
velocity and is obtained by assuming a 
close-packed arrangement of vapor 
bubbles on the heating surface such 
that all of the generated heat is dis- 
sipated as latent heat. The density 
ratio on the right may be considered as 
a buoyancy force per unit mass of 
vapor, and it is assumed that the super- 
ficial vapor velocity is proportional to 
some power of the buoyancy force. 

Forster and Zuber (4) have ob- 
tained expressions for the growth of a 
spherical vapor bubble completely sur- 
rounded by a superheated liquid. Find- 
ing that the product of the bubble 
radius and radial velocity were inde- 
pendent of time one could formulate 
a bubble Reynolds number and corre- 
late critical heat flux data by the famil- 
iar relationship 


Nyu C. Nz, (2) 
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Unfortunately the Nusselt number, 
which contains the critical heat flux, 
also contains the critical temperature 
difference which is not generally known. 
Kutateladze (9), assuming the oc- 
currence of the critical heat flux to be 
due to hydrodynamic effect alone, 
utilizes the equation of motion and 
energy equation to obtain the following 
relationship by dimensional analysis: 


qe 
Lipo (pr pv) ] 


= K = const. 
(3) 

Sterman (14) utilizing the equation 
for convective heat transfer with a heat 
source, an equation describing the 
transfer of heat due to boiling from the 
laminar-transition layers to the turbu- 
lent core and the dimensionless groups 
resulting from the equation of motion, 
obtains, also by means of dimensional 
analysis, an expression identical to 
Equation (3). 

Deissler (2) employing a physical 
model of the boiling mechanism at the 
critical heat flux obtains a relationship 
similar to Equation (3) without re- 
sorting to dimensional analysis. It is 
postulated that the critical heat flux 
occurs when the rate of formation of 
bubbles just exceeds the rate at which 
they are carried away. Under these 
conditions the drag on the bubbles is 
sufficient for successive bubbles leaving 
the surface to touch and coalesce. When 
one utilizes the relationship obtained 
by Fritz (5) between bubble diameter 
and contact angle at breakoff, an ex- 
pression for the rate at which bubbles 
are carried away, and an expression 
for the heat flux identical to that em- 
ployed by Rohsenow and Griffith, the 


relationship 


1/4 


is obtained. If the drag coefficient and 
contact angle at breakoff are assumed 
constant, Equation (4) is identical to 
Equation (3). 

Zuber (17) in a stability analysis of 
the boiling mechanism on the transi- 
tional side of the critical heat flux ob- 
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tains the following theoretical relation- 
ship: 


qe 


It is shown by Zuber and Tribus (18) 
that the constant 7/24 is actually an 
average value having the theoretical 
limits 0.157 to 0.12. Except for the last 
group on the right, which under most 
conditions will have a numerical value 
of unity, Equation (5) is also identical 
to Equation (3). The constant 7/24 
should thus agree with the value of K 
obtained employing experimental data. 
Kutateladze obtained K = 0.16 and 
Sterman 0.168. 
Borishanskii (1), extending Kuta- 
teladze’s analysis to include the effects 
of viscosity, obtained the relationships 


(5) 


K = 0.138 + 4N°* (6) 
or 
K = 0.8 (7) 
where 
3/2 


Deissler (2) obtained a functional 
relationship between K and a bubble 
Reynolds number which except for the 
use of vapor properties is equal to N*”. 
This relationship follows directly from 
Equation (4) by assuming the contact 
angle, which is dependent upon sur- 
face conditions, to be constant and by 
assuming the drag coefficient to be 
some function of a bubble Reynolds 
number. Modification of the Reynolds 
number by substituting expressions for 
the bubble velocity and diameter yields 
the relationship 

( 


9 


where K has replaced the group on the 
left-hand side of Equation (3). No 
significant trend of K with the group in 
brackets was found, or in other words 
the drag coefficient was found to be 
independent of Reynolds number. The 
relationship obtained was K = 0.15. 

It would seem, from the success of 
the various models, that the dynamics 
of the boiling mechanism in the neigh- 
borhood of the critical heat flux would 
be well known. Zuber’s analysis, which 
approaches the problem from the stand- 
point of the breakdown of transitional 
boiling, sheds little light on the bubble 
mechanism ori the nucleate side of the 
critical heat flux. Both Kutateladze and 
Sterman found it necessary to employ 
dimensional analysis techniques, while 
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SS WATER POOL 
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RESISTANCE 3 VOLTMETER 
KNIFE SWITCH 


Fig. 1. Schematic diagram of apparatus. 


Deissler, using possibly the most ap- 
pealing approach, was required to make 
experimentally unverified assumptions 
as to the dynamics of his model. The 
purpose of this paper is to give an in- 
sight into the dynamics of the boiling 
mechanism in the neighborhood of the 
critical heat flux. 


APPARATUS 


The system is illustrated schematically 
in Figure 1. It consisted of a zirconium 
ribbon suspended horizontally by means 
of two copper rods in a pool of boiled- 
distilled water, a calibrated resistance, two 
4,000-W. water cooled rheostats connected 
in parallel, and a portable motor generator 
set. The zirconium ribbon, which was 
3 x 3/16 x 0.006 in., was insulated on its 
underface by a glyptal coating and was 
heated electrically by means of direct 
current originating in the motor-generator 
set. The container itself was a 2-liter 
Pyrex beaker wrapped with asbestos cloth 
insulation to minimize heat losses. The 
insulation was removed on opposite sides 
of the vessel from just below the level of 
the ribbon up to the surface level of the 
water so that the boiling mechanism could 
be observed. The power input to the rib- 
bon was by means of volt- 
meter attached across the copper rods and 
a second voltmeter attached across the 
calibrated resistance. The boiling action 
on the ribbon was recorded by means of a 
16-mm. camera, equipped with a 50 mm. 
f/2 lens, operating at a rate of 5,000 f./ 
sec. Lighting was provided by means of 
three lamps located above and behind 
the pool. One thousand cycle per second 
timing marks were recorded on the film by 
means of a calibrated oscillator, an ampli- 
fier, and an argon timing lamp within the 
camera. No means were provided for the 
determination of transient surface tempera- 
tures or heat-flux densities. 


EXPERIMENTAL PROCEDURE 


The power input to the zirconium rib- 
bon was initially set at a level well below 
that corresponding to the critical heat flux 
and was maintained at that level until the 
entire mass of water had reached its 
saturation temperature. The power was 
then increased until it was just below the 
level at which it was known that in- 


A.1.Ch.E. Journal 


stability and burnout would occur and 
maintained at this value for a period of 5 
min. Owing to the essentially negligible 
resistance of the ribbon compared with the 
total resistance of the circuit, any sudden 
increase in ribbon resistance due to an in- 
crease in the average ribbon temperature, 
while the power level was being raised, 
resulted in an abnormally rapid increase in 
voltage drop across the ribbon. The ab- 
normal rise in voltage drop was used as an 
indication of the moment to start the 
camera, which was operated by means of 
a push button located on the panel board. 
It was estimated that the total elapsed 
time between the moment the abnormal 
increase in voitage was first noticeable, and 
the moment that burnout occurred was 2 
sec. As the voltage increase seemed to be 
of an exponential nature, it was found pos- 
sible to cut the power input at almost any 
time during the voltage rise and prevent 
burnout from occurring. With this pro- 
cedure three overlapping runs were made, 
each exposing 100 ft. of film at 5,000 f./ 
sec. The first run covered the period from 
the time at which the power input was 
increased from its set stable value up to 
the moment of the abnormal voltage rise. 
The second exposure was triggered at 
the moment the voltage began its abnor- 
mal rise and was completed and_ the 
power cut just ~~ to burnout. The 
third exposure of 100 ft. was_ initiated 
approximately 1 sec. after the voltage had 
begun to increase rapidly and was con- 
cluded after burnout had occurred. A 
fourth run was included with a second 
ribbon used, in which simultaneously the 
power input was increased to a very high 
level and the recording action begun. This 
exposure covered the boiling action from 
just below the critical heat flux up to rib- 
bon burnout. A loan copy of the film, 
together with motion pictures of the ap- 
paratus and its operation, are available on 
request from the National Aeronautics and 
Space Administration, Lewis Research Cen- 
ter, Cleveland, Ohio. 


METHODS OF MEASUREMENT AND 
CALCULATION 


In order to obtain quantitative in- 
formation on the dynamics of the boil- 
ing mechanism the original negatives 
were examined on a viewer with a 
magnification of 11:1, such that the 
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projected images were approximately 
twice their actual size. Frame-by-frame 
tracings were made of the bubbles and 
the time lapse between successive trac- 
ings obtained from timing marks on the 
film. A known vertical distance ap- 
peared in each frame, so that vertical 
distances on the tracings could be scaled 
to actual size. In obtaining measure- 
ments of bubble size the horizontal 
distances involved were small relative 
to the diameter of the container, so that 
errors due to distortion were negligible. 
Because the bubbles, in general, were 
not spherical, and because the field of 
view was two dimensional, it was as- 
sumed for the purpose of calculating 
bubble volumes that the bubbles were 


ellipsoidal with semiaxes b = c ¥ a, 


the a axis being parallel to the ribbon 

length. The bubble volume is given by 
4 

= mabe (10) 


and the surface area of the bubble by 


sin”'e 


(11) 


é 


where 
( ) 1/2 


a 


The bubble diameters referred to 
throughout the paper are defined as 
the diameter of a sphere having the 
same volume as a bubble: 


6 
= — | 


7 


(12) 


Freely rising bubbles 

Frame-by-frame tracings were made 
of freely rising vapor bubbles. The 
position of the ribbon was included in 
each tracing so that the vertical dis- 
tance the bubble had traveled was 
known for each time interval. Figure 
2 shows a typical plot of distance 
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Fig. 2. Distance of a freely rising vapor bubble 

(maximum height) from heating surface as a 

function of time. The time at which the bubble 

distance and size were first determined was 
taken as time zero. 


velocity was obtained from the slope 
of the curve. Maximum horizontal and 
vertical bubble dimensions were tabu- 
lated for each tracing and arithmetic 
averages used to obtain the bubble 
volumes from Equation (10). The bub- 
ble diameters were then obtained from 
Equation (12). Drag coefficients and 
Reynolds numbers were calculated for 
each freely rising vapor bubble. The 
drag coefficient is defined by the rela- 
tionship 


_ pe) D, 


(13) 


Spitty” 
obtained by equating the buoyancy 
force acting on a freely rising bubble 
to the drag force. The bubble Reynolds 
number is given by 


D,top. 


Nr = (14) 


Bi 
A measure of the deviation of the shape 
of a bubble from that of a sphere is 
given by the sphericity, defined as the 
surface area of a sphere having the 
same volume as the bubble, divided by 
the surface area of the bubble: 


( 6V, 


Vapor bubbles growing from a heated 
surface 

At high heat-flux values frame-by- 
frame examination of the boiling action 
indicates that in the initial stage of 
bubble growth very small vapor bubbles 
coalesce on the heating surface to form 
patches of vapor. The patches of vapor, 
once formed, grow as single bubbles, 
eventually detach from the surface, 
and then rise through the surrounding 
saturated liquid. At the critical heat 
flux, and in the transition region, it ap- 
pears that the entire surface may be 
covered with vapor. The vapor patches 
themselves have coalesced, and no 
solid-liquid contact exists. In this work 
bubbles were examined from both the 
nucleate and transitional side of the 
critical heat flux. Thus some of the 
bubbles were detaching from the heat- 
ing surface and some from an irregular 
film of vapor. No distinction was made 
between the two. 

Frame-by-frame tracings were made 
of vapor bubbles growing from the rib- 
bon surface. A plot of the distance 
between the ribbon and the maximum 
height of the vapor bubble vs. time is 
shown in Figure 3. (The conversion 
factor is 2.6 x 10° ft./unit.) In most 
cases the curve became linear well be- 
fore the bubble broke away from the 
surface. The slope of the linear portion 
of this curve was taken as the bubble 
velocity at breakoff; also recorded was 
the contact angle at breakoff. When 
the vapor film did exist, its thickness 
was small in comparison with the 
diameter of a departing bubble. As a 
result the contact angle was deter- 
mined as if no vapor film existed and 
was measured just prior to the necking 
down of the bubble. 

The local frequency of bubble for- 
mation was determined by recording 
the time lapse between the moment a 
bubble broke from the ribbon at a 
specific location and the moment the 
next bubble growing at the same loca- 
tion broke from the surface. A tracing 


traveled vs. time. (The conversion fac- en - 7D, (15) was made of the second bubble and 
tor is 2.6 x 10° ft./unit.) The bubble S, S, its diameter determined. 
— 
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Fig. 3. Distance of an attached vapor bubble from heating 


surface as a function of time. The time at which the bubble 


first became noticeable was taken as time zero. 
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Fig. 4. Comparison of the correlation of Fritz (6) with data 


obtained at high heat fluxes. 
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Fig. 5. Drag coefficient vs. Reynolds number for steam bubbles rising in 
water at its normal saturation temperature. 


RESULTS AND DISCUSSION 


Two aspects of the boiling mechan- 
ism were considered in this work: the 
motion of the vapor bubbles while at- 
tached to the surface, and the motion 
of the vapor bubbles after having left 
the surface. The problem of the growth 
of spherical vapor bubbles surrounded 
by superheated liquid has been treated 
by Forster and Zuber (3) and Plesset 
and Zwick (11). Comparison of their 
results with vapor bubbles growing on 
solid surfaces (Ellion’s data) yields ap- 
parent agreement (15). Griffith (6) 
has recently considered the problem of 
the growth of a hemispherical bubble 
from a surface over a range of condi- 
tions. In addition to the rate of growth 
of a vapor bubble it is also of interest 
to be able to predict the diameter of a 
bubble at the moment it leaves the 
heating surface. Such an event occurs 
when the liquid is at its saturation tem- 
perature. It is noted from Figure 3 that 
the bubble velocity becomes approxi- 
mately constant at some time prior to 
its leaving the surface. When one 
equates the buoyancy force acting on a 
bubble just prior to breakoff to the 
surface-tension forces acting on the 
vapor-liquid interface and the drag 
force, in terms of a sphere having the 
same volume as a bubble, there results 


g aD,* 
— pv) = (B) 
6 
D,* pw 
+ (16) 
4 2g, 


At low heat-flux values single bub- 
bles depart from single nucleating sites 
on the heating surface, the bubble 
velocity is small, and the drag force 
may be neglected. (From the data of 
Jakob (7) it may be shown that the 
numerical values of the buoyancy force 
and surface-tension force are nearly 
equal.) This case has been treated by 
Fritz (5) who obtained an expression 
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relating the diameter of a bubble at 
the moment of breakaway from the 
heating surface and the angle of con- 
tact: 


D, 


The dimensionless form of Equation 
(17) is due to the functional relation- 
ship in Equation (16). To determine 
the relationship analytically would re- 
quire specification of the bubble geom- 
etry. The experimental data employed 
in obtaining the correlation were for 
bubbles of hydrogen and bubbles of 
steam at low heat fluxes. To indicate 
that Equation (17) will not correlate 
data at intermediate or high heat fluxes 
the data obtained in this investigation 
are illustrated in Figure 4. The line of 
Fritz is shown for comparison. 

At high heat-flux values large bubbles 
grow from vapor patches on the heat- 
ing surface, and the bubble velocities 
are such that the surface-tension force 
may be neglected. (From the data of 
this work it may be shown that the 
buoyancy force is greater than the 
surface-tension force by an order of 
magnitude.) The resulting equation is 
used to define the drag coefficient. The 
experimental data are replotted in Fig- 
ure 5 as drag coefficient vs. Reynolds 
number. The solid lines represent the 


(17) 


usual drag coefficient-Reynolds: number 
curves for solid bodies falling through 
a liquid medium with sphericity as a 
parameter. The dashed line represents 
an extension of the 0.94 line 
through the experimentally determined 
points. An ellipsoid having the ratio 
a:b:c = 2:1:1 yields a sphericity of 
0.93. The triangles represent the data 
obtained at breakoff ( 0.94 to 
1.00). It is’of interest to note that all 
of the points fall in the region, for flow 
past a solid object, characterized by a 
transition from laminar to turbulent 
flow in the boundary layer resulting in 
a shift of the separation point. 

At intermediate heat-flux values the 
bubble velocity is such that the drag 
and _ surface-tension force are of the 
same order of magnitude. Rearranging 
Equation (16) one finds the following 
dimensionless groups: 


D, 
ZoF tr (pi— pe)’ 
2 (pi — pr’ 
pi — pr 
——, f.() (18) 
Pi 


where the drag coefficient has been as- 
sumed constant and the exponent on 
the group containing the velocity term 
has been omitted. In order to use Equa- 
tion (16) in dimensionless forms it is 
necessary to specify the bubble geom- 
etry such that f.(8) is known. Rather 
than do this it is assumed that f.() is 
proportional to 8 and that the dimen- 
sionless groups can be related to each 
other by an equation of the form 


D, 


(pi— pe’ 


where the group (p: — p-)/p: will 
under most conditions have a value of 
unity. The data are plotted in Figure 6 
and the value of n, determined as —0.22 
and C, as 0.4. Figure 7 replots on rec: 
tangular coordinates. One point ob- 
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Fig. 6. Graphical determination of constants for Equation (24). 


A.I.Ch.E. Journal 


December, 1960 


(19) | 


22 


98 
—— 


Os 


Fig. 


Re 
tai 
flu 
of 
lov 
| Zor the 
be 
— pr) 
in 
(1 
me 
ve 
cri 
ov 
po 
8. 
flu 
the 
th 
for 
m 
G 
cl 
W 
m 
T 
of 
| th 
bu 
i ol 
th 
lo 
Fr 

\| | | 
aye 

2 Wes Ww 
| n 
10° 10! 102 u 
ti 
ti 
fi 


7 
through | © REF. (8) (WATER AND CCiq) 
\ N\ A REF. (I6) (METHANOL) 
ity asa REF. (8) HYPERBOLA | 
presents 5 Tuts work \. ad AND AT CRITICAL | 
94 Tine | || HEAT FLUX 
for flow = | | | 
ilting = Fig. 7. Correlation of contact angle, bubble velocity, and ee 
es bubble diameter at breakoff. Fig. 8. Frequency of bubble formation vs. bubble diameter at breakoff. 
he drag 
of the} tained from the literature, at a low heat rising bubbles were nonspherical in has been observed by other investiga- 
ranging flux, is included. shape and were calculated to have a_ tors (15) that the motion of gas or 
liowing “a oe sphericity in the range 0.93 to 0.95. vapor bubbles rising through a liquid 
Jallcds (6), onceinia aiid Teaibes Only five points are shown as the over- medium may be erratic. Owing to the 
| all Reynolds number range was only small distance between the ribbon and 
20,000 to 50,000. It is thus of interest water surface in this work ( 3 in.) the 
pr) to note that vapor bubbles, rising freely observed bubble motion was fairly 
> diameter at breakolt and = fo, a short distance above the heating regular. 
the frequency of bubble formation to surface, can be represented by the eee ' 
be approximately constant, as repre- usual drag coefficient-Reynolds number 
(18)| sented by the hyperbola (dashed line) curves for solid bodies and in addition The basic assumption of Deissler’s 
in Figure 8. Perkins and Westwater that at high heat fluxes the major por- analysis (2) is that the critical heat 
(10), generating vapor bubbles of tion of the bubbles investigated were flux occurs when successive bubbles 
been a) methanol over the entire boiling range, pons hevioal had a sphericity range of leaving the surface touch and coalesce. 
nent On} verified Jakobs results up to 80% of the 0.93 3 0 95 shite a i, pie es Me the Under these conditions the product of 
ity term} critical heat flux. The value obtained caiiastiis ‘wal ahead of unitv. It the bubble frequency and the diameter 
e Equa-} over this wide range is indicated by the ; 8 ss at breakoff equals the rate at which the 
rmyit 8} hoint marked q = 0.9 x 10° in Figure bubbles rise away from the surface: 
€ geom-) 8. Between 80% of the critical heat f 
: Rather flux, and the critical heat flux, both f-De=% (20) 
ne {the frequency of bubble formation and Equating the buoyancy force to the 
. oe i bubble diameter at breakoff were drag force on a freely rising vapor 
ound to increase. Two points deter- bubble one obtains 
a mined from their curves are labeled 
gq = 1.1 x 10° and gq = 1.11 x 10°. The Pilly 
critical heat flux was found to be 1.15 x nai Qc, 
10° (B.t.u.)/(hr.) (sq. ft.). Also in- 
cluded is an average value reported by Pe (21) 
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Westwater and Santangelo (16) for 
methanol, corresponding to a heat flux 
of 0.945 x 10° (B.t.u.)/(hr.) (sq. ft.). 
The data for water in the neighborhood 
of the critical heat flux, as obtained in 
this work, is seen to yield a much higher 
bubble diameter at breakoff than that 
obtained for methanol in the region of 
the critical heat flux; it also yields a 
lower frequency of formation. 


Freely rising vapor bubbles 

The nontriangular points in Figure 
5 represent data obtained on vapor 
bubbles rising freely through the liquid 
medium. It was found that all of the 
bubbles investigated fell in the Reyn- 
olds number range 1,000 to 100,000, 
where the drag coefficient is essentially 
independent of Reynolds number. The 
number of nontriangular points in Fig- 
ure 5, for each sphericity, is not indica- 
tive of the shape (sphericity) distribu- 
tion for the bubbles investigated. In 
fact the major portion of the freely 
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Fig. 9. Photographic study of boiling at the 
critical heat flux. 
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Solving for the velocity and rearranging 


_[ 
3p.Cp 


when one equates Equations ( 20) and 
(22) and solves for the frequency 


DL’ s 


When one utilizes the results of Figure 
5 for freely rising vapor bubbles, Cp 
equals unity, the term (p: — p»)/p: is 
essentially unity, and the resulting ex- 
pression is 
9 
f= (24) 


where D, is in millimeters and the fre- 
quency in reciprocal seconds. Equa- 
tion (23) is shown as the solid line in 
Figure 8. The agreement with experi- 
mentally determined frequencies and 
bubble diameters in the neighborhood 
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of the critical heat flux, from this work 
and reference (10), is reasonably good. 


Pictures of the boiling action 


Excerpts from the high-speed movies 
of the boiling action are shown in Fig- 
ure 9. The pictures are from the final 
run in which simultaneously the power 
level was increased to a value well 
above the critical and the recording 
action begun. The film thus contains a 
record of the boiling action from just 
below the critical heat flux, through 
the transitional region, and to the burn- 
out heat flux. Because the film must ac- 
celerate in the initial moments each 
frame is exposed for a longer period of 
time than when running at normal 
speed. As a consequence the frames 
during the first 60 msec. were overex- 
posed, and although the bubble motion 
could be observed, because of the over- 
exposure, none of those frames have 
been shown in Figure 9. Prior to in- 
creasing the power level the zirconium 
ribbon was under tension; thermal ex- 
pansion however is evident in all of the 
frames after the power level is in- 
creased. The effectiveness of the glyptal 
coating in preventing boiling on the 
underface of the ribbon is also evident. 
At 340 msec. the ribbon is glowing 
noticeably at one end; at 370 msec. a 
glow is also apparent at the ribbon 
center, and it appears that this portion 
is becoming molten. At 385 msec. the 
intensity of the glow is increasing. For 
the next 25 msec. the frames were 
completely obliterated by the intensity 
of the glow and burnout occurred at 
the end of the ribbon although the cen- 
ter portion continued to glow for some 
time afterward. Upon removal of the 
ribbon from the water the center por- 
tion separated with only a slight touch. 

One of the reasons for selecting 
zirconium as the ribbon material was 
the hope of obtaining some qualitative 
information on high temperature zirco- 
nium-water reactions, specifically at 
burnout. High-speed films obtained by 
Siegel and Usiskin (13) for burnout on 
a_ horizontal nichrome ribbon under 
both normal and zero gravity conditions 
show the ribbon glow prior to burnout 
but otherwise do not indicate any vio- 
lence aside from the boiling action. In 
contrast burnout observed in this work, 
with a zirconium ribbon, appeared to 
be almost explosive in nature with the 
accompanying glow completely obliter- 
ating the individual frames. Owing to 
the relatively high chemical reactivity 
of zirconium it appears possible that a 
chemical reaction did occur. 


SUMMARY 


Frame-by-frame measurements were 
made of bubble diameters and bubble 
positions from high-speed photographs 
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of the boiling phenomena. The data 
indicate that at high heat fluxes the 
primary forces acting on a bubble at 
breakoff are the buoyancy and drag 
forces. At high and intermediate heat 
fluxes the expression of Fritz (5) does 
not correctly predict the bubble diam- 
eter at breakoff. A dimensionless rela- 
tionship is developed relating bubble 
velocities, bubble diameters, and contact 
angles. The relationship was deter- 
mined from high heat-flux data ob- 
tained in this work, and one point at 
low heat flux was obtained from the 
literature (7). 

It was found that for a short dis- 
tance above the heating surface drag 
coefficients for freely rising vapor bub- 
bles may be represented by the usual 
drag coefficient-Reynolds number curves 
for solid bodies. For conditions where 
the bubbles in general are not spheri- 
cal, a drag coefficient of unity is rea- 
sonable. 

Data was obtained with water to 
extend the relationship between bubble 
diameter at breakoff and the frequency 
of bubble formation at high heat fluxes. 
Previous data had been obtained by 
Perkins and Westwater (10) for meth- 
anol. A relationship proposed by Deis- 
sler (2), as a basis for his critical heat- 
flux correlation, was found to yield 
reasonable agreement with both fluids. 
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NOTATION 

a,b,c = semiaxes of an ellipsoid, ft. 
C, = constants, i = 1,2,3,... 

Gp = drag coefficient 

D, = diameter of a sphere having 


the same volume as a vapor 
bubble, ft. or mm. as speci- 


fied 

f = frequency of bubble forma- 
tion, (sec.)™* 

ti = functional relationship, Equa- 
tion (9) 

f.(8) = function of B, Equation (16) 

g = acceleration of gravity, (ft.)/ 
(hr. )* 

Zo = conversion factor, (lb.-mass) 
(ft.) / (Ib.-force) (hr.)? 

K = defined by Equation (3) 

m = constant 

nj = constants, i = 1,2,3,... 

Ny, |= Nusselt number 

Np, = Prandtl number 

Nee = Reynolds number 

N = defined by Equation (8) 

qe = critical heat flux, (B.t.u.)/ 
(hr.) (sq. ft.) 

S, = surface area of an ellipsoid, 
(sq. ft.) 
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Un = normal velocity of a vapor 
bubble, (ft.) /(sec.) 

V, = volume of an ellipsoid, (cu. 
ft.) 

Greek Letters 

B = contact angle, angular deg. 

€ = eccentricity, (a — c’)*”/a 

de = latent heat of vaporization, 
(B.t.u.) / (Ib. ) 

= liquid viscosity, (lb.) / (ft.) 
(hr. ) 

= vapor viscosity, (lb.)/(ft.) 
(hr.) 

= liquid density, (Ib.) / (cu. ft.) 

Pv = vapor density, (Ib.) / (cu. ft.) 

Tw = liquid-vapor surface tension, 
(Ib.-force) / (ft. ) 

wb = sphericity, defined by Equa- 
tion (15) 

Subscripts 

b = bubble 

c = critical 

l = liquid 

Iv = liquid-vapor 

= sphere 

v = vapor 
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Mass Transfer with Interfacial Adsorption 
Methyl Chloride into Water 


S. H. CHIANG and H. L. TOOR 


Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


The rate of transfer of a surface-active solute across an interface may be either greater or 
less than the rate which would be obtained if the interface had no abnormal properties. Studies 
of the absorption of methyl chloride, a surface-active gas, by a laminar water jet show that for 
contact times of 1 msec. or greater the absorption rate is the same as would be predicted for 


a system with no abnormal interfacial properties. 


This is in accord with theory which indicates 


that an abnormally high rate caused by a positive surface excess could only be observed for contact 


times considerably shorter than those used here. 


Mass transfer theory has been based 
on two assumptions which are inde- 
pendent of the specific intraphase 
transfer mechanism. The first assump- 
tion, usually stated explicitly, is that 
the boundary between two phases 
across which transfer is taking place is 
always close to equilibrium, and the 
second, usually implied, is that the two 
phases are homogeneous when at equi- 
librium. 

To show that the assumption of 
equilibrium homogeneity within a phase 
is implied in the conventional mass 
transfer equations consider the transfer 
of a solute from one phase to a second 
phase in which the solute is surface 
active. The conventional rate equation 
is 

Na = k,(C;—C) (1) 
But if the solute is adsorbed at the 
interface, its concentration at the inter- 
face when the two bulk phases are at 
equilibrium may differ considerably 
from the bulk concentration, so Equa- 
tion (1) predicts a finite transfer rate 
when the rate must actually be zero. 
Clearly then some modification of the 
basic mass transfer theory is required 
if the solute is surface active. 

The recent critical examinations of 
mass transfer theory (5, 6, 8, 12) which 
received their impetus from Danck- 
werts’ (7) rediscovery and extension of 
Higbie’s penetration theory (10) have 


S. H. Chiang is presently with Linde Com- 
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been aimed mainly at the first assump- 
tion, and the second has received little 
attention aside from the important 
study of Auer and Murbach (2). They 
analyzed a transient diffusion model in 
which the interface was considered to 
be of finite thickness with an absorp- 
tion capacity different from either of 
the two bulk phases. Their very gen- 
eral analysis forms the basis of this 
work. 


THEORY 

A surface-active solute is character- 
ized by the condition that at equilib- 
rium its concentration at the surface of 
the solvent is different from its concen- 
tration in the bulk. This equilibrium 
surface excess is given by Gibbs ad- 
sorption isotherm (1): 


The thickness of the interfacial region 
in which this excess exists appears to 
be of the order of molecular dimension, 
and the surface excess may be orders 
of magnitude greater than the bulk 
concentration. The solid lines in Figure 
1 show the idealized equilibrium con- 
centration profile with the true inter- 
face at plane —a and a positive surface 
excess in the interfacial region bounded 
by planes —a and a. The transient con- 
centration profiles in this three-region 
model which have been determined by 
Auer and Murbach (2) are quite com- 
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plex functions, but a simple picture of 
the transfer process can be readily ob- 
tained by the consideration of the 
steady state. The equilibrium relation- 
ships are 


C,= nC, (3) 
C, = qC, (4) 

so that 
C, = qnC, = mC, (5) 


The last equation is the normal equilib- 
rium relationship between the concen- 
tration in the bulk of the liquid and 
the gas. The first is obtained from the 
Gibbs equation, Equation (2), and 
the second calculated from the other 
two. When n > 1 a positive surface 
excess exists, and when n < 1 there is 
a negative surface excess. 

If it is assumed that equilibrium 
exists at each boundary, Equation (4) 
holds at plane —a and Equation (3) 
holds at plane a. The dotted lines 
sketched in Figure 1 show typical con- 
centration profiles. The transfer rate in 
the steady state is then given by 


N,= k.(C, — C,(—a)) = k.(C.(—a) 
—C.(a)) =ks(C;(a) — Cs) (6) 
Combining Equations (3) to (6) one 


obtains 
C, 
N, K, Cy (7) 
m 
1 1 1 
+——+— (8) 


Re: mk, nk, k, 


It should be noted that C,/m which 
appears in Equation (7) is the concen- 
tration in the bulk phase 3, which 
would be in equilibrium with phase 1, 
so the normal over-all driving force is 
obtained and the effect of the surface 
excess appears only in the coefficient. 
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The apparent liquid-side coefficient is 
obtained from Equation (8) by letting 
k, approach infinity: 


and under the same condition of no 
gas-side resistance Equation (6) yields 
C, = C,(—a), so Equation (7) be- 


comes 


Nu =k. c.) (10) 
m 


and a partial answer to the question 
posed earlier is obtained by comparing 
Equations (10) and (1). The inter- 
facial concentration to be used in the 
conventional rate equation is not the 
true value but is C,(—a)/m, the inter- 
facial concentration which would exist 
if there were no surface excess. 

Thus a surface excess modifies k,. 
For a given value of k, a positive sur- 
face excess causes an increase in k, 
and a negative surface excess causes a 
decrease. The magnitude of this effect 
however depends upon the relative 
values of the resistance in the region of 
the interface and in the rest of the 
system. Since the thickness of the inter- 
facial region is probably of the order 
of molecular dimensions, k. would be 
expected to be very large unless a 
significant interfacial resistance is pres- 
ent. In the absence of such a resistance 
the first term in Equation (9) will gen- 
erally be negligible, and there is neg- 
ligible effect of surface activity on the 
absorption rate. If there is an inter- 
facial resistance high enough for k, to 
be the same magnitude as k, (or if k, 
is extremely small), then a_ positive 
surface excess decreases the resistance 
to transfer across the interfacial region 
and consequently increases k;, while a 
negative surface excess has the opposite 
effect. 

In the above discussion an interfacial 
resistance has been considered to be 
present when k, was abnormally small. 
but since both n and k, are physico- 
chemical properties of the system, they 
are really inseparable and one might 
with better justification say that an 
interfacial resistance exists only when 
nk, is smaller than the value of k, 
which would exist when the interfacial 
region has the same properties as the 
bulk. This is equivalent to stating that 
an interfacial resistance exists when the 
transfer rate is abnormally small. 

The above conclusions must be 
modified somewhat when considering 
unsteady state transfer. The authors 
consider the following simplified form 
of the Auer and Murbach problem: At 
time zero a semi-infinite slab contain- 
ing no solute is contacted with the ex- 
ternal phase 1 which contains pure 
solute at a concentration C,. The solute 
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—— LIQUID IN EQUILIBRIUM WITH GAS OF BULK COMPOSITION C, 


——— MASS TRANSFER TAKING PLACE FROM GAS OF BULK COMPOSITION 
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| 
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Fig. 1. Three-region model for interfacial trans- 
fer. 


is surface active, the thickness of the 
interfacial region in which a surface 
excess exists is 2a, and Fick’s law is 
assumed to hold both in the interface, 
region 2, and in the bulk, region 3 
(Figure 1 with D, = ©). Equilibrium 
is assumed to exist at all boundaries, 
so an apparent interfacial resistance 
caused by nonequilibrium at the gas- 
liquid interface is not being considered. 
However if D, is smaller than D,, an 
interfacial resistance does in a sense 
exist; if a is small, D, is much smaller 
than D,, and there is no positive sur- 
face excess, this interfacial resistance 
can be shown to have characteristics 
similar to one caused by nonequilib- 
rium (5). 

Thus the equations to be solved are 


m 
(0,a) =nC,(@,a) (11d) 
D. 0C;(0, a) dC.(0,a) (11e) 
Ox ox 
C.(0,x) = C,(0,x) = C,(0,0) = 0 
(1If) 


The time average of transfer was ob- 
tained directly from the above equa- 
tions by use of a Laplace transform 
(4). The result is 


2ia 


\/D.6’ 
where 
/D; — 
VD; nv\/D. 
and ierfc is the first integral of the 
complimentary error function (3). 


When g is zero, the absorption rate is 


given by 


which is the rate in the absence of 
either a surface excess or an interfacial 
resistance. But note that g is zero when 


3 


(15) 


and although this latter condition holds 
when the interfacial region has the 
same properties as the bulk, it may also 
hold when D, < D, and there is a posi- 


ac, aC, —a<x<a (lla) tive surface excess (or when > D;, 
00 ae ag and a negative surface excess is pres- 
“ ent). Thus if D. is much less than D,, 
aC, Us x>a (11b) there may be an interfacial resistance, 
ae” but if n is large enough to satisfy 
| 
2 | A 
| 
[ 
| 
| | 
| | EQUATION (14);  T=222°C 
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Fig. 2. Rate of methyl chloride absorption into water jets. 
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Equation (15), the absorption rate is 
identical to that obtained in the ab- 
sence of both surface excess and a low 
interfacial diffusivity. 

It may be deduced from the results 
of Auer and Murbach that when n\/D, 
is greater than D, the transfer is en- 
hanced; is greater than When 
n\/D. is less than D, the transfer is 
hindered; N, is less than N4*. It seems 
more reasonable to consider an inter- 
facial resistance to exist when n\/D, is 
less than D, rather than when D, is less 
than D,. 

A clearer understanding of Equation 
(12) is obtained by considering the 
limiting cases. For short times (a/\/D.6’ 
large) the rate becomes 


Cal & 
Na = 2n — 


m 70 


(16) 


which corresponds to times so short that 
the region of surface excess has not 
been penetrated. Consequently the dif- 
fusion is identical to diffusion into a 
semi-infinite slab in which the solubil- 
ity is the interfacial solubility and the 
diffusivity is the interfacial diffusivity. 
Since the interfacial solubility is n 
times the bulk solubility, the diffusion 
rate given by Equation (16) is merely 
ntimes the rate given by Equation (14) 
(with D, replacing D;). The above 
limit is approached only at extremely 
short times if a is of molecular order. 

The long time limit is obtained by 
expanding the ierfe function and sum- 
ming the geometric series in g: 


2a ( ) 


(17) 


If the second term in the brackets is 
negligible, n\/D, >> Ds 


Qs 
AG’ 


N, — N,* 


so the approximate long time rate is 
the normal rate without surface excess 
given by Equation (14) plus the total 
amount of gas needed to saturate a unit 
area of the interfacial region divided 
by the time of contact. 

Equation (18) is identical to the 
equation one would derive if it were 
argued that the interface cannot really 
be treated as a continuum, but it was 
merely assumed that the interface in- 
stantaneously saturated. The concen- 
tration at x = a then immediately at- 
tains the value C,/m, and diffusion into 
the bulk phase proceeds in the normal 
manner described by Equation (14). 
It then follows that the total average 
rate of transfer across the plane x = 
—a is given by Equation (18). 
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For long enough times the second 
term in Equation (18) is negligible 
and Equation (14) applies, indicating 
as before that when the resistance to 
transfer is mainly in the bulk phase 
(which is the case for long contact 
times) the effects of abnormal inter- 
facial conditions are negligible. 

When n\/D, << Dy, it can be shown 
that over the ranges of contact time 
usually measured Equation (17) is a 
good approximation to the equation for 
transfer with an interfacial resistance 
caused by nonequilibrium at the inter- 
face (5). The group nD,/2a then has 
the characteristics of an_ interfacial 
transfer coefficient. This occurs because 
at long times a quasisteady state is at- 
tained in the interfacial region. The 
above results, as well as those of Auer 
and Murbach, imply that a_ positive 
surface excess will tend to eliminate 
any decrease in rate caused by a lack 
of equilibrium at the gas-liquid inter- 
face as well as any decrease caused by 
a low value of D.. 

In order to determine the contact 
times for which Equations (17) and 
(14) are valid it is necessary to sum 
the series in Equation (12). Calcula- 
tions were carried out on an IBM 650 
digital computer since the series con- 
verges slowly for long times. 

It was found by direct measurement 
by means of the anchor-ring method 
that at 22.4°C. the surface tension of 
water freshly saturated with methyl 
chloride and in contact with a methyl 
chloride atmosphere is 14 dynes/cm. 
less than the surface tension of water 
in contact with air. If the interface is 
of molecular thickness, Gibbs equation 
then yields a value of n of approxi- 
mately 90. With this value of n, D, = 
D,, and the group 2a/\/D.#’ = 0.002, 
Equations (12) and (17) were found 
to yield almost identical results. Avail- 
able evidence indicates that the region 
of surface excess is of molecular order 
(1) so if a is taken as 10° cm. and if 
D, and D, are 10° sq. cm./sec., then 


Equation (17) is valid at least for con- 
tact times of 10™ sec. or greater. 

At 10° sec. with the above constants 
N, is found to be 1.016N,°, and D, 
would have to be less than 1/8,100 of 
the normal bulk diffusivity before an 
interfacial resistance could exist and 
considerably less than that value before 
an interfacial resistance could be de- 
tected. 

Thus it would be expected that in 
the absence of any hindering effects at 
the interface the rate of absorption of 
methyl chloride by water for contact 
times of 10° sec. or greater would be 
only slightly greater than the rate ob- 
tained by neglecting abnormal inter- 
facial effects. The following experi- 
ments were carried out in order to test 
this. 


EXPERIMENTAL PROCEDURE 


The experimental method used was 
based on a technique described previously 
(12). A laminar water jet formed by a 
thin orifice was passed through a methyl- 
chloride atmosphere saturated with water 
vapor. Fresh gas was continuously fed to 
the absorber form a_ constant-pressure 
source, while methyl chloride was ab- 
sorbed, and the rate of absorption was 
measured directly by timing the displace- 
ment of a soap film moving in a calibrated 
burette which was in the line connecting 
the absorber and the constant-pressure 
source. 

The orifice plate was made of 0.012 cm. 
thick brass, and the orifice diameter was 
0.0825 cm. This type of thin orifice was 
shown earlier to give essentially rodlike 
flow in the jet (5, 12). It was also shown 
that the conditions were such that the 
diffusion into the jet was essentially the 
same as diffusion into a semi-infinite slab. 
Consequently the unsteady state diffusion 
equations developed above can be applied 
to the jet. 

The jet surface area and the contact time 
were calculated from measurements of 
jet length, diameter, and water flow rate. 
The measured absorption rates were cor- 
rected to values corresponding to a total 
methyl-chloride pressure of 1 atm. 
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Fig. 3. Comparison of methyl chloride absorbed per unit area at different 
jet lengths for a fixed contact time. 
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The water used was distilled water, in 
which the concentration of methy] chloride 
was zero. The entire experimental system 
was situated in a constant-temperature 


room held at 22.2° + 0.25°C. 


RESULTS 


The methyl-chloride absorption was 
studied for contact times ranging from 
0.0007 to 0.012 sec. by varying the jet 
length from 0.44 to 6.02 cm. and the 
water flow rate from 0.63 to 2.38 ml./sec. 
The results are presented in a plot of the 
average rate of absorption vs. 1/\/6’ as 
shown in Figure 2. The theoretical rate 
equation with no abnormal interfacial 
effects, Equation (14), is represented by 
a straight line, which is based on the 
physical constants shown in the figures. 
The value of C:/m was calculated at a 
methyl-chloride pressure of 1 atm. from 
the Henry’s law constant given by Glew 
and Moelwyn-Hughes (9). The same 
authors also reported that the hydrolysis of 
methyl chloride was a very slow reaction 
at room temperature so methyl chloride 
may be regarded as chemically inert to 
water during a short contact-time absorp- 
tion. Since there is no reported experi- 
mental data on the diffusivity of methyl 
chloride in water, the value of Ds; was 
estimated by using Wilke’s method (13). 


DISCUSSION 


The maximum deviation among the 
data shown in Figure 2 is about 5% 
and the average is less than 2%. A 
further analysis of the data is shown in 
Figure 3, where it is seen that the 
amount of gas absorbed at a fixed con- 
tact time is independent of jet length, 
indicating that the data are self-consist- 
ent and confirming earlier conclusions 
that the jet is in rodlike flow (5, 12). 

As seen in Figure 2 all experimental 
data fall very close to the predictions of 
Equation (14) which is also the long 
time limit of Equations (12) and (17) 
if there are no large hindering effects 
at the interface. Such an agreement 
between the experimental result and 
the theoretical prediction strongly sug- 
gests that the effects of abnormal sur- 
face properties are negligible in the 
range of constant time studied. 

Any further conclusions as to the 
underlying reasons for the agreement 
of the results with Equation (14) are 
not possible, since the agreement is 
consistent with at least the following 
possibilities: (1) a is of molecular 
order, D, = D,, and equilibrium exists 
at the gas-liquid interface, (2) a is of 
molecular order, D. is less than D,, 
and/or equilibrium does not exist at 
the gas-liquid interface, but neither 
effect is great enough alone or in com- 
bination to overcome the effect of the 
large surface’ excess, (3) a is greater 
than molecular order, n\/D. = \/Ds,, 
and equilibrium exists at the gas-liquid 
interface. 
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When one uses a linear regression 
method, the best straight line which 
fits the data is found to be 


4.91 
N, =( ——+ 0.504 ) x 107 (382) 


At the 95% confidence level the limits 
of the intercept of this straight line are 
+2.28 x 10% and —1.28 x 10°. Thus 
it is highly probable that the best 
straight line actually passes through 
the origin. In addition it is found that 
the limits of the slope of this straight 
line are 4.81 X 107 and 5.02 x 10”. 
The apparent values of the diffusivity 
evaluated from these limits are 1.83 X 
10° and 1.45 X 10° sq. cm./sec., and 
since the zero intercept indicates that 
Equation (14) is valid, these values 
should correspond to the bulk diffusiv- 
ity. Based on such statistical evidence 
it may be concluded that the previ- 
ously estimated value of the bulk dif- 
fusivity, 1.40 x 10° sq. cm./sec., is 
quite reliable. 

In the light of these arguments it is 
concluded that over the range of con- 
tact times studied the absorption of 
methyl chloride, a surface active gas, 
follows the normal rate equation when 
the bulk solubility and diffusivity are 
used. This confirms the theoretical pre- 
diction that the effect of a large sur- 
face excess on the rate of absorption 
will generally be negligible for contact 
times of 10~ sec. or greater if there are 
no large hindering effects. at the inter- 
face. 

In practice contact times much 
shorter than those used here are rarely 
encountered, and if it is assumed, for 
lack of evidence to the contrary, that 
large hindering effects do not exist in 
other surface active systems of this 
type, then mass transfer of a surface 
active solute may be treated in prac- 
tice by using the normal rate equation 
with the effect of surface activity 
neglected. This corresponds to using the 
equilibrium constant corresponding to 
the bulk solubility in the mass transfer 
equation which would normally apply 
to the system of interest. 
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NOTATION 


= one half the thickness of 
interfacial region, (cm.) 

A = contact area, (sq. cm.) 

C = concentration of solute gas. 

(g.-mole) / (cc.) 

bulk concentration of solute 


gas, (g.-mole) /(cc.) 


8 
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D = diffusivity of solute .gas in 
liquid, (sq. em.) /(sec.) 

g = function defined by Equa- 
tion (18) 

j = index number 

k = individual mass transfer co- 
efficient 

K = over-all mass transfer coeff- 
cient 

m,n,q = equilibrium constants 

N,u = instantaneous rate of transfer 


per unit area, 
(sec.) (sq. cm.) 
Na == time average rate of transfer 
per unit area, (g.-mole)/ 
(sec.) (sq. cm.) 
Or = equilibrium amount of gas 


(g.-mole) / 


absorbed in the _ interfacial 
region, (g.-mole) 

R = gas constant, 8.32 x 10 
(dyne) (cm.)/(g.-mole) 
(°K.) 

t = temperature, °C. 

T = absolute temperature, °K. 


= distance in the direction of 
diffusion, cm. 


y = surface tension, dyne/cm. 

r = surface excess, (g.-mole)/ 
(sq. cm.) 

0 = contact time, (sec.) 


9” = total contact time, (sec.) 
Subscripts 

1,2,3 = regions I, II, and III 

i = interface 

ip = liquid 
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bm | Studi Axial Effective Thermal 
| on Axia ective | herma 
““) Conductivities in Packed Bed 
“Onductivities In beds 
SAKAE YAGI, DAIZO KUNII, and NORIAKI WAKAO 
ransfer University of Tokyo, Tokyo, Japan 
mole) / 
ransfer The axial effective thermal conductivities of packed beds were determined by measuring of the effective thermal conductivities 
mole) / the axial temperature gradients at steady state, the heat being conducted in the direction op- in axial as well as radial direction is 
posite to that of air. The present experiments were carried out with the beds of glass beads, then considered. 
of gas metallic balls, broken pieces of limestone, and Raschig rings, taken in separate experiments. Therefore in this section it is assumed 
erfacial It was found that the axial effective thermal conductivity increases more with the increase that the temperatures of solid and 
of air flow than it does in the case of radial conductivity. The axial effective thermal conduc- fhaksh ‘ain accemeieinteier Cae:-camen. in 
x 10 tivity coincides with the radial conductivity when Nx. > 0. apparatus ae in the experiments is 
In process design of nonisothermal temperature is flowed upwards through the 
packed-bed reactors knowledge of the bed. The directions of flow of fluid and sential ? 8 ms 
a effective thermal conductivity is re- heat are opposite to one another. P dt dt 
tion of | quired, as well as that of the effective PP CG +ks—=0 (1) 
mass diffusivity. While there have been dl dt 
50-mm. I. D.; these are identical to one 
cm. — investigations on the radial another except for the sizes. The copper- The above equation involves the as- 
mole) / effective thermal conductivity (14 constantan thermocouples are installed ax- sumptions that k,,, and C,G are con- 
through Bi $i 22) and the radial effec- ially from about 1 cm. down the bed out- stant in the bed ae far as the mean 
tive mass diffusivity (2, 7, 14), less at- let in the center as well as near the wall  \alues ave scuaheaniiadl. The solution’ of 
ec.) tention has been paid to the effective _ in the same level. Equation (1) is therefore 
thermal conductivity in the axial di- 
rection. On the other hand intense at- Procedure CpG 
tention has been focused recently on _ After the infrared lamp is switched on, del Wan (2) 
the mixing of fluid in the axial direc- ™ from min. to attain 
e flow rate are recorded. The solid par- 
consequently Wet § experimental M- ticles used for these experiments are glass EXPERIMENTAL RESULTS 
vestigations (3 to 6, 10, 12, 18) and beads, metallic balls, broken pieces of ; —s Pee 
mathematical treatments (1, 8, 11, 21) limestone, and Raschig rings, details of The calculation of —— ae erty 
have been presented. which ave te 1. thermal conductivity is made as fol- 
| Chem- As pointed out experimentally (9, lows: The difference of the temperature 
d Univ. 13) and mathematically (20) it is not THEORETICAL TREATMENT measured = the axial direction and of 
hack a always justifiable to neglect the ther- ? the inlet air; that is t =k, Is plotted 
aie: sual conduction in the axial divection in In ordinary process design method against bed depth | in a semilogarith- 
‘heel calculating the axial temperature gra- for saa reactors the tempera- mic graph. A graph for a eae run is 
” Ox dients of packed-bed reactors. How- ture difference between solid and fluid shown in Figure 2. Equation (2) may 
7), ever there has been no effort to study #8 usually neglected, and the concept thus be rewritten as 
Sarnegie the determination of the effective 
Pennsyl- thermal conductivity in the axial direc- TABLE 1. SoLIDs USED FOR EXPERIMENTS 
tion. 

ChE The authors have carried out the Nominal Void Thermal conductivity 
axial heat transfer experiments of diameter, D,, fraction, of solid, 
avidson, packed beds, where heat from infrared Solid keal./(m.) Chr.) (°C.) 

1957). radiation flowed countercurrently to i 
Chem, | the flow of fluid. By measuring the Glass beads 0.99 ~ 0.83 0.91 0.40 0.50 
Pigford, steady state axial temperature gradi- = oe 
54). ents the axial effective thermal conduc- 
loelwyn- tivities are obtained. Steel balls 3.0 3.0 0.40 40 
15, 150 48 4.8 
EXPERIMENTAL Lead shots 15 1.5 0.40 30 
Chem. | spparatus Limestone 14~12 1.3 0.43° 1.2 
thesis, In order to carry out the axial heat broken pieces 2.4 ~ 1.7 2.0 
tsburgh, transfer experiments the adiabatic reactors 3.9 ~ 3.0 3.4 
are used as the containers of packed bed, Porcelai eeu 4.0 0.50 14 
LLCh.E. which are made of the double walled glass 
tube, the annular space being evacuated TIngs 
ogr., 45 and the internal surfaces plated with sil- 
ig ver for thermal insulation in the radial 9x9 9.0 0.69 
direction. Radiation heat supply is main- thickness 
958; revi- tained at the bed outlet face by means of 13 
accepted a strong infrared lamp, and air at room * Mean values. 
r, 1960 | Vol. 6, No. 4 A.1.Ch.E. Journal Page 543 


TABLE 2. TypicaL Data oF AXIAL EFFECTIVE THERMAL CONDUCTIVITIES 


Airmass Inlet air Temp.t+ Temp.* Reynolds 
velocity G, temp., at gradient, number 
Run-no. kg./m?hr. ti, °C. cm.” Nre ke,z/ky 

Limestone, Dp = 1.3 mm., bed diam. Dr = 68 mm. 

(C) —45 217 14 120 0.770 3.85 11.7 

46 176 15 140 0.666 3.05 10.7 

47 181 15 130 0.690 3.17 10.7 

48 142 iD 120 0.555 2.01 10.6 

49 114 15 130 0.444 2.00 10.5 
+ Limestone, Dp = 2.0 mm., bed diam. Dr = 68 mm. 

(C) —50 262 16 140 0.740 6.99 14.3 

51 284 16 130 0.770 7.65 15.0 

52 439 10 90 1.11 12.4 17.0 

53 309 12 100 0.833 8.65 15.8 

54 269 13 120 0.770 7.34 14.4 

55 197 15 120 0.625 Dt 13.0 

56 159 16 130 0.488 4,29 13.3 
Limestone, D, = 3.4 mm., bed diam. Dr = 68 mm. 

(C) —58 276 18 110 0.667 12.9 17.2 

59 214 18 130 0.589 9.78 14.8 

60 184 ig 120 0.500 8.50 15.2 

61 135 17 120 0.408 6.24 13.6 

62 66.6 17 130 0.232 3.05 11.7 


® Value of slope CpG/ke,z/2.303 as obtained by plotting values of log (t-ti) against axial distance l. 


+ See Figure 1 for T 


Physical properties of air are those at mean temperature of bed. 
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Fig. 1. Experimental apparatus used for axial 
heat transfer. 
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In (t —t,) = const — 
e,Z 
As is shown in the above equation the 
slope of the straight line drawn in a 
semilogarithmic graph should be equal 
to — C,G/k,,2,/2.303. Thus from the 
slope determined above and the air 
mass velocity for a given run k,,z is 
calculated. 
It is not always possible to draw the 
straight line through all the points on 
a semilogarithmic graph. The straight 
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Fig. 2. Examples of experimentally observed 
axial temperature gradients in beds of broken 
pieces of limestone. 


lines were located by eye only within 
the regions of comparatively large 
values of t — ti, since the low values 
in a semilogarithmic graph may incur 
experimental errors and are also likely 
to cause error in locating the lines. It 
is evident that the accuracy with which 
the slopes are obtained influences the 
accuracy of the derived values of k,,z. 
Since the axial temperature gradients 
become very steep under comparatively 
high rate of air flow, the present ex- 
periments were carried out only for the 
region of low rate of air flow. The 
straight lines determined are those 
drawn free hand with emphasis on the 
upper portion of the bed where the 
values of t — t, are large. In this range 
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the deviations of the values from the 
straight line are within + 20% of the 
derived results of k..z. 

The typical data of the experimen- 
tally determined axial temperature gra- 
dient C,G/k.,,/2.303 and the derived 
results of k.,z in the dimensionless ex- 
pression of k,.2/k, with the experi- 
mental conditions are presented in 
Table 2*. The derived results are 
shown as k,,,/k, against Nze = D,G/p 
in Figures 3 and 4, which show that 
k,., is to some extent proportional to 
Nee. The axial effective thermal con- 
ductivity when rate of air flow is zero, 
that is k°,, cannot be experimentally 
determined; therefore the k..z/k, — 
Nx. curve is extrapolated at Nz. = 0 
and the intercepted value is found to 
be k°..2/k,. 

The final correlation may be ex- 
pressed by the following equation, 
similar to that of the radial effective 
thermal conductivity: 


k. Z 
= + (3) 
k, k, 
mm mm 
© o-91 50 
@ 2-6 50 GLASS BEADS 
® 6-0 50 
LIMESTONE 
BROKEN PIECES 
A 3.4 
| T 
go 
20 
ime : | 
ine) 
8 
10 20 


Re 


Fig. 3. Data for glass beads and broken pieces 
of limestone. 


From Figures 3 and 4 the values of 
k°., and & are determined and pre- 
sented in Table 3, which includes the 
estimated values of radial effective 
thermal conductivity with motionless 


fluid k°,,, by the method of Yagi and 


° Tabular material has been deposited as docu- 
ment 6384 with the American Documentation 
Institute, Photoduplication Service, Library of 
Congress, Washington 25, D. C., and may be 
obtained for $1.25 for photoprints or $1.25 for 
35-mm. microfilm. 
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n de TABLE 3. EXPERIMENTALLY DETERMINED Data oF k°,,2/ky AND 8 AND Np, = C,u/k, = Prandtl number, 
of the CALCULATED VALUEs OF k°,,,/k, dimensionless 
Nz = D,G/p = modified Reynolds 
‘imen- number, dimensionless 
verage menta ° 
SS eX- C. 
xperi- 
Ss are | Steel balls 4.8 ~50 13 0.70 19 ) = coefficient defined by Equa- 
tion (3), dimensionless 
y that imestone d. di 
nal to | broken pieces 8 0.80 10, 10 of bed, dimen 
| 40, 90 7 0.70 90, 67 = viscosity of fluid, kg./(m.) 
‘ull > Raschig rings (hr. ) 
p = density of fluid, kg./cu.m. 
pie ° Estimated values, Nre > 0. 
nd to Glass beads 0.95 0.034 
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the solid particle and the fluid. How- 
ever it will be interesting to check the 
temperature difference. For this pur- 
pose the analysis with the simple 
model is carried out as shown below. 

The heat conduction takes place 
both by means of the solid phase and 
the fluid phase. The steady state heat 
flow through the solid phase may be 
expressed with respect to the tempera- 
ture of the solid as 


K, dt, 
D, 


—h,a(t,—t,) =O (5) 


The first term in Equation (5) repre- 
sents the heat conduction in the solid- 
phase and the second term the heat 
transferred from solid to fluid. Heat 
transferred in the fluid phase is 


C,G dt, C,pE dt, 
D, dZ dZ 
+ h,a(t, —t,) =0 (6) 


The first term in Equation (6) repre- 
sents heat transport due to flow of air 
with the constant velocity and the 
second term the heat dispersed in the 
axial direction at a rate governed by 
the diffusivity. Hence the assumptions 
inherent in the above derivations are 
that t, and t, are functions of Z only; 
and K,, C,pE, and C,G are everywhere 
constant in the bed, as far as the mean 
values are concerned. 

The boundary conditions to be chosen 
are: 1. Radiation heat supplied to the 
solid section at the bed outlet face is 
equal to the enthalpy rise of fluid from 
the bed inlet to the outlet. 2. At a suf- 
ficiently deep region in the bed t, and 
t, approach the inlet fluid temperature; 
namely 


D, dZ 
(7) 
and 
(8) 


Solutions to Equations (5) and (6) 
generally are expressed by the sum of 
the two negative exponential functions 
and one positive exponential function. 
By the boundary condition of Equa- 
tion (8) the positive exponential func- 
tion is excluded, and the solutions are 
formulated as follows: 

ty t; 1 b.e>2”) 
ty. — ti 1+ b, 


(9) 
and 
(10) 
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where A, and 2, are the positive roots of 


Np. 


Np. — Nyu(a D,) ( 


=0 


+ Np. (aD,) 
=. wulV pe (A Lp K, 


(11) 
and bo, b,, and b. may be found by 


0-01 


Fig. 5. Examples of calculated axial tempera- 
ture gradients in solid and fluid phase. 


Np,N e if 
b,= 1 
Nw(aD,)\ Nre J 
(12) 
Ny(aD,)| J 
(13) 
ck, +dr 
K, 1 + b, 


For calculations of the above equa- 
tions the values of E, h,, and K, are 
necessary. Axial effective diffusivity of 
fluid is the sum of the molecular ther- 
mal diffusivity and the turbulent eddy 
diffusivity of fluid E,: 


g 


+E, 


(15) 
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The correlation of the mass transfer 
coefficients (19) = be rewritten for 
the heat transfer coefficient as 


h,D, 
Nyu 2.0 + 1.45 Np," Ngee 


g 


for Nee < 100 (16) 


In addition to the above estimates 
and with the arbitrary assumption of 
the value of K, being ten and five 
times as large as the molecular thermal 
conductivity of fluid k,, the calculated 
results of Equations (9) and (10) are 
shown in Figure 5 in the case where 
Np, = 0.70 for air, Nee = 10, and 
spherical packing and void fraction of 
bed « = 0.4. It is noted that the 
gradients of the axial temperatures 
are considerably affected by the extent 
of the fluid mixing and the value of K,, 
In this illustration the value of K, was 
arbitrarily assumed. On the other hand 
Singer and Wilhelm (16) have found 
that the thermal conductivity of the 
solid phase in radial direction of the 
bed was dependent upon the fluid ve- 
locity. 

If the value of K, is lower, the axial 
temperature gradients become steeper; 
however the difference between t, and 
t, is not considerable as far as the fluid 
velocity is relatively low. Therefore it 
will be permissible to neglect the tem- 
perature difference between solid and 
fluid and to introduce the concept of 
the axial effective thermal conductivity 
in the present investigations. 


NOTATION 


a = specific surface area of solids 

in bed, 1/m. 

axial effective diffusivity of 

fluid including molecular- 

diffusion contribution, based 

on bed cross section, sq. m./ 

hr. 

E, = axial eddy diffusivity of fluid, 

based on bed cross section, 

sq. m./hr. 

heat transfer coefficient from 

solid to fluid, keal./ (sq. m) 

(hr.) (°C.) 

K, = thermal conductivity of solid 
phase, based on bed cross sec- 
tion, keal./(m.) (hr.) (°C.) 

Ny. = h,D,/k, = modified Nusselt 
number, dimensionless 

= D,V/E = modified Peclet 
number, dimensionless 


E = 


t: = temperature of fluid, °C. 

ft, = temperature of effluent fluid, 
°C. 

t = temperature of solid, °C. 

V = superficial velocity of fluid, 
based on empty column, m./ 
hr. 

Z = 1/D, = axial distance vari- 


able, dimensionless 
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An Experimentally Verified Theoretical Study 
Of the Falling Cylinder Viscometer 


JOHN LOHRENZ, G. W. SWIFT, and FRED KURATA 


A theoretical analysis was made for laminar fluid flow in the annulus of a falling cylinder 
viscometer. A viscometer calibration constant was defined from the results of this analysis. 
This constant was expressed in terms of only the physical dimensions of the viscometer. The 
validity of the theory was demonstrated by the agreement between predicted and experimental 


values of the viscometer constant. 


Methods of representing calibration data were compared. Temperature and pressure effects 
on the viscometer constants were related to the mechanical properties of the viscometer materials. 
The results of this investigation showed that the practical design of falling cyclinder viscom- 


eters is possible. 


Falling and rolling ball viscometer 
viseometers have been widely used in 
this country, while the falling cylinder 
viscometer has received little attention. 
The ball viscometer has disadvantages 
which can be overcome when a cylin- 
der is used. First, the motion of the ball 
during its descent in the viscometer 
tube exhibits random slip and spin. On 
the other hand the cylinder, when 
equipped with stabilizing projections, 
shows little if any tendency toward dis- 
sipating energy in this fashion. Thus 
the error in measuring experimental fall 
times is reduced. Second, when ball 
viscometers are used for measuring low 
viscosities, the ball diameter must be 
nearly equal to the tube diameter, 
making the instrument extremely sensi- 
tive to the effects of nonuniform con- 
struction. Poor reproducibility results. 
The cylinder however may be easily 
oriented in a consistent fashion so that 
any effect of nonuniform construction 
is constant. 

The theory of the ball viscometer has 
been extensively treated; one of the 
better known works being that of Hub- 
bard and Brown (2) who used dimen- 
sional analysis to develop a rather sat- 
isfactory method for designing a ball 
viscometer. On the other hand the 
theory of the falling cylinder viscom- 
eter has not fully been exploited. 

In the region where Stokes’ law ap- 
plies the analyses (1) for cylinder and 
ball viscometers lead to 


(o — p) 
v 
If the velocity is measured by deter- 
mining the fall time interval between 
two fiducial marks a constant distance 
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apart, a viscometer constant is defined 
by 

(o — p)@ 


To predict the viscometer constant 
from Stokes’ law an empirical correc- 
tion for the wall effect would have to 
be introduced. For falling cylinder vis- 
cometers a more rigorous approach 
would consider the fluid flowing in an 
annulus with appropriate boundary 
conditions. This approach is similar to 
that of Lawaczeck (1); however he 
assumed the annulus could be approxi- 
mated by the geometry of parallel 
plates. 


(1) 


THEORETICAL ANALYSIS 


Consider a vertical tube of radius R, 
filled with a homogeneous fluid of con- 
stant density. A body with a major 
radius R, (R. > R,) and total volume V 
is falling inside a tube at a terminal 
velocity. The body is oriented parallel 
and concentric to the center line of the 
tube. Both the tube and the body are 
smooth. 

The fluid in the tube is Newtonian. 
Assume perfectly laminar flow with a 
fully developed flow profile for a dis- 
tance | along the body. Equating pres- 
sure and shear forces for a general 
cylindrical shell of fluid between tube 
and body one gets 

(1 — Tmax) AP... = — (2) 
From the definition of Newtonian vis- 


cosity 
mn ( du ) 
—| 
g dr 


Substituting Equation (3) into Equa- 
tion (2) and using the boundary con- 
ditions one obtains 


(3) 


atr = R,, u = 0, 
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atr = R,, u=—v 


Integration yields the following equa- 
tion: 


Qul 2 
Qulo — RY, 
2 r | 
in — 
| (4) 
In — 
R, 


Figure 1 shows the flow profile and 
shear diagram defined by Equations 
(3) and (4). 

The volumetric flow rate is related to 
the point fluid velocity and terminal 
velocity of the body as follows: 


Q = fiz (5), 


Substituting Equation (4) into Equa- 
tion (5), integrating, and rearranging 


one gets 
AP ise 
Aulv 
gel (R2+ R,*)In (R./R;,) ( R.—R,’) ] 


(6) 


The force of gravity on the falling 
body at the terminal velocity is exactly 
balanced by the following forces: 

1. Skin friction along the body and 
the force due to the pressure difference 
along the body. 

2. Contraction friction at the lead- 
ing face of the body. 

3. Expansion friction at the trailing 
edge of the body. 

4. Friction due to imperfections in 
the system geometry, for example ec- 
centricity and/or imperfections on the 
surface of the body and tube. 
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If contraction, expansion, and imper- 
fections effects are negligible, and flow 
is perfectly laminar, the force of grav- 
ity is equal to the forces due to skin 
friction and the pressure difference on 
the body. The force due to skin fric- 
tion may be found by differentiating 
Equation (4) with respect to r, setting 
r equal to R,, substituting in Equation 
(3), and multiplying by 27R,. The 
forces due to gravity and the pressure 
difference on the body may be easily 
written and included in the general 
force balance: 


Vie) 
Ze 16 2 
2luv ) 
9 | 32 _ (7) 
In — | 
Substitution of Equation (6) into 


Equation (7) yields, after rearrange- 
ment 
4° g 


16 sl 


(8) 


Bis: is equal to 8 when only laminar 
flow friction occurs in the viscometer. 
Because of uncertainty of the assump- 
tion of laminar flow and the difficulty 
in measuring the pertinent dimensions 
with sufficient accuracy B is determined 
by calibration with fluids of known 
viscosity, while B,.; is defined by the 
use of the physical dimensions of the 
viscometer. 


EXPERIMENTAL WORK 


The experimental calibration data used 
were those previously reported by Swift. 
(4). The experimental apparatus and pro- 
cedure and the six different falling bodies 
used have been described by Swift et al. 
(5) and in more detail by Swift (4). The 
dimensions of the bodies are given on 
Table 1. 

A standard method for obtaining calibra- 
tion data was carried out. First, values of 
8 were determined for liquids (n-hexane 
to n-decane) from 20° to 100°C. at 


Fig. 1. Laminar flow profile and shear diagram 
between tube and body. 


atmospheric pressure. The flow in the vis- 
cometer was laminar during these deter- 
minations. It was therefore possible to 
determine the variation of 6 with temper- 
ature without difficulty. If one assumes 
that 8 varied linearly with temperature, 
the temperature coefficient a of the equa- 
tion 


6 = fo (1 + at) (9) 


was computed by the method of least 
squares. 

The floats were then calibrated with 
gases. With gases under pressure the 
density-viscosity ratio was high enough to 
give turbulent flow in most cases. Thus the 
effect of turbulence on the viscometer con- 
stant could be determined. 

The effect of pressure on 6 was not 
determined for the falling bodies, except 
in the case of MgSLO-309. For all other 
floats it was impossible to separate the 
effect of pressure on f from the effect of 
turbulence. Since the linear effect of press- 
ure was determined to be only 3% maxi- 


TABLE 1, DIMENSIONS OF THE VISCOMETER BODIES AND TUBE 


Distances between fiducial marks = 1.75 in. 
Viscometer tube diameter = 0.3149 in. 


Body Lug 
diameter, diameter, 

Body code in. in. 
GCL-301 0.3010 0.312 
GCLO-304 0.3038 0.312 
MgSLO-303 0.3030 0.312 
MgSLO-305 0.3050 0.312 
MgSLO-307 0.3070 0.312 
MgSLO-309 0.3090 0.312 
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Length Volume 
of cylin- equi- 
Over-all = drical valent Body 
length, section, length, density, 
in. in. in. g./ce. 
3.5 2.9 3.03 1.437 
1.9 1.6 1.72 1.612 
1.50 1.50 1.50 1.963 
25 1.25 1.25 1.991 
1.25 1.25 1.982 
1.25 1.25 1:25 1.990 
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mum at 1,000 Ib./sq. in absolute for 
MgSLO-309 (5) and the theoretical an- 
alysis showed the effect would be even 
less for the other, smaller diameter bodies, 
it was deemed unwise to use some approxi- 
mate correction method for the other floats, 
for example, pressurizing n-heptane and 
assuming pressure had no effect on vis- 
cosity. 

These data were first correlated on a plot 
of B. vs. p/u0, a dimensional group pro- 
portional to the Reynolds number. Sage 
and Lacey (3) presented their calibration 
data in this manner, although they did not 
consider effects of temperature and pressure 
on the viscometer constant. The type of 
plot obtained is shown in Figure 2. The 
value of fo is characteristically constant in 
the laminar flow region and decreases 
continuously in the turbulent region at 
higher values of p/yé. 


CONSIDERATION OF VARIABLES 


Effects of temperature and pressure 

Using values of the linear coefficient 
of thermal expansion, Young’s modulus, 
and Poisson’s ratio for Pyrex glass and 
magnesium one could calculate values 
of Biss as a function of temperature and 
pressure using an IBM 650 digital com- 
puter. Although changes in fi.- with 
temperature and pressure are not ex- 
actly linear and independent, £1. may 
be accurately reproduced by an equa- 
tion of the form 


Biss Bist, (1l+a t+yP) (10) 


Values of the temperature and pressure 
coefficients predicted by Equation (10) 
for Bis. are compared with experimen- 
tal coefficients for B in Table 2. 

Excellent agreement between experi- 
mental and predicted temperature co- 
efficients for the magnesium floats was 
found. The predicted temperature co- 
efficients do not agree with the experi- 
mental values for the glass floats. Prob- 
able causes for disagreement are: 

1. The steel body elevating device 
in the glass floats increases the thermal 
expansion. 

2. The wall thickness of the glass 
floats varies with length. 

3. The outside diameter of the cylin- 
drical length of the glass floats varies. 


For MgSLO-309, the only body for 
which an experimental pressure coefhi- 
cient could be determined, the pre- 
dicted pressure coefficient was slightly 
more than twice the experimental 
value. The steel machine screws in the 
magnesium bodies contributed to this 
disagreement. In any case both the 
predicted and experimental effects of 
pressure are small. 

Effects of turbulent, contraction, 
expansion, and imperfection losses 


Experimental values of the viscom- 
eter constant are compared with values 
predicted from Equation (8) for the 
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though the 8/,.; vs. Nz. plot is more 
theoretically complete, there is no ap- 
parent advantage in the use of this 
plot. When more accurate measure- 
ments of the dimensions, particularly D 
and d, become possible, the B/Bis: vs. 
Nz. plot will be more advantageous to 
use, since this type of presentation de- 
scribes the geometry of the viscometer. 


DESIGN OF VISCOMETERS 


Falling cylinder viscometers can be 
designed by using Equation (8) for 
specified ranges of viscosity and fall 
time with a higher accuracy than any 
present method. Accuracy is improved 
when the correction factor for nonskin 
friction losses,(B/Bist)1aminar, iS used 
in conjunction with Equation (8). 
Longer, more streamlined floats and 
smaller values of d/D would give 
values of the correction factor ap- 
proaching unity. Below a Reynolds 
number of 0.1 all frictional effects may 
be assumed to be laminar. 

It should be emphasized that any 
present design method will not elimi- 
nate experimental calibration. The fall- 
ing cylinder viscometer cannot be used 
as an absolute instrument until im- 
provements in physical dimension 
measuring techniques have been made. 
In this investigation it was found that 
viscometer dimensions would have to 
be uniform and measured within one 
part of 10° in order to accurately com- 
pute 8,,, to four significant figures. 

Two approaches are possible to 
further improve the design methods 
presented here. First, the float might 
be long and streamlined so that even 
at high values of d/D the value of 
8/B..: approaches unity in the laminar 
region. In this case B/B:,. would be a 
function of N,, only, and it would not 
be necessary to consider the shape 
factors. Also the lugs or projections 
could be mounted above and below the 
main body of the float; then the veloc- 
ity past the projections would be lower, 
thereby reducing the imperfection fric- 
tion losses. Second, with Equation (15) 
used as a basis a series of different 
bodies could be studied to evaluate 
the effect of the shape factors on B/Bisr. 
The goal of this study would be a gen- 
eral design relation applicable for both 
laminar and turbulent flow for a family 
of bodies that are completely specified 
by the dimensions, D, D,, and 1. For 
purposes of design the present + 
0.0001-in. accuracy in measurement of 
dimensions is sufficient. Much better 
accuracy will be necessary before a 
falling cylinder viscometer constant can 
be described completely by theory. 

However other viscometers which are 
claimed to be absolute, for example, 
capillary, rotational, and_ vibrational, 
require some calibration to include ef- 
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fects of nonuniform dimensions and 
the possibility of turbulence. A good 
example of the sensitivity of the capil- 
lary viscometer to measurements and 
nonuniform construction is given by the 
work of Swindells, Coe, and Godfrey 
(8) in the redetermination: of the ab- 
solute viscosity of water. 


CONCLUSIONS 


1. A theoretical analysis for a falling 
cylinder viscometer was developed, 
based on flow in an annulus. The vis- 
cometer constants calculated by this 
theory agreed with experimental values 
sufficiently well to permit design pre- 
dictions. 

2. Effects of temperature on the vis- 
cometer constant may be satisfactorily 
predicted from the theoretical analysis. 

3. The B/Bist vs. Nez. plot or the 
8. vs. p/p@ plot can be used to present 
experimental calibration data with 
comparable accuracy. Since the B/Bis¢ 
vs. Nz, plot includes the dimensions of 
the viscometer, it is particularly suited 
for design applications. 
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NOTATION 

D = diameter of the viscometer 
tube, cm. 

D, == 


din (D/d)— = 
equivalent diameter of the 
viscometer tube-body annu- 


lus, cm. 

d = diameter of the cylindrical 
section of the viscometer 
body, cm. 

F. = force of gravity on the fall- 


ing body, g-force 


friction factor, dimensionless 


g = local acceleration of gravity, 
cm./sec.” 

ge = universal gravitational con- 
stant, g-mass-cm./g.-force- 
sec.” 

l = length of the cylindrical sec- 
tion of the viscometer body, 
cm. 

= V/rRY = volume equivalent 
length of the viscometer body, 
cm. 

Nr. = = Reynolds number, 
dimensionless 

P = pressure in the viscometer, 
Ib./sq. in. abs. 

AP\., = pressure drop for laminar 
flow friction, g-force/sq. cm. 

Q = volumetric flow rate of fluid, 
cc./sec. 

R, = radius of the viscometer tube, 
cm. 
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R, = radius of the cylindrical sec. 
tion of the viscometer body, 
cm. 

r = local radius in the annulus, 
cm. 

Tmax = local radius of maximum 


point velocity, that is where 
du/dr = 0 and +r = 0, cm. 


= distance between fiducial 
marks, cm. 

t = temperature of the viscom- 
eter, °C. 


u = point fluid velocity, cm./sec. 

du/dr = point velocity gradient, sec.“ 

Vv = volume of the viscometer 
body, cc. 

v=s/6 = terminal velocity of the vis- 
cometer body, cm./sec. 


Greek Letters 


a = temperature coefficient of the 
viscometer constant, °C.* 

B = viscometer constant, sq. cm./ 
sec.” 

B. = viscometer constant corrected 
to 0°C. and zero pressure, 
sq. cm./sec.” 

Biss | = viscometer constant based on 
laminar flow only, sq. cm./ 
sec.” 

Bisto = Bise at O°C. and zero pres- 


sure, sq. cm./sec.” 

(B/Bist)iaminar = Correction factor for 
nonskin friction losses = 
constant ratio of B/Bisr in 
the laminar region 


y = pressure coefficient of the 
viscometer constant, (Ib./sq. 
in. abs.)~™ 

6 = fall time interval, sec. 

m = absolute viscosity, poise or 
g.-mass/cm.-sec. 

p = fluid density, g.-mass/cc. 

p/p@ = nongeometric Reynolds 
group, (sq. cm.)~ 

o = viscometer body density, g- 
mass/cc. 

7 = shear force parallel to and 
opposing flow, g.-force/sq. 
cm. 

= general function 
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Unsteady Multicomponent Diffusional 


Evaporation 


HSIEN-WEN HSU and R. BYRON BIRD 


The unsteady diffusion-controlled evaporation of a pure fluid into a multicomponent mixture 
is studied by a boundary-layer method. An expression is obtained for the volume of vapor pro- 
duced by the evaporating species as a function of time. It is shown that the result can be 
interpreted in terms of an effective diffusivity of the type proposed by Wilke and by Stewart. 
It is further demonstrated that the boundary-layer method predicts a sweep-diffusion effect. 


A liquid 1 is placed in a long vertical 
tube in the region below z = 0 as 
shown in Figure 1. In the region above 
z = 0 there is initially a vapor contain- 
ing species 2, 3, ... . n; the initial 
composition in the gas is given by the 
mole fractions x, .....3 
time t = 0 liquid 1 begins to evaporate. 
It is desired to obtain information about 
the rate of evaporation if the system 
is maintained at constant temperature 
and pressure, and if the vapor of 1 is 
heavier than that of the gas mixture 
so that no free convection effects will 
occur. It is also desired to investigate 
the extent to which components 2, 3, 

. n tend to separate as a result of 
the diffusion of species 1 through the 
mixture. It is presumed that 2, 3,.... 1 
are all ideal gases and all insoluble in 

First the problem is reviewed for the 
two-component problem of 1 evaporat- 
ing into pure 2. Then a boundary-layer 
solution for the binary problem is given. 
After that the same boundary-layer 
technique is applied to the multicom- 
ponent problem. Then these results are 
used to draw some conclusions regard- 
ing multicomponent diffusivities and 
sweep diffusion. 


EXACT SOLUTION FOR THE 
BINARY PROBLEM 


The equations describing the dif- 
fusion in this system are the equations 
of continuity (2) of 1 and 2: 

dc, ON, 


— = (1,2 
at dz” at 


and the expression for the molar flux* 
of 1 (with respect to a coordinate sys- 
tem fixed with respect to the stationary 
liquid-vapor interface) : 


N, = — cD. (0x,/0z) + x1(Ni +N.) (3) 


When Equations (1) and (2) are 
added, and when use is made of the 


Hsien-Wen Hsu is at 
Lafayette, Indiana. 
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constancy of c for an ideal gas at con- 
stant temperature and pressure, it is 
concluded that (N.+N-.) does not vary 
with z. Because there is no motion of 2 
at z = 0, one can evaluate N, at z = 0 
from Equation (3): 


CDi 9X, 
N,, (4) 
1 — Xv 0z z-0 
and this quantity must then be 


(Ni+N.) at any position in the tube. 
Substitution of Equation (3) into 
Equation (1) and the use of Equation 
(4) for gives 


Ox, ax, | Dz 
(5) 


This equation has been solved by 
Armold (1, 2) with the initial and 
boundary conditions: x, = x,» at z = 0, 
and x, = 0 at z = o and att = 0. 
The solution is 


1— ert ( 
V4Dt 


6 
Xo l+erf¢ (8) 
where ¢ is a function of x given by 
1 1 
—=1+— (7) 
X10 Va (1+erf ¢) exp 


A few values of 4 (x) are shown in 
Table 1. 

By inserting this solution into Equa- 
tion (5) one can get N, and hence also 
the volume of species 1 produced up to 
time f: 


Nw S 
\ fi —a= t (8) 
Cc 


which was obtained by Arnold (1). If 
the last term in Equation (5) had been 
omitted (that is, if Fick’s second law 
of diffusion had been used), then in- 
stead of Equation (8) one would have 
gotten 
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= Sx t/a (9) 
Hence one can rewrite Equation (8). 
Thus (1) 


SxX10 VD t/a (10) 


where = $\/z/Xw; the function 
also shown in Table 1, gives the devia- 
tion from Fick’s second law of the bulk 
flow. 


BOUNDARY-LAYER SOLUTION FOR 
THE BINARY PROBLEM (5) 


As the starting point for a boundary- 
layer development one takes the inte- 
grated form of Equation (1) 


Nx d 
x, dz 


Cc (11) 


and Equation (3) written for z = 0 
[that is Equation (4)]. When one 
equates these two expressions for Ni 


1—X1 0z | z=0 


Ox, | 


(12) 


Note that the same result could have 
been obtained by integrating Equation 
(5) over z from z = 0 toz = ©. 

One now assumes a concentration 
profile of the form 


X10 = f (z/8) = (13) 
=O g=1 (14) 
where 5 = 8(t) is the concentration 


boundary-layer thickness. The function 
f(¢) has the properties f(0) = 1, 
f(1) = 0, and f'(1) = 0. 


Substitution of the above approxi- 
mate profiles into Equation (12) gives 


J, fat = (_¢(0)) 
(15) 
where 8 = d8/dt and f = df/dt. This 


differential equation for 8(t) can be 
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TABLE 1 


(2) 
boundry layer 


(1—2¢ + 
0.00 0.0000 1.000 1.02 0.97 
0.25 0.1562 1.108 1.18 1.12 
0.50 0.3578 1.268 1.44 1.36 
0.75 0.6618 1.564 2.04 1.93 
1.00 co co 


integrated, with the initial condition 
5(0) = 0, to give 
| 2Dut(—f’(0)) 
| 16 
V ( ) S ( ) 


Once 8(¢) is known, one can get the 
concentration profiles from Equation 
(13) and also the volume of 1 pro- 
duced, namely 


V, = Sx» 


(17) 


Comparison with Equation (10) re- 
veals that 


2(1—x,) 


(18) 


The values of Yrounaary tayer” for several 
trial functions f(¢) are shown in Table 
1 next to the values of ¥® obtained by 
the exact solution. It is seen that the 
dependence of Wyounaary ON Xo is 
somewhat too strong. 


BOUNDARY-LAYER SOLUTION FOR 
THE MULTICOMPONENT PROBLEM (5) 


The equations describing the n-com- 
ponent system are the n equations of 
continuity: 

0c, ON, 


ot 0z 


and the Stefan-Maxwell Equations (3) 
which describe the interrelation of the 
molar fluxes with the concentration 
gradients: 


i=1,2,...n (19) 


§=1 
i=1,2,...n (20) 


As the starting point for the boundary- 
layer development one takes the inte- 
grated form of Equation (19) for com- 
ponent 1 and the Stefan-Maxwell equa- 
tions written for z = 0: 


d (21) 
dt”? 
No [ Xio | OX, 
Cc > Dis | = 
c Xjo 0% 2=0 


j = 2,3,...n (23) 


in which the x; are the vapor phase 
mole fractions at the gas-liquid inter- 
face, assumed to be independent of 
time. It is not known how good this 
assumption is; furthermore the inter- 
facial condition will depend on the 
mechanism for forming the interface. 

One now uses the following concen- 
tration profiles: 


== &=1 (24) 


j=2,3,...n (25) 


where x;° is the concentration of species 
j at t = 0 in the gas mixture; that is 
each species has its own concentration 
boundary-layer thickness §;(t), and the 
authors specify that f,(0) = 1, f,(1) 
= 0, and f’;(1) = 0 for all j. 

The introduction of f,(%) into Equa- 
tions (21) and (22) gives two expres- 
sions for N,./c. When these are equated 
one gets a differential equation for 


TABLE 2. VALUES OF THE QUANTITY A. 


R=% 

01 0.2 05 
0.1 0.010 0,022 0,078 
02 0.018 0039 0.195 
05 0.032 0.066 0.179 
09 0.029 0059 0.147 


R=2 
A 0.1 0.2 0.5 
0.1 —0.018 —0.041 —0.143 
0.2 —0.030 —0.064 —0.206 
0.5 —0.026 —0.053 —0.143 
0.9 —0.001 —0.002 —0.005 
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8.(t), which yields 


(26) 


A similar operation on Equations (21) 
and (23) gives 


(0) )* 
V (0)) fi 


(22228) en 
XjoX10 


Once these boundary-layer thicknesses 
are known, one may get the concentra- 
tion profiles from Equations (24) and 
(25). By the same procedure as in the 
previous section one can find the vol- 
ume component 1 produced: 


= Sx. V fid&) (—f,' (0) ) Qt 


n 


Sie 
[> Du 


= Sx10 VAD 4 Woary (28) 


This last relation serves to define a b™ 
analogous to the 4 of Equation (10). 
There is little reason to believe that the 
result in Equation (28) would give 
quantitative results any better than 
those in Equation (18). 


= 


REMARKS ABOUT THE EFFECTIVE 
DIFFUSIVITY 

If it be assumed that the function 
f(f) in Equations (13) and (14) is the 
same as the function f,(¢,) in Equa- 
tions (24) and (25), then comparison 
of Equations (18) and (28) shows that 


L-VAPOR CONTAINING 


"oe 


LIQUID-VAPOR INTER - 
FACE MAINTAINED AT 


z=0 
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N 
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Fig. 1. Evaporation of into @ gaseous mix- 
ture of n-1 components. 
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-1/2 


(26) 
(21) 


(27) 


1esses 
entra- 
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Xin 

t=2 Du 


If it further be assumed that x./x,° = 
tion (29) assumes the very simple form 


1 +1/2 
Woary Dis 
n (30) 
Woary lyr 
ee 
i=2 Du 


One can hope that although the indi- 
vidual Wrounaary ayer” are not very ac- 
curate, the ratio may be rather good. 
If one assumes that the ratio of bound- 
ary-layer quantities is exactly the same 
as the ratio of rigorously calculated 
quantities, then Equation (28) be- 
comes 


where &® is the function of x, given 
in Table 1 and D, crs is defined by 


1—Xio 1 
Ds, = = (32) 


n n 


pa x;° 
j=2 Diy j=2 Di; 
That is Equation (31) has exactly the 
same form as the binary relation in 
Equation (10), when the effective dif- 
fusivity Ds,err, defined by Equation 
(32), is used. 

It is interesting to note that the ef- 
fective diffusivity D,..1, defined above 
is exactly the same as that proposed by 
Wilke (8) by a development different 
from that given above. Furthermore 
Fairbanks and Wilke (4) have found 
that the above definition of D,..r gave 
a very good description of the evapora- 
tion rate of ethyl propionate into air- 
hydrogen mixtures and of toluene into 
hydrogen-argon mixtures. 

It is also informative to compare 
Derr With the Dim proposed by Stew- 
art (7), which is defined by 


N,=— CD1m (83) 
J=1 


That is one regards Dm as the binary 
diffusivity of 1 into a mixture consist- 
ing of all other components. When 
Equation (33) is solved for (dx,/dz) 
and this quantity equated to (dx;/dz) 
in Equation (20) one obtains the rela- 
tion between D,», and the usual binary 
Di;: 


N,—x,2=N; 
Dim (2, #) = n ~ (34) 
( Nix; — Nyx, ) 
Du 
Vol. 6, No. 4 


In the evaporating system considered 
here D.m is clearly a function of z and 
t. At z = 0 the molar fluxes of compo- 
nents 2,3,....n are zero, and hence 
Dim(0,t) is exactly the same as Dy, crs 
defined in Equation (32). Hence the 
boundary-layer treatment (with f; 
selected to be the same function as f) 
gives the same result as would be ob- 
tained by treating the multicomponent 
problem as a binary one and _ using 
Dim evaluated at z = 0. 

The diffusivity D,,, has recently been 
found by the authors to be useful for 
describing some three component dif- 
fusion problems with chemical reac- 
tions (6). 


REMARKS ABOUT THE 
SWEEP-DIFFUSION EFFECT 


It is now desired to establish some 
measure of the extent to which the 
initial relative concentration is dis- 
turbed by the diffusion of component 
1 through the mixture. If there were 
no sweep diffusion, then the initial rela- 
tive concentration would be preserved; 
the concentration of j at any position 
and any time would just be x;°(1—x,), 
where x, is the composition at the same 
position and the same time. Hence the 
quantity 


x;°(1 


A= (35) 


Xj 


will give the fractional error one would 
make by assuming there is no sweep 
diffusion. If, as above, one assumes f,; = 
fo =... fn = f and that all x,,/x,’ are 
the same, then one finds from Equa- 
tions (26) and (27) that 


R = 8,/8; = (36) 


and that Equation (35) can be written 


XL f (37) 
1 — f 


A few sample values of A = A(x», R, 
calculated for f(%;) = 
are given in Table 2, to illustrate the 
order of magnitude of the sweep dif- 
fusion effect. 


CONCLUSIONS 


The boundary-layer treatment gives 
a new interpretation to the effective 
diffusivity formula as proposed earlier 
by Wilke and tested experimentally by 
Fairbanks and Wilke. It further gives 
information as to the order of magni- 
tude of the sweep-diffusion effect. Un- 
fortunately there seem to be no experi- 
mental measurements of the concentra- 
tion profiles in evaporation systems to 
allow any comparisons to be made with 
measured separations. 
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NOTATION 

c = total molar concentration of 
mixture 

C; = molar concentration of i-th 
species 

Dis = binary diffusivity of system 
ij 

D1.err: = effective binary diffusivity 


for i in evaporating system 


Dim = effective binary diffusivity 
for i in a mixture 
f = assumed form for concentra- 
tion profile 
N, = molar flux of species i with 


respect to a stationary coor- 
dinate system 


R = ratio of boundary-layer thick- 
nesses 

S = surface area exposed for 
evaporation 

t = time elapsed since beginning 
of evaporation 

V; = volume of vapor of 1 pro- 


duced up to time t 

d = mole fraction of species i 

Zz = distance in gas phase from 
the liquid-vapor interface 


Greek Letters 
= instantaneous concentration 
boundary layer thickness 
= sweep diffusion factor 
= z/8 = dimensionless distance 
= 8.14159..... 
Arnold’s evaporation function 
= correction factor in a j-com- 
ponent system 
0 = subscript indicating evalu- 
ated at z = 0; also super- 
script indicating evaluated at 


6 


I 
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Macroscopic Mixing in Fluidization 


E. J. CAIRNS and J. M. PRAUSNITZ 


Mixing studies were performed in beds of lead and glass particles fluidized with water. A salt 
solution was injected from a point source, and electrical conductivity cells were used to determine 
time average and fluctuating salt concentrations at various points downstream from the point 
of injection. The frequency distribution of the fluctuations was determined, and correlation 
coefficients were measured for the fluctuations at two points separated by a known distance. 

The mixing data for the central portion of the bed yield radial eddy diffusivities and scales and 
intensities of turbulence. At the same fraction void the eddy diffusivity and scale of turbulence 
are larger for lead than for glass particles, but the velocity fluctuations appear to be inde- 
pendent of the density of the particles. Minimum Peclet numbers are observed at a fraction 
void of about 0.7. Scales based on correlation coefficients exceed those calculated from Peclet 
numbers, indicating that in a fluidized bed there are large-scale eddies whose size is much 
larger than a particle diameter. The interpretation of the mixing data is coupled with visual 


observations of fluidized bed flow patterns. 


During the past few years there has 
been increased activity in research lead- 
ing to a more basic understanding of 
mixing processes in moving fluids. Mix- 
ing in gas-fluidized beds was investi- 
gated by Gilliland and Mason (8, 9) 
who observed very low Peclet numbers 
indicating very rapid mixing in the 
fluid phase. Bernard and Wilhelm (2) 
investigated radial mixing in packed 
beds for both gaseous and liquid sys- 
tems; these studies were extended to 
liquid-fluidized beds by Hanratty, 
Latinen, and Wilhelm (10) who pre- 
sented results of several sets of experi- 
ments using spheres of silica and glass 
fluidized by water. On the basis of the 
turbulent-diffusion approach suggested 
by Taylor (18, 19, 20) Hanratty, Lati- 
nen, and Wilhelm showed that the 
concept of a constant eddy-diffusion 
coefficient only applies after a suitable 
period of time, or after a suitable 
distance away from the origin has been 
attained. 

Wilde (21) studied the motion of 
individual glass spheres in a fluidized 
bed by use of a fluid having the same 
refractive index as that of the glass 
beads. The motion of colored tracer 
beads was then observed. Wilde con- 
cluded that the bead motion was not 
truly random; wavelike motions of bead 
groups as well as other well-defined 
circulation patterns were noted. 

Recently experimental results on ve- 
locity profiles (4) and longitudinal 
eddy diffusivities (5) have been re- 
ported for liquid-fluidized beds. These 
studies clearly show that in water- 
fluidized systems there exist velocity 
nonuniformities which vary statistically 
with time, giving rise to axial as well 
as radial eddy transport within the sys- 
tem. Ordinarily it is convenient to 
think in terms of a single eddy size as 
being characteristic of a system of in- 
terest. However in a fluidized system 
a more complete description is given by 
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employing additional 
parameters. 

It is the aim of this work to contri- 
bute to a more complete understanding 
of the mixing behavior in the liquid 
phase of liquid-solid fluidized systems. 
To this end the average or over-all ap- 
parent mixing properties in the radial 
direction, as well as the local fluctuat- 
ing behavior of the system, have been 
investigated. Frequency distribution 
and correlation coefficients of concen- 
tration fluctuations have been de- 
termined. 


THEORY 

Mixing-length theory suggests that 
it is useful to look upon the mixing 
process in a fluidized bed as analogous 
to that of molecular diffusion and to 
write corresponding mass transfer equa- 
tions which, in steady state experi- 
ments, apply well after a sufficient dis- 
tance from the origin of the system 
has been reached. When applied to a 
steady state flow system in a tube, as 
was used in this work, the mass trans- 
fer equation describes the time-average 
behavior of the system. The differential 
equation in cylindrical coordinates is 


characterizing 


1 0c | aC 
E, 
or r or 
(1) 
aZ 


Equation (1) assumes symmetry about 
the axis. The solution to this differential 
equation has been given considerable 
attention (2, 10, 11, 13, 14, 17, 20). 
If one makes the very good assumption 
(14) that the longitudinal diffusion 
contribution to mass transfer is small 
compared with the convective flow 
term, then the concentration profile for 
the spreading of mass from a point 
source (located at r = z = 0) is 


( ) 
— 
d 


P 
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(2) 


Equation (2) is limited to the central 
section of the tube where U is constant 
and for mathematical reasons to the 
region Z/r > 5. 

Visual observations on_liquid-solid 
fluidized beds made in this work and 
by previous investigators (21) indicate 
the presence of over-all circulation pat- 
terns which are due to changes in fluid 
velocity as the wall is approached. This 
observation is confirmed by velocity- 
profile data (3, 4) which show that 
the velocity is very nearly constant for 
the region r = 0 to r= 0.25 r, and then 
falls at points farther removed from the 
center. Although data at larger radial 
distances were taken in this work, only 
those data restricted to the region 0 = 
r/r, = 0.25 were reduced by Equation 
(3). 
Equation (2) expresses the time- 
average behavior of the system in terms 
of time-average concentrations as a 
function of position in the bed. To ob- 
tain a more extensive picture of the 
mixing behavior and to characterize it 
in a more detailed and accurate man- 
ner interest is directed to the fluctuat- 
ing concentration behavior in the bed, in 
addition to the time-average values. A 
relationship between the concentration 
fluctuations and the flow parameters 


exp 


characterizing turbulence is needed to | 
give consistency to the connection be- | 


tween ideas relating to turbulence on 


one hand and turbulent mixing and | 


mass transfer phenomena on the other. 
Knowledge concerning such a relation- 


ship is still far from complete (12). | 


However Prausnitz and Wilhelm (17) 
considered this problem in connection 
with packed-bed studies and proposed 
a fluid-displacement model wherein the 
instantaneous concentration at any 
point in the system is equal to the 
time-average concentration at some 
other point. For the root-mean-square 


fluctuating concentration they ob- 
tained 
CF C 
V/2— — 
Vc? d,; C. 
rt 
d, 
(3) 
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Fig. 1 Schematic flow diagram. 


Equation (3) holds for radial loca- 
tions not too near the center, nor too 
near the wall, and at longitudinal lo- 
cations well removed from the point 
source. It shows the interesting re- 
sult that the magnitude of the concen- 
tration fluctuation depends primarily on 
the scale of turbulence and not upon 
the intensity, under the limitations 
given above. 

In accordance with the mixing- 
length theory the eddy diffusivity is 
equal to the product of the scale of 
turbulence, which is assumed to be o,, 
and the root-mean-square value of the 
velocity fluctuation. Thus 


E, = 0,\/o (4) 
1 
(5) 


Nee,, U 


From time-average mixing data and 
from fluctuation studies independent 
measurements of E, and o, may be 


made, allowing the calculation of \/v”. 
When one now considers the rela- 
tionship of concentration fluctuations 


at a point in the system to the con- 
centration fluctuations at another point 
separated from the first, it is useful to 
define a concentration fluctuation cor- 
relation coefficient, which is somewhat 
analogous to the correlation coefficient 
used in connection with Danckwerts’ 
treatment of segregation (6). Such a 
correlation coefficient is 


C'1C’s 


Verve? 
By defining the correlation coefficient 
in this way it is found to have more 
general applicability than the Danck- 
werts correlation coefficient associated 
with segregation, since in the definition 
used here the system is not required to 
possess an absence of large-scale seg- 
regation. This is true because in Equa- 
tion (6) the normalization factor 
Ver \/e’? is not a constant for the 
system as a whole but is composed of 
properties of the points of interest only. 

In general R, has the properties 


Re (6) 


od 
R,(0) = 1 
=0 


If the two points of observation are 
within a distance less than the size of 
a packet of fluid which is approximately 
homogeneous with respect to concen- 
tration, then one would reasonably ex- 
pect to have a positive correlation co- 
efficient. As the distance of separation 
becomes infinitesimally small, R, would 
be expected to approach unity. As the 
two observation points are separated to 
the point where they are at a distance 
greater than the size of the isoconcen- 
tration packet, a nonpositive value of 
Re. would be expected. 

As shown by Danckwerts (6) the 
concentration fluctuation correlation co- 
efficient must have a gradient of zero 
at s = 0 if molecular diffusion is present 
in the system. 

The scale of concentration fluctua- 
tion is defined as 

A= f* ds (7) 
This scale may be thought of as being 
characteristic of the size of a packet of 
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Fig. 3. Determination of scale in a 4-in. tube 
with 3.196-mm. glass spheres (e — 0.617). 


fluid which is approximately homo- 
geneous with respect to concentration. 
This is analogous to the conventional 
scale of turbulence (or scale of velocity 
fluctuation) in that the conventional 
scale of turbulence characterizes the 
size of a packet of fluid, all of which 
have the same velocity. 

R- may at some distance a along the 
s axis pass through zero and take on 
negative values. At some larger distance 
B along the s axis R, must return to 
zero again. A number of such oscilla- 
tions may take place, depending on the 
mixing behavior of the system. Since a 
portion of the area under the R, curve 
may be negative, \ is defined in Equa- 
tion (7) so that the absolute value of 
each area is added. 

Some rather interesting conclusions 
may be drawn from a knowledge of 
the R, curve and/or the values of 4, 
as well as the positive and negative 


contributions to Therefore is 
broken into its components: 
(8) 
where 
» = R.ds (9) 
1. = f° |Re|ds (10) 


The parameter a is the distance be- 
tween points in the system where 
there ceases to be a positive correlation 
between the concentration fluctuations. 
At a distance of separation greater 
than @ and less than £ there is a nega- 
tive correlation, which is characteristic 
of vortex fluid motion. 


EXPERIMENTAL 


Fluctuations in concentration, which may 
reach a frequency in the range of hundreds 
of cycles per second, can only be measured 
by an instrument having a very short time 
constant. Such an instrument is an elec- 
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trical conductivity cell coupled with suit- 
able electronic apparatus. 

Mixing studies were made by injecting 
sodium nitrate solution from a point source 
into a water stream which is used to 
fluidize the solid particles. A schematic 
flow diagram is shown in Figure 1. 


Electronics 


It is possible to obtain a potential which 
is directly proportional to the electrical 
conductance of the circuit element in ques- 
tion by use of a simple circuit as shown in 
Figure 2. By operating in a frequency 
range of 20 kc. polarization effects are 
eliminated, and good demodulation up to 
400 cycles per second of signal is easily 
attained (3). By proper selection of the 
size of resistor r in Figure 2 a signal V, is 
obtained which approaches direct propor- 
tionality to the conductivity Lz. In the 
concentration range studied in the present 
experiments the conductance of the sodium 
nitrate solutions used is directly propor- 
tional to the concentration of sodium 
nitrate. For this work r was selected so 
that it was only 1% as large as the 
smallest value of R, which was encoun- 
tered. 

The voltage V. was amplified and de- 
modulated, yielding a signal which reflects 
exactly the conductance behavior of the 
conductivity cell. Use of an adding circuit 
allowed the signal of a reference conduc. 
tivity cell placed in the water stream 
entering the test section to be subtracted 
from the signal of the cell measuring the 
salt solution conductance in the test sec- 
tion (see Figure 2). The amplifier de- 
modulator was constructed so that six 
conductance signals in parallel could be 
observed. 

Blocking condensers applied to the out- 
put signal of the amplifier-demodulator 
system yield a signal which is proportional 
to the fluctuating component of the con- 
centration. A simple R-C filter network 
allows an average value of the signal from 
the amplifier demodulator to be measured. 
A true root-mean-square voltmeter was 
used to determine the root-mean-square 
value of the fluctuating component of 
concentration. Continuous multiplication 
of signals having frequency components up 
to 470 cycles per second was effected by 
employing an analogue computer. All 
amplifiers in the system were linear to 
within less than 1%. A waveform analyzer 
was used to obtain the frequency spectrum 
of the concentration fluctuations. A  visi- 
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corder gave a continuous record of all 
instantaneous concentrations. 


Conductivity Probes 


The conductivity cell proper was made 
from a slotted 3-mm. diameter rod, having 
0.050-in. diameter circular platinum elec- 
trodes mounted 1 mm. apart. The slot in 
the rod is 7 mm. deep, thus allowing the 
stagnation point of the fluid impinging at 
the base of the slot to be at such a 
distance from the electrodes that its influ- 
ence on the measurements would be 
negligible. 

The probe was constructed by drilling a 
0.05-in. hole perpendicular to the axis of 
the rod, about 2 mm. from one end. A 
piece of 0.05-in. platinum wire was sealed 
firmly in the hole, and 32-gauge copper 
wires were attached to the ends of the 
platinum wire. The copper wires were 
sealed into axial depressions along the 
outside of the rod and were secured by 
epoxy resin. The rod was then slotted so 
that the platinum wire was cut perpendic- 
ular to its axis, thus exposing two 0.05-in. 
diameter circular electrodes facing one 
another and 1 mm. apart. The exposed end 
of the rod is hemispherical in shape caus- 
ing the probe tip to appear much like 
a packing particle. The rod containing the 
electrodes is about 2 cm. long and is 
mounted at the end of a %-in. O.D. 
stainless steel tube so that the copper leads 
from the electrodes pass through the tube. 

The capacitance effects were negligible, 
and cross talk between probes was always 
less than 1%. The probe is mounted in a 
rigid probe holder wherein the radial posi- 
tion of the probe may be selected at in- 
tervals of 1/6 of an inch. Angular orienta- 
tions and axial position may take on any 
desired values. All observations were 
made with the probe tip at a distance of 
about 5-in. from the nearest probe-support 
member. 

The conductivity probes were sufficiently 
small to enable good observations to be 
made of fast concentration fluctuations. In 
most runs the probable upper-frequency 
limit was around 400 to 500 cycles per 
second; in no case was it below 250 cycles 
per second. This lower figure is computed 
from the characteristic dimension of the 
cell (1 mm.) and the lowest fluid velocity 
encountered in this work (250 mm./sec.). 


Flow Apparatus 


The flow system consisted of a constant 
head water tank located approximately 
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35 ft. above the test section, a 5-hp. re- 
generative turbine pare a 5-hp. .centri- 
fugal pump, a set of five rotameters having 
a total range of 0.01 to 61 gal./min., a 
flow distributor, a flow development sec- 
tion, the test section, and an overflow tank 
connected to a drain. 

The entrance to the flow distributor con- 
sisted of a capped 2-in. pipe having small 
lateral holes around the periphery near 
the cap. The discharge from the peripheral 
holes entered a conical expansion section 
covered with a plate having 1/16-in. holes 
on a triangular arrangement so that the 
fraction voids was 0.38. The flow then 
proceeded upward into the flow-develop- 
ment section which consisted of an 8-in.- 
high section of tube packed with 2-mm. 
pyrex spheres, covered with a stainless 
steel screen. 

Mounted on top of the flow-development 
section was the point-source injector, hav- 
ing a screen at about the level of the up- 
per surface of the injector body. The space 
enclosed by the injector body was also 
packed with 2-mm. spheres. The point- 
source injector tube (hypodermic needle in 
Figure 1) protruded vertically from the 
uppermost screen a distance of about 5 
cm. This distance is sufficiently large to 
eliminate the effects of the bed entrance 
(10). 

The test section consisted of a 3.98-in. 
I. D. pyrex pipe, 2 ft. high. 


Injection System 


The 1.0 normal sodium nitrate tracer 
solution was injected into the test section 
by means of a piston and cylinder ar- 
rangement, the piston being driven by 
means of a geared-down variable-speed 
drive unit. The speed of the piston was 
calibrated accurately against drive settings. 


Procedure 

The flow rate corresponding to the 
fraction voids desired was set, and beads 
were added to or subtracted from the 
system to give the proper bed height 
(about 10 in.). The injector-drive setting 
was adjusted to give a linear speed to the 
injectant equal to that of the main-stream 
fluid as calculated from the superficial 
velocity divided by the fraction voids in 
the bed. After satisfactory steady state con- 
centration values were reached, the 
recorders were connected to each of 
the probes in turn, yielding data on 


Ci, c's? and for each probe. 
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Fig. 6. Fluidization of lead spheres 


A mixed-cup sample of the effluent was 
taken, and conductivity readings of this 
sample were taken with each probe. 

The flow pattern of the bed was given 
careful visual observation, and _ sketches 
were made of the bed appearance. 


REDUCTION OF DATA 


Since all of the signals recorded as 
data are proportional to the conduct- 
ance of the solution, a conversion from 
conductance to concentration is neces- 
sary. Fortunately in the concentration 
range used in this work (approximately 
10° normal) the conductance of aque- 
ous sodium nitrate solutions is directly 
proportional to the concentration. 
Therefore at any temperature the con- 
centration is given by the equation 


C= aL (11) 


All concentrations and concentration 
fluctuations are reported in terms of 
ratios. The ratio of two concentration 
values is equal to the corresponding 
ratio of the conductances, and _ the 
constant a cancels. Thus the concentra- 
tion ratios are equal to the voltage 
ratios measured directly with the ap- 
paratus. 

Concentration profiles were plotted 
for the various angular orientations of 
the probe holder at a given distance 
from the point source. Because of slight 
asymmetry the centers of the concen- 
tration profiles were determined by the 
point of highest concentration which is 
not necessarily the same as the geo- 
metric center; details of the asymmetry 
are given elsewhere (3). All data at a 
given level were combined on one 
plot, and reflected points were used to 
eliminate slight asymmetries. By plot- 
ting In (C/C,) vs. (r/d,)* for the cen- 
tral region as determined from the 
smoothed concentration profiles [see 
Equation (2) ], the Peclet number may 
be determined from the slope and/or 
the intercept. Since slight errors in 
locating the concentration center line 
can cause relatively large errors in the 
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determination of the Peclet number by 
the intercept method, only the slope 
results were used. Peclet groups were 
computed only from smoothed data for 
the region 0 =r/r, = 0.25. 

The frequency distribution of the 
fluctuating components of concentra- 
tion was determined as a function of 
fraction voids. Since the magnitude of 
the concentration fluctuation depends 
on position in the bed [see Equation 
(3) ], it is desirable to plot the data 
taken at various positions in the bed 
in such a manner that they may be 
easily compared. For this reason the 
data from the wave analyzer were 
made dimensionless through division 
by the corresponding true root-mean- 
square voltmeter readings. If the true 
root-mean-square meter had exactly 
the same frequency-response character- 
istics as the wave analyzer, then the 
area under each frequency-analysis 
curve would be unity. The two instru- 
ments have different low frequency 
cut-off response curves, and hence the 
area is not unity. 

Since the concentration-fluctuation 
magnitude depends on the time aver- 
age concentration gradient, and since 
this gradient varies with bed expansion 
as well as with position in the bed, 
results from one run to the next are 
rather difficult to compare if one at- 
tempts to consider only the magnitude 
of the concentration fluctuation, or 


the value of the ratio of \/c? (f) 
(determined at frequency f) to 


\/c"xms meter Which measures the fluc- 
tuations summed over all frequencies. 
The observed frequency curves appear 
to consist of two portions, one 
characteristic of the fluid flow inde- 
pendent of particle motion and the 
other characteristic of fluid behavior 
as influenced by the fluidized particles. 
For this reason it was decided to 
orient the curves from various states 
of fluidization in such a manner that 
the high-frequency ends of the curves 
would extrapolate to roughly the same 
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Fig. 7. Fluidization of lead spheres. 


fluctuation value. This high-frequency 
end of the curve is independent of the 
fluidized particle motion; it is charac- 
teristic of the turbulent fluid flow and 
less likely to undergo appreciable 
shifts with changing fluid velocity. 


The data on Vet as a function of 
radial position were plotted in the 
same manner as that used for the time- 
average concentrations. When smoothed 
in this manner these curves are sym- 
metrical about a point near r = 0. The 
curves for average concentration and 
fluctuating concentration as a function 
of position yield a new plot as shown 
in Figure 3. From Equation (3) the 
slope is (o,)/(\/2d,) for points not 
near the center or near the wall. 

From the Peclet numbers and scales 
of turbulence the intensities of turbu- 
lence are calculated by Equation (5). 


DISCUSSION OF RESULTS 


Visual observations of the particle 
flow patterns at various d,/D ratios for 
glass and lead beads as a function of 
fraction voids are shown in Figures 4 
through 7. Figure 4 shows the observa- 
tions for glass beads for two d,/D 
ratios, and as closely as one can tell 
visually the patterns of flow and gen- 
eral characteristics are the same for 
both ratios. Starting at the right-hand 
side of the diagram there is a slight 
percolating motion in the range of 
43% voids where small void bubbles 
move randomly up through the bed. 
As the fraction voids is increased to 
0.55 the bubbling motion becomes 
more predominant and yields to a void- 
wave formation which causes a gentle 
slugging and bubbling motion. The 
particles drop across the void waves to 
reform another slug. Little over-all cir- 
culation is observed. As the fraction 
voids is increased to 0.69, the void 
waves disappear, yielding to broken 
particle waves. This interchange of 
phases may be thought of as being 
analogous to a vaporization process in 
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which the vapor phase is increasing 
and finally predominates, leaving the 
liquid phase in the minority. The dense 
phase is now the discontinuous phase 
in a continuous dilute phase. Some 
slow, over-all circulation patterns are 
detected, as noted by the arrows next 
to the tube walls. Finally, at fraction 
voids of about 0.85, a stronger general 
circulation or swirling pattern is set up; 
the particle waves are more well de- 
fined and contrast well against the 
dilute phase. The most active local 
particle motion occurs in the range of 
e = 

Figure 5 shows lead particles at a 
d,/D ratio of 0.059. At the start of 
fluidization (the right-hand drawing) 
the percolation motion exists as with 
glass particles. Increasing the fraction 
voids yields bubbles and void waves, 
as with glass. At fraction voids of about 
0.7 there is a more violent motion than 
with glass and a definite tendency to 
form swirls and waves, apparently pro- 
moting increased mixing. By the time 
the bed is expanded to fraction voids 
of about 0.85 the similarity to the glass 
behavior is restored. All local particle 
motions are more violent than with 
glass, even though most of the general 
bead behavior is preserved. 

Turning to Figure 6 at a lower ratio 
of d,/D one might expect that the 
particles have more freedom to move 
about, and hence swirl formation and 
more rapid general circulation are to 
be expected. This is just what is found, 
especially at higher fraction voids. 

Decreasing the d,/D ratio to 0.018 
as in Figure 7 shows that the particles 
now show more of a tendency to be- 
have as a liquid phase, individual 
particles tending to lose identity. Bub- 
bling similar to that of a gas through 
a liquid is detected. Swirling motion is 
less and various bubble motions pre- 
dominate. 
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The expected conclusion reached 
from visual studies is that two import- 
ant variables play a part in bed char- 
acteristics, particle-to-tube diameter 
ratio and the density difference or 
particle-to-fluid density ratio. Most 
violent motion occurs at e ~ 0.7, where 
a phase transition is observed. The 
qualitative results shown in Figures 4 
through 7 illustrate some of the differ- 
ences and similarities between liquid- 
and gas-phase fluidized beds (1, 15, 
16). 

An analogy between packed and 
fluidized beds may be a guide to a 
first attempt at describing the mixing 
behavior in liquid solid fluidization 
systems. Peclet numbers adequately 
describe the mixing phenomena in 
packed beds and are reported in this 
work as a starting point for a more 
detailed analysis of the turbulent mix- 
ing behavior. 

Peclet numbers calculated from 
measured time-average concentration 
profiles at a d,/D ratio of 0.03 are re- 
ported in Figure 8. From the particle 
flow patterns discussed above one 
might have predicted the general 
characteristics shown, that is better 
mixing (lower Peclet number) in the 
region of « ~ 0.7 and better mixing 
with more dense particles at a given 
fraction voids. The curves extrapolate 
to packed- and empty-bed values. The 
results of this work are compared with 
those of Hanratty, Latinen, and Wil- 
helm (10) for a d,/D ratio of 0.06, 
using glass beads. 

The analogy to packed-bed behavior 
for fluidized beds is quite limited, and 
one should consider a more detailed 
description and characterization of the 
liquid-phase mixing. The study of this 
process immediately reveals a_ pre- 
dominant fluctuating behavior of both 
velocities and concentrations. A study 
of the fluctuating concentrations must 
include the frequency analysis of these 
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fluctuations which are summarized in 
Figure 9. 

The general behavior in a packed 
bed is a frequency distribution charac- 
teristic of the flow through the small 
irregular channels amongst the parti- 
cles. This corresponds to the frequency 
range of about 10 to 200 cycles per 
second having a maximum in the range 
of 45 cycles per second. As the bed is 
fluidized, there is superimposed on the 
packed-bed spectrum a spectrum much 
lower in frequency and of increasing 
magnitude with an increase in the frac- 
tion voids. Finally at high fraction 
voids the fluidization frequency distri- 
bution is completely dominated by the 
characteristics imposed by the particle 
motion. It is to be expected that the 
distribution shifts back again to higher 
frequencies and lower amplitudes as 
the empty-tube system is approached. 

The concentration fluctuations studied 
and described above allow calculation 
of turbulence parameters which give a 
more accurate account of the mixin 
in fluidization. Equations (4) and (5) 
show that the eddy diffusivity and 
Peclet number combine the effects of 
the scale and intensity of turbulence. 
The concentration-fluctuation data ap- 
plied to Equation (3) yield a scale of 
turbulence independent of the Peclet- 
group determination. Figure 10 sum- 
marizes these results. This set of curves 
brings out the important point that the 
main difference between the behavior 
of lead and glass beds is brought about 
by the influence of the particle density 
on the scale of turbulence resulting in 
a higher eddy diffusivity. The radial 
Peclet-number curve shows a minimum 
and the radial scale of turbulence 
curve a maximum at the fraction voids 
corresponding to the visually observed 
phase transition. Similar results were 
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distance. 


obtained by Lemlich and Caldas (14a) 
who showed that heat transfer to the 
wall of a fluidized bed reaches a maxi- 
mum at a fraction void of about 0.7. 
An approximate model may be used 
to explain the particle-density influence 
on the scale of turbulence. A minimum 
detectable concentration fluctuation is 
brought about by the motion of a parti- 
cle or group of particles having the 
same minimum momentum M*. The 
scale of turbulence is related to and 
influenced by the mean distance that a 
particle moves in a given general di- 
rection. Any given particle, on the 
average, loses a certain fraction of its 
momentum in a single collision. As will 
be shown later the radial-velocity fluc- 
tuations are independent of particle 
density at given fraction voids. Hence 
one may reasonably assume that radial 
velocities of particles are roughly in- 
dependent of particle density, and the 
particle momentum is then propor- 
tional to the particle density for a 
given particle size. Plotting the origi- 
nal momentum of a particle, character- 
istic of the radial-velocity fluctuation 
in the bed as a starting point, on semi- 
log coordinates vs. the total number 
of collisions suffered by the particle in 
question after some reference time, one 
obtains a straight line, having a slope 
characteristic of the momentum loss 
per collision. If the glass and lead 
beads lose roughly the same fraction 
of momentum on each collision, then 
the bead will undergo [(p»)/(perass) 
times as many collisions as the glass 
particle before its momentum drops 
below M*. This model is tested by 
comparing the ratios of observed scales 
of turbulence for 3-mm. lead and glass 
beads to. the density ratio at various 
fraction voids. The result predicted on 
the basis of this simple model holds 
reasonably well; for example at frac- 


tion voids of 0.70, ops/ogiass = 15/3. 


= 5.0 (see Figure 10), while pp./ 
Perass = 11.8/2.45 = 4.6. 

Using Equation (5) one finds that 
the intensity of the radial-velocity fluc- 


tuations \/v”/U is greater for glass- 
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fluidized beds than for the correspond- 
ing lead bed. This result however is 
somewhat misleading, since the nor- 
malizing factor is much greater in the 
case of lead than in glass. To compare 
more directly the velocity-fluctuation 
results Table 1 was prepared, showing 
the root-mean-square value of the fluc- 
tuating component of the velocity as a 
function of fraction voids for each 
particle density. This table shows that 
at the same fraction void the velocity 
fluctuations are independent of the 
particle density and that there is a 
minimum at about « = 0.7. This rela- 
tively small trend toward a minimum 
value is over-shadowed by the much 
greater effect in the opposite direction 
shown in the behavior of the scales. 


CONCENTRATION FLUCTUATION 
CORRELATION COEFFICIENTS 


Concentration fluctuation correlation 
coefficients were measured in the cen- 
tral part of the bed by electronic mul- 
tiplication and the averaging of the AC 
part of the demoduiated signal coming 
from two electrical conductivity probes 
placed a known distance apart. In 
these measurements the two probes 
were always at the same height above 
the point-source injector. Since each 
correlation coefficient is based on meas- 
urements made over a large period of 
time, it was found that the correlation 
coefficient was independent of the 
radial positions of the probes but de- 
pended only on the distance between 


TABLE 1. VELociry FLUCTUATIONS IN 
FLUIDIZATION 


4-in. tube, 3-mm. spheres 


Fluid flow rate, 

(gal./min.) Fraction (in./sec.) 

Glass Lead voids Glass Lead 
18.55 0.500 1.39 
7.43 0.557 1.33 
9.53 — 0.617 0.99 — 
32.4 0.630 1.21 

13.05 a 0.699 1.05 — 
50.0 0.753 1.41 

21.35 0.840 1.70 
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Fig. 12. Concentration fluctuation correlation coefficient vs. 


distance. 


probes. Correlation coefficients for glass 
and lead beads are shown in Figures 
11 and 12. In many cases each value 
which contributed to a curve was the 
average of several separate determina- 
tions. The results shown in the figures 
were obtained in the central region, 
that is in the region approximately 
bounded by r = 0.5 1,. All measure- 
ments were made ata height of 
6.025 in. above the point source. 
The total bed height varied some- 
what with fraction void but was al- 
ways in the range 9.4 to 11 in. Table 
2 shows scales calculated from these 
data with Equations (7), (9), and 
(10). Figure 11 shows correlation co- 
efficients for glass beads. The maxi- 
mum distance from the origin experi- 
enced by the intercept of one of these 
Re curves lies in the range of « ~ 0.7; 
this is in good agreement with the 
results for o, shown in Figure 10. 
However the scale of concentration 
fluctuation defined in Equation (9) 
and recorded in Table 2 is considerably 
larger than the scale of turbulence 
plotted in Figure 10, showing that 
there is not necessarily any relation- 
ship between the conventional Lagran- 
gian scale of turbulence and the scale 
of concentration fluctuation. One might 
conceive of a packet of fluid charac- 
terized by the scale \, having homo- 
geneity with respect to concentration, 
however containing many isovelocity 
packets characterized by the scale o,. 
For glass beads the sizes of the two 
different packets are definitely not the 
same. For lead, however (see Figure 
12) the size of the concentration 
packet is comparable with that of the 
velocity packet over portions of the 
fraction-void range studied. 

The values in Table 2 show that the 
scales based on concentration-fluctua- 
tion data are approximately the same 
for glass- and lead-fluidized beds. This 
result is in striking contrast with that 
illustrated by Figure 10 which shows 
that the scale o, for lead is much larger 
than that for glass. The difference in 
a, is probably related to the fact that 
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to achieve the same fraction voids 
much more energy must be supplied 
to a lead-fluidized bed than to a glass- 
fluidized bed. Scales based on concen- 
tration fluctuation correlation coeffi- 
cients however are probably not very 
sensitive to the flow velocity but in- 
stead depend strongly on the molecular 
diffusivity of the tracer material in the 
fluid. It is probable then that these 
particular results reported here for a 
liquid-phase bed are quite different 
from those to be expected for a gas- 
phase bed. 

The positive portion of the Rg curve 
indicates that at the distance of sepa- 
ration in this region the concentration 
fluctuations in general behave similarly 
at the two points of interest, the 
stronger degree of correlation being 
reflected in higher values of Re. It ap- 
pears reasonable that for the region Re 
> 0 any two points on the abscissa are 
in the same concentration packet at the 
same time. The A, values in Table 2 
indicate that for the glass system posi- 
tive contributions to } are much more 
sensitive to the fraction voids than are 
the corresponding contributions in the 
lead system, but they are roughly the 
same size for both systems. 

The negative correlation coefficient 
is most likely related to the swirling 
motion which was observed in the 
lead-fluidized bed. A possible mech- 
anism leading to a negative Re may be 
the following. Consider probes 1 and 
2, a distance s apart, where s is larger 
than the size of an isoconcentration 
packet. Suppose there are two such 
packets side by side, one having a con- 
centration higher than the average cor- 
responding to its radial position and 
the other one lower. One of these 
packets is in contact with probe 1 and 
the other with probe 2. There is of 
course a finite contact time during 
which each packet is observed by the 
probes; if, during this contact time, the 
two packets rotate about their point of 
contact and change places as a result 
of swirling, probe | will experience 
negative fluctuation and probe 2 a 
positive fluctuation, thereby producing 
a negative correlation coefficient. This 
mechanism suggests that A, is a physi- 
cally more significant scale than 4. 


CONCLUSIONS 


1. The mixing properties in a fluid- 
ized bed are a strong function of the 
fraction voids. Minimum values of 
radial Peclet numbers are observed at 
« = 0.7, corresponding to a transition 
in the type of particle circulation in the 
bed. 

2. The packing particle density and 
fraction voids’ strongly affect the radial 
scale of turbulence; larger scales are 
found for beds containing denser parti- 
cles at a given fraction voids. The scale 
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TABLE 2. SCALE OF CONCENTRATION 
FLUCTUATION 


4-in. tube, 3-mm. spheres 


Posi- Nega- 
tive tive 
con- con- 
tribu- tribu- Total 
Fraction tion, tion, area, 
Material voids (mm.) (mm.) (mm.) 
glass 0.556 112 0 11.2 
glass 0.617 135 0 13.5 
glass 0.699 186 0 18.6 
glass 0.840 12.3 0.873 13.2 
lead 0.500 13.9 0.974 149 
lead 0.630 13.9 1.52 15.4 
lead 0.753 118 261 14.4 


of turbulence has a maximum value at 
=4057. 

3. The root-mean-square value of 
the radial velocity fluctuation varies 
only slightly with fraction voids and 
appears to be independent of particle 
density. 

4. The scale of concentration fluc- 
tuation is affected by the fraction voids 
in the same manner as the scale of 
turbulence, but it is not greatly influ- 
enced by the particle density. The 
scales of concentration fluctuation show 
that there are isoconcentration eddies 
several times the size of a packing 
particle. 

5. Studies of concentration fluctua- 
tions and their correlation coefficients, 
coupled with visual observations and 
time average studies, provide a useful 
framework for better understanding of 
macroscopic mixing in fluidized beds. 
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NOTATION 

a = constant in Equation (11), 
function of temperature 

C = concentration of tracer mate- 
rial 

C, = mixed cup average concentra- 
tion of the effluent stream 

c’ = fluctuating component of con- 
centration as expressed by C 
=CHd 

D = test-section diameter 

d, = packing particle diameter 

E, = radial eddy diffusivity 

E. = longitudinal eddy diffusivity 

f = frequency, cycles per second 

L = conductance 

m = 

Ne-,, = radial Peclet group = (U.d,) / 
(e E,) 

r = radial position 

r, = test-section radius 

Re = concentration fluctuation cor- 
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relation coefficient, defined by 
Equation (6) 


= distance of separation be- 
tween probes for determina- 
tion of Re 

U = fluid velocity, normalizing fac- 
tor 


U, = superficial fluid velocity 
= radial component of the fluid- 
velocity fluctuation 


V. = constant-voltage sine-wave 
source 

X = electrical conductivity cell 

Z = longitudinal position 

Greek Letters 

a = minimum distance between 
observation points for which 
Re is zero 

B = minimum distance greater than 


a between observation points 
for which Re is zero 
= fraction voids 


€ 

d = scale of concentration fluctua- 
tion, defined in Equation (7) 

o,  =vradial scale of turbulence as 
defined in Equation (3) 

p = density, g/cc. 

Subscripts 

i, j = probe-position numbers 
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The Critical Temperatures and 


Pressures of Binary Systems: 


Hydrocarbons of All Types and Hydrogen 


ROBERT B. GRIEVES and GEORGE THODOS 


The Technological Institute, Northwestern University, Evanston, Illinois 


A method of the prediction of the critical temperatures and pressures of mixtures has been 
developed, primarily on the basis of data for binary hydrocarbon systems available in the litera- 
ture. These mixtures may contain aliphatic (normal paraffinic, isoparaffinic, and olefinic), 
naphthenic, and aromatic hydrocarbons as well as hydrogen. The mixtures may be of varying 
complexity, and, although this method has been tested chiefly on binary systems, it has been 
applied to a limited number of mixtures containing more than two components. 

This study introduces two dimensionless temperature parameters, y and 6, which account 
for the composition of the mixture and for the nature of the components involved. These para- 
meters are defined by the molar average boiling point, the boiling point, and the dew point, 
all at atmospheric pressure. For a given composition the ratios of the actual critical values 
to the pseudocritical values have been found to be functions of y and 06. These relationships 
are presented graphically and permit the direct calculation of the critical temperature and 
pressure of the mixture. 

The validity of this method has been checked not only on the binary systems used to obtain 
these correlations but also on binary and ternary systems which have not been included in this 
development. Critical values for eighteen systems, consisting primarily of two components, have 
been calculated for ninety-six compositions and have been compared with the experimental 
values presented in the literature. For temperature the average absolute deviation has been 
found to be 0.76% (based on degrees Rankine) and for pressure, 2.7%. The results for the 
majority of these systems have been compared with values calculated by the methods of 


Eilerts et al. (4), Organick and Brown (15), Kurata and Katz (11), Mayfield (12), and Smith 


and Watson (23). 


The growing interest in critical prop- 
erties necessitates the establishment of 
more exacting critical temperatures and 
pressures. These properties are receiv- 
ing considerable attention, particularly 
since attempts are being made pres- 
ently to use them directly instead of 
the corresponding pseudocritical values. 
The critical points of mixtures are of 
considerable interest in vapor-liquid 
equilibrium studies and represent a 
condition under which the equilibrium 
constants of all the components become 
unity. 

A knowledge of the critical tempera- 
ture and pressure of a multicomponent 
system defines the limiting condition 
under which the system can exist in 
coexisting vapor and liquid phases. In 
contrast to the case of a pure sub- 
stance, for which the boiling point and 
dew point are the same for a fixed 
pressure, a mixture of a given composi- 
tion normally has a boiling point and a 
dew point which are distinct and which 
become identical at the critical point. 
In view of this, the critical point of a 
mixture becomes that temperature and 
pressure at which the boiling- and 
dew-point lines meet. The critical point 
therefore becomes a function not only 
of the components involved but also of 
the composition of the mixture. 
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An application of the phase rule at 
the critical point limits the degrees of 
freedom to zero for a pure substance, 
to 1 deg. for a binary system, to 2 deg. 
for a ternary system, etc. Since two of 
the variants at the critical point must 
be the critical temperature and critical 
pressure for systems of more than three 
components, the composition of one or 
more components of the mixture be- 
comes an additional variable in estab- 
lishing the critical point. From this it 
is obvious that the degree of complica- 
tion in establishing the critical point 
increases with the number of compo- 
nents present in the mixture; therefore 
when the effect of composition must be 
accounted for, it is desirable to use a 
method which can be applied to sys- 
tems containing an unrestricted num- 
ber of components. 

Methods to predict the critical tempera- 
tures and pressures of mixtures are pre- 
sented in the literature. In 1937 Smith 
and Watson (23) developed a correlation 
that permits the estimation of critical and 
pseudocritical temperatures and pressures 
of petroleum fractions. Their method re- 
quires a knowledge of the gravity of the 
stock, of the molecular weight, and of the 
molar average and weighted average boil- 
ing points. In the early 1940's Mayfield (12), 
using available critical-constant data, de- 
veloped a correlation for binary paraffinic 
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systems. He recommends the use of a 
weighted average for the critical tempera- 
ture and bases his prediction for the criti- 
cal pressures on the differences between the 
weighted average critical-pressure values 
and the experimental literature values. In 
1942 Kurata and Katz (11), in attempting 
to extend the method of Smith and Wat- 
son to volatile mixtures consisting of pure 
hydrocarbons, developed a new correlation 
based on the molecular weight, the pseu- 
docritical temperature, and a function to 
represent the boiling range of the mixture. 
In 1952 Organick and Brown (15), as an 
integral part of their vapor-liquid equilib- 
rium studies, presented a means of esti- 
mating the critical temperatures and pres- 
sures for multicomponent systems. They 
also suggest the use of a weighted average 
for the calculated critical temperature. 
The application of their method for the 
critical pressure requires the use of the 
molar average boiling point and the 
weight average equivalent molecular 
weight. In 1957 Eilerts et al. (4) devel- 
oped a series of correlations for binary and 
complex mixtures based upon the boiling 
points of the pure components involved, 
the molar average boiling point, the pseu- 
docritical pressure, and a weighted com- 
bination of the critical temperatures and 
boiling points of the pure components. 
Although these methods produce 
satisfactory results, it was deemed de- 
sirable to broaden the scope of this 
study to include all types of hydro- 
carbons and other components such as 


hydrogen. 


BEHAVIOR OF MIXTURES 


The pressure-temperature behavior 
of mixtures at saturated conditions can 
be represented best on a plot of log P 
as ordinate against the reciprocal of the 
absolute temperature as abscissa. When 
one uses this approach, the boiling- 
and dew-point lines of the mixture be- 
come nearly linear in the low-pressure 
region and curve at elevated pressures 
to meet at the critical point. In this 
low-pressure region boiling- and dew- 
point values can be calculated directly 
from vapor-pressure data when one as- 
sumes ideal-gas behavior in the vapor 
phase and ideal-solution behavior in 
the liquid phase. Based on these as- 
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sumptions the boiling- and dew-point 
lines are straight and nearly coincide 
with the experimental curves. The ex- 
tensions of these lines intersect at a 
point located at a higher pressure than 
the critical pressure. This point of in- 
tersection may be considered to be an 
ideal critical point. The actual satura- 
tion envelope of the mixture is confined 
ordinarily within the area bounded by 
the two straight lines. Such a diagram 
can be constructed’ from available 
saturation data not only for binary sys- 
tems but also for multicomponent sys- 
tems. The shape and location of the 
boiling- and dew-point curves, as well 
as the critical point, change with the 
composition of a given mixture but re- 
tain the general pattern of behavior 
already presented. The consistencies 
observed from the regular behavior of 
such a relationship have led to the de- 
velopment of the two temperature 
parameters that constitute the essence 
of this study. 

In order to show more explicitly the 
general behavior of a multicomponent 
system, a plot of log P vs. 1/T for the 
binary system containing 0.5871 mole 
fraction ethane and 0.4129 mole frac- 
tion n-heptane is presented in Figure 
1, where the boiling- and dew-point 
lines meet at the critical point (T, = 
833.6°R., P. = 1,106 lb./sq. in. abs.). 
Ideal-gas and -solution boiling points 
and dew points have been calculated 
arbitrarily at 14.7 and 50 lb./sq. in. 
abs. The two straight lines joining the 
two calculated boiling points and dew 
points, respectively, have been con- 
structed and extended. It may be ob- 
served that the experimental curves 
approach the calculated lines at low 
pressures. For this mixture the cor- 
responding pseudocritical temperature 
and pressure (T’., = 724.5°R., P’. = 
581.5 lb./sq. in. abs.) as well as the 
molar average boiling point (T’, = 
471.0°R.) have been calculated and 
are included in this figure. These two 
calculated points are directly obtain- 
able from the composition and the 
properties of the pure components of 
the mixture and therefore should be 
related to the actual critical point of 
the mixture. A line connecting these 
two pseudopoints, when extended, falls 
in the neighborhood of the actual criti- 
cal point and frequently passes through 
it for certain systems and compositions. 
It was observed that the actual critical 
point and this line varied in the same 
manner with the composition and com- 
ponents of the mixture as the differ- 
ence between the normal boiling and 
dew points varied. From a considera- 
tion of this behavior, exhibited by a 
large number of systems and composi- 
tions, it appeared likely that an inter- 
relationship should exist between the 
normal boiling point and normal dew 


Page 562 


3 
ideat L 
2 critical point. 
10,000 Mole 
8000 Fraction 
Ethane 0.5871 
4000 10000 
3000 W.B.Kay, Ind. Eng. Chem. 30, 459 (1938) 
2000 
1000) = 
200 
80 
60 Se - 
40 
30 
lew point iling poin ~ iling point 
| W444 
nN 
\ 
05 10 20 25 30 


Fig. 1. Pressure-temperature relationship for a typical system. 


point on the one hand and the molar 
average boiling point, the pseudocriti- 
cal point, and the actual critical point 
on the other hand. 

Several combinations of these vari- 
ables were attempted. Of these the 
most promising parameters were found 
to be two that have been designated 
arbitrarily as y and 6, where y = 
T./T, and = (T’, — T,)/(Ta — Ty»). 
Both these parameters are dimension- 
less and independent of the number of 
components present in any given mix- 
ture. 

In order to determine the actual crit- 
ical temperatures and pressures of 
mixtures, the ratios of the actual criti- 
cal values to the pseudocritical values 
have been introduced and found to be 
functions of y and @. Thus for a given 
mixture and composition, upon calcu- 
lation of y and 6, 7 = T./T’, and 7 = 
P./P’. may be determined from the 
correlation, and so the critical values 
may be predicted. The pseudocritical 
temperature and pressure are the 
molar average of the critical values of 
the pure components contained in the 
mixture. 


CORRELATIONS OF CRITICAL 
TEMPERATURES AND PRESSURES 


Initially plots were made to relate 
the ratios 7 = T./T’. and z = P./P’, 
to the temperature variable @ with the 
particular system under consideration 
as the parameter. Figures 2 and 3 in- 
clude the resulting relationships for the 
systems: n-butane—n-heptane (7), 
ethane—n-butane (6), ethane—ben- 
zene (11), ethane—cyclohexane (9), 
ethane—n-heptane (5), ethylene—n- 
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heptane (8), and methane—n-butane 
(19). The values of y corresponding to 
each experimental point and thus to 
each composition of the given system 
are designated in these figures. These 
graphs indicate that, as the pure com- 
ponent state is approached, y ap- 
proaches unity and @ becomes either 
0 or 1. It will be observed that the 
maximum values of 7 and 7 _ increase 
as y increases and that the maxima of 


the curves shift to the left of 6 = 0.5 | 


as y increases. Also it may be observed 
that the curves of Figures 2 and 3 are 
of a parabolic shape, reaching a maxi- 
mum value in the range of @ between 
0.2 and 0.5 and decreasing to unity at 
6 = 0 and 6 = 1. 

In addition to the systems used in 
Figures 2 and 3, the following systems 
have been treated in a similar manner: 
methane—n-pentane (22), methane— 
n-decane (16), hydrogen—n-hexane 
(13), hydrogen—methane (1), hydro- 
gen—propane (2), methane-butane- 
decane (17), and methane-propane- 
butane (18). 

The information presented in Figure 
2 together with that derived for sys- 
tems not included in it has been cross- 
plotted to produce the final correlation 
for critical temperature which is pre- 
sented in Figures 4 and 5. These fig- 
ures may be applied for values of y 
ranging from 1.0 to 15. It should be 
noted that the range y >5 in Figure 
5 is generally applicable to hydrogen- 
containing systems. Following a simi- 
lar procedure, the final critical-pressure 
correlation, presented in Figures 6, ts 
and 8, was developed and covers 4 
similar range of y values. It may be ob- 
served that these curves are also of a 
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parabolic shape. The values of y from 
dto 15 are useful for hydrogen systems 
and for other systems having unusually 
lage dew-point-boiling-point differ- 
ences. 


Example Calculation 1 


Determine the critical temperature and 
Pressure for a system consisting of 0.5871 
mole fraction of ethane and 0.4129 mole 
fraction of n-heptane. 


P., 
sq. in. 
abs. 
Ethane 331.7 549.8 712 


n-Heptane 669.0 973.0 396 


The boiling point at atmospheric pres- 
sure is calculated from the relationship 


Pixs => 14.7 
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A trial-and-error procedure gave a value 
of Ty = 351.0°R. 

The dew point at atmospheric pressure 
is calculated from the relationship 


A trial-and-error procedure was used to 
obtain a normal dew-point value of Ta = 


02 04 O06 08s Ke) 
9. 
Ta-Tp 


Fig. 2. Relationships of t and @ for a number of binary systems. 


619.7°R. 


From these values y and 6 are calculated 


= 549.8 (0.5871) + 973.0 (0.4129) 


to be 


712 (0.5871) 
= 581.5 lb./sq. in. abs. 


331.7 (0.5871) + 669.0 (0.4129) 


+ 396.0 (0.4129) 
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System 
Ethane—n-Butane 
n-Butane—n-Heptane 
Ethane—n-Heptane 


30 2.083 2.112 ° 
e 
+ 
+ Ethylene—n-Heptane 
4 
+ 


Ethane—Cyclohexane 
Ethane—Benzene 
Methane-n-Butane 


sth 
I] AI \ 


1254-7 
02 04 06 Ke) 
Ty 


Fig. 3. Relationship of x vs. 6 for a number of binary systems. 


Ta 619.7 
= 1.765 

Ts done 

T’»—T> 471.0—351.0 

= = = 0.447 
Ta—To 619.7—351.0 
From Figures 4 and 5 t = 1.153 and 
x = 1.908. 


Te = 1.153 X 724.5 = 835°R. 
P. = 1.908 x 581.5 = 1,110 lb./sq.in.abs. 


Kay (5) reports for this composition T- = 
835°R. and P. = 1,106 lb./sq. in. abs. 

For convenience in predicting the criti- 
cal temperatures of systems having values 
of y that range up to 2.0 and for values 
of @ ranging from 0.2 to 0.8, the following 
expression may be applied as an approxi- 
mation: 


t = 0.985y*” (1) 


where the values of y and t are the same 
as those already indicated. 

A similar calculation may be applied to 
aliphatic- and hydrogen-containing  sys- 
tems but not to systems containing naph- 
thenic or aromatic components. 


ADJUSTMENTS FOR NAPHTHENIC 
AND AROMATIC COMPONENTS 


For the critical temperature of naph- 
thenes no correction is necessary. How- 
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ever for aromatics the value of y to be 
used with Figures 4 and 5 should be 
0.9 times the value calculated from 
the boiling- and dew-point values 
0.9y). 

For the critical pressure, both y and 
6 must be adjusted before the proper 
value of z is read from Figures 6, 7, 
and 8. This is necessary for both naph- 
thenes and aromatics. A preliminary 
value for zw is first obtained by use of 
uncorrected values of y and @. Then, 
with the aid of Figure 9, A@ may be 
obtained for the respective stock cor- 
responding to the preliminary value of 
az; A@ is then subtracted from 6 to give 
Georr- The value of y is adjusted by 
multiplying the uncorrected value by 
1.045 for both naphthenes and _aro- 
matics. Then using both ycorr and 
-orr and Figures 6, 7, and 8, one may 
determine the final value of z. 


Example Calculation 2 


Determine the critical temperature and 
pressure for a system consisting of 0.5023 
mole fraction ethane and 0.4977 mole 
fraction benzene. 


sq. in. 
To, abs. 
Ethane 549.8 712.0 
Benzene 635.9 1,011.4 709.2 


As shown in example 1, the boiling and 
dew points at atmospheric pressure were 
found to be 356.8° and 598.4°R. re- 
spectively. Also the following pseudoval- 
ues were calculated: T’. = 779.4°R., P’. 
= 708.2 lb./sq. in. abs., and T% = 
483.1°R. 


483.1 — 356.8 
= = 0.523 
498.4 — 356.8 


Critical Temperature 
At yYeorr = 0.90 (1.677) = 1.509 
and @ = 0.523, 7 = 1.089 from Figure 


12 AN, 
WO, NN 
= AN 
NN 
15 02 04 06 08 Ke) 
9. 


Fig. 4. Relationships of t vs. 6 for estimation 
of critical temperatures (1.0 = y = 2.0). 
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4. Therefore 
T. = 1.089 (779.4) = 848°R. 


Critical Pressure 

From Figure 6 the preliminary value 
of « = 1.705 for y = 1.677 and 6 = 
0.523. A correction for the aromatic 
mixture of AQ = 0.102 results from 
Figure 9 for amprer = 1.705. OQcorr = 
0.523 — 0.102 = 0.421 and also yeorr 
= 1.045 (1.677) = 1.752. 
For these adjusted parameters the final 
value of « = 1.925 is obtained from 
Figure 6. Thus 


P, = 1.925 (708.2) = 1,362 lb./ 
sq. in. abs. 


For this composition Kay and Nevens 
(10) report the values of T, = 
851.6°R. and P, = 1,356 Ib./sq. in. 
abs. 


RESULTS AND CONCLUSIONS 


The method presented for the pre- 
diction of the critical temperature and 
pressure has been tested both on the 
systems used in this development and 
on other systems available in the litera- 
ture, some of which have been used 
by previous investigators involved with 
similar studies. Based on eighteen sys- 
tems of two and three components 
each, and including systems with hy- 
drogen as a component, and ninety-six 
compositions the critical temperature 
was estimated within 0.76% (in de- 
grees Rankine) and the critical pres- 
sure within 2.72%. 

A comparison of the results for nine 
binary paraffinic systems, calculated 
by the methods of Eilerts et al. (4), 
Organick and Brown (15), Kurata and 
Katz (11), Mayfield (12), Smith and 
Watson (23), and this investigation, is 
shown in Table 1, which presents the 
percentage errors resulting from a com- 
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= 
"3 02 04 06 08 10 
Th 


Fig. 5. Relationships of t vs. @ for estimation 
of critical temperatures (2.0 = 7 = 15). 
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parison between the calculated and ex- 
perimental values. 

For seven additional systems, con- 
sisting of two and three components 
and containing hydrogen, olefins, 
naphthenes, and aromatics, in addition 
to normal paraffins (1, 2, 8, 9, 10, 13, 
17, 18), the results calculated by this 
method produce a deviation from the 
experimental values of the critical tem- 
perature of 1.22% and a deviation of 
3.13% for the critical pressure. 

From these results this method is 
more exact than the methods of Or- 
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Fig. 6. Relationships of x vs. 6 for estimation 
of critical pressures (1.0 = y = 2.0). 
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Fig. 7. Relationships of x vs. 0 for estimation 
of critical pressures (2.0 = 7 = 4.0). 
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10, 13, = 
by this Z 
of Os R Wi Fig. 9. Ad corrections for naphthenic and aro- 
15 matic compositions. 
+ \ tensively to mixtures of more than two 
a components; however it is felt from a 
io consideration of these three-component 
\\ systems treated that this method may 
I NN be applied with reservation. 
AAW 
RENAN 
NOTATION 
BSN P. =critical pressure, lb./sq. in. 
abs. 
= P’. = pseudocritical pressure, lb./ 
mae O 02 04 06 08 10 sq. in. abs. 
P;  =vapor pressure of ith compo- 
nent, Ib./sq. in. abs. 
T, =normal boiling point, °R. 
bl Fig. 8. Relationships of x vs. 6 for estimation of critical pres- T’, = molar average boiling point, 
sures (4.0 = y 15). “a 
T. = critical temperature, °R. 
T’. = pseudocritical temperature, °R. 
ganick and Brown (15), Kurata and cal pressures with an error of 4.20%. T, = normal dew point, °R. 
Katz (11), and Smith and Watson The comparable values predicted by x, = mole fraction of ith component 
. (23) for both critical temperatures and this correlation are 0.69 and 1.59%. in liquid phase 
y—-l0-| critical pressures. The methods of Eil- Except for Organick and Brown (15) y; | = mole fraction of ith component 
erts et al. (4) and Mayfield (12) are and this investigation, none of the ~ in vapor phase 
comparable. However Mayfield is lim- investigators are able to treat mixtures 
stimation { ited to paraffinic mixtures, and Eilerts containing hydrogen. Greek Symbols 
2.0). et al. restrict their studies to mixtures It should be noted that a decrease in y = ratio of normal dew point to 
with the boiling range no higher than accuracy results as the difference be- normal boiling point, dimen- 
that of methane-n-pentane. From a_ tween the boiling points of the pure sionless, T./T, 
comparison based upon three systems components increases, particularly for y.o.. = corrected temperature param- 
containing an olefinic, a naphthenic, and systems containing methane or hydro- eter 
an aromatic component Eilerts et al. gen. The least deviation can be ex- @ = ratio of difference between 
(4) predict the critical temperatures pected for closely boiling constituents. molar average boiling point 
with an error of 1.80% and the criti- This method has not been applied ex- and normal boiling point to 
TABLE 1. COMPARISON OF PERCENTAGE OF ERROR RESULTING FROM TuIs STUDY AND OTHER AVAILABLE METHODS 
1 _ |ealculated-experimental| 
% error =— > x 100 
n experimental 
n, number 
of com- Eilerts Organick and Kurata and Smith and This inves- 
System positions et al.( 4) Brown( 15) Katz(11) Mayfield (12) Watson (23) tigation 
Fe P. Fe Pe P. Te P. Te P. 
Methane-propane( 20) 4 0.43 2.70 0.79 6.23 0.26 2.90 0.79 1.25 2.02 11.00 0.48 7.85 
ee Propane-n-butane (14) 5 0.24 0.41 0.17 3.36 0.86 3.90 0.17 0.09 0.83 2.90 0.26 1.11 
air Propane-n-pentane (21 ) 4 0.26 2.20 0.67 4.77 0.96 1.90 0.67 0.78 0.33 3.90 0.20 0.97 
n-Pentane-n-heptane (3) 3 0.15 1.82 0.07 6.20 0.41 1.80 0.07 1.20 0.17 5.32 0.07 1.41 
i po Methane-n-butane( 19) 5 1.75 3.20 2.95 4.45 2.99 4.40 2.95 2.86 1.82 14.11 0.72 8.93 
STI Ethane-n-heptane ( 5) 5 0.91 2.90 229 6.11 0.25 3.00 2.22, 1.98 0.63 20.31 0.21 0.82 
cs Ethane-n-butane(6) 5 0.18 1.31 0.69 2.35 1.09 1.90 0.69 0.26 0.62 3.60 0.19 0.75 
8 10 n-Butane-n-heptane ( 7) 5 0.26 1.00 0.19 5.97 0.58 2.50 0.19 1.20 0.25 16.72 0.14 0.43 
Methane-n-pentane( 22) 5 0.56 4.90 295 11.06* 7.49* 6.00 2.15 8.16 3.84 7.51 0.77 3.82 
stimation Average % error 0.53 2.20 1.10 4.93 0.93 3.14 1.10 1.98 1.17 9.49 0.34 2.90 
4.0). * This particular value not considered in computing the average percentage of error. 
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difference between normal 
dew point and normal boiling 
point, dimensionless, T’,—T,/ 


T.—T, 

Ocorr = Corrected temperature param- 
eter, 

7 = pressure ratio dimensionless, 

r = temperature ratio, dimension- 


less, T./T’. 
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Filter Cake Washing Performance 


M. T. KUO 


American Cyanamid Company, New York, New York 


Differential equations for a filter cake wash cycle are derived on the assumption that the 
wash liquor executes plug flow in the pores of the cake, with continuous mass transfer between 
the liquor and a boundary film of filtrate. These equations are solved and the solutions presented 
as performance charts. The solutions are compared with certain experimental results. 


There is considerable literature on 
filter cake washing (6, 7, 8, 9) based 
on filtration equations such as Kozeny’s 
(10, 11). These filtration equations are 
essentially hydrodynamic equations, 
based in general on Hagen-Poiseuille 
flow, requiring the use of some (gen- 
erally semiempirical) connection be- 
tween pressure drop and flow rate in 
order to predict the behavior of a wash 
cycle. 

There is however a different ap- 
proach to wash analyses which assumes 
a known flow pattern in the filter cake 
and writes differential material balances 
involving empirical mass transfer co- 
efficients. Rhodes (5) presented a per- 
formance equation of this general type 
and correlated it with certain data for 
sodium chloride washing, assuming 
that the wash liquor was perfectly 
mixed with the filtrate so that the mass 
transfer coefficients did not appear ex- 
plicitly. His performance equation was 
accordingly a simple exponential decay 
in wash liquor solute concentration 
with time. 

The present paper presents transport 
equations of a more realistic sort, as- 
suming plug flow in the pores of the 
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filter cake, with continuous mass ex- 
change between the wash liquor and a 
boundary film of filtrate. The appropri- 
ate differential equations turn out to be 
a simple form of those studied by Gold- 
stein (2) in another connection and 
have an explicit mathematical solution. 
The physical model assumed for the 
washing is presented below, as are the 
differential equations. The mathemati- 
cal solutions of these differential equa- 
tions are given and compared with 
some of Rhodes’ data. Figures 1 and 2 
present these mathematical solutions in 
a concise graphical form, and so serve 
as design charts for a wash cycle. Cer- 
tain extreme cases are discussed. 
Figures 1 and 2 are plots of the 
solute concentration in the wash liquor 
and the filter cake respectively. In 
making a design to meet certain re- 
quirements on the filter cake concen- 
tration one would use Figure 2, either 
at the position corresponding to the 
highest concentration or at some aver- 
age position. To make a design in this 
way requires of course a knowledge of 
such parameters as mass transfer co- 
efficients which can only be obtained 
by experiment. In interpreting data, 
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where only exit wash liquor concentra- 
tions would generally be available, 
one would use Figure 1 to determine 
those values of the parameters which 
made the theory agree best with the 
observations. 


THE DIFFERENTIAL EQUATIONS 


It is assumed that before the start of 
a wash cycle most of the filtrate has 
been forced out of the filter cake pore 
spaces by the pressure difference across 
the filter cloth. A channel for the flow 
of wash liquor is thus formed, with a 
stagnant film of filtrate remaining on 
its surface. The washing serves to ex- 
tract the remaining solute from. this 
film. 

Whether the pore spaces have been 
created by the pressure difference 
across the filter cloth, or whether the 
excess liquid in the filter cake is pushed 
out by the first passage of wash liquor, 
is really of no consequence in what 
follows. The differential equations be- 
low are written only where the wash 
liquor contacts the pore surface, and 
the mathematical solutions apply at a 
given point only after the wash liquor 
has arrived there. 

The flow channel and the filtrate 
film are taken to be of uniform cross 
section, 
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wash liquor, solute concentration = c¢, 


X=L 


—— filtrate film, 
solute concentration = c, 


Pore Channel 


with the wash liquor executing plug 
flow down the channel, and with trans- 
port of solute between the wash liquor 
and the filtrate occurring at a rate pro- 
portional to the solute concentration 
difference. 

A material balance on solute in a 
differential slice of the pore gives for 
the wash liquor 

0c, 


—=h, —U 
(C2 — C1) 


0c, 
ox 


x 
0<x<Lt>— 


and for the stagnant film 


x 
= h.(¢:— &:);0<x< 
(Cc, — C2) x 7 


To these must be added an inlet condi- 
tion on the solute concentration in the 
wash liquor 


ee — 0 (3) 


and an initial condition on the solute 
concentration in the filtrate film 


8; Ut<x<<L,t>0 (4) 
Equations (1) to (4) represent a com- 
plete mathematical specification of the 


MATHEMATICAL SOLUTIONS AND 
COMPARISON WITH DATA 


Equations (1) to (4) are a simple 
form of those studied by Goldstein (2) 
in connection with fixed bed ion ex- 
change problems. They have the ex- 
plicit solutions 


= 1l—e“*” I,(2V/ér) 
— (2\/En) dy (5) 
C2— a 
(6) 


In Equations (5) and (6) I,(Z) is the 
zero order Bessel function with imagin- 
ary argument (4): 


I,(Z) = J.(iZ) 


Numerical values of I,(Z) and f’e“” 
“o 


I,(2\/én)dyn are tabulated by Jahnke 
and Emde (3) and Brinkley (1) re- 
spectively. 

Figure | is a set of plots of the di- 
mensionless solute concentration in the 
wash liquor (5) against 7 for various 
€. Figure 2 is the corresponding set of 


In comparing the mathematical solu- 
tions (5) and (6) with data one must 
bear in mind that the only quantity 
generally available to the experimenter 
is the outlet concentration of solute in 
the wash liquor. At the pore outlet the 
dimensionless variables € and + become 


hz 
and += 


The matching of the mathematical 
solution to data thus becomes a ques- 
tion of finding those values of the par- 
ameters 


U > 


h., 
h, 


which give the best agreement between 
the observed values of c,(L, t) and 
those computed from (5). It should be 
noted that a may be assumed known 
and B often taken equal to zero. 

In the experimental data of Rhodes 
(5) runs 1 and 8, for which data are 
given for the longest times, were taken 
for numerical analysis with a = 0. 
Satisfactory agreement between com- 
putation and experiment was obtained 
with 


Run no. 1 
Flow rate of 
in. 
wash liquor, ( — ) 0.0047 0.0030 
sec. 
Thickness of 
cake, (in. ) 0.5 1.1 
hiL 
— 0.5 $5 
U 
heSh, 1.7 0.696 
he 0.0085 0.005 
8 0.015 0.015 


The comparison is shown in Figures 
3 and 4. 

The very satisfactory agreement be- 
tween the present theory and Rhodes’ 
data shown in Figures 3 and 4 can of 
course also be obtained by a variety of 


semiexperimental formulas. Rhodes’ 
formula in particular fits his data very 
well. These semiempirical formulas 


however cannot easily account for the 
sharply dropping concentration profiles 


concentration functions c,, c.. Their plots for the dimensionless solute con- 
solution will be given below. centration in the filtrate film (6). 
N fos | Dimensionless Pore Length | 
3805 
| | | | 
0.2 
| 2 3 4 5 6 7 8 9 10 " 


T T T 


&= Dimensionless Pore Length 
(see Nomenclature for 


definitions) 


T =Dimensionless Pseudo-Time 


Fig. 1. Solute concentration in wash liquor. 
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Fig. 2. Solute concentration in filtrate film. 
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+ — 
velocity = U ————> —— velocity = U 


I I I I 
Rhodes Dota, Run No. | Rhedes Dota, Run No 3 
— Computed From Equotion (5) i —Computed From Equation (5) With 
o12 h, *0.0085 (1 /sec) = 012 he #0.005 /sec) 
(see Nomenclature for detinitions) (see Nomenclature for detinitions) 
© Experimental Doto © Experimental Dato (C:) 
\ 
008 008 
.006-—— .006 
-006 
= 004 = 
° 200 400 600 800 1,000 1,200 fe) 200 400 600 800 1,000 1,200 


t= Time (sec.) 


Fig. 3. Solute concentration in exit wash liquor. 


appearing in certain modes of opera- 
tion, where the wash liquor pushes out 
the solute before it as a piston. The 
present theory accounts in a straight- 
forward way for their pistonlike be- 
havior by taking h to be large. 


EXTREME CASES 


An interesting special case of the 
solutions (5) and (6) arises when h is 
taken arbitrarily to be large. In this 
case the system cannot support any 
concentration difference between the 
wash liquor and the filtrate film, and 
the solution becomes, as shown by 


Goldstein (2) 
=o (x,t) = 


fa;x<Ut 
B;x>Ut 
(7) 
This solution represents the typical 
plug displacement of filtrate from the 
cake pores. 

The performance equation given by 
Rhodes (5) is not a special case of 
(5) and (6) in the same sense as (7) 
is. It might be obtained rather by in- 
troducing some mixing mechanism into 
the differential Equations (1) to (4) 
and then allowing the mixing to be- 
come better without bound. The solute 
concentration in the outl * wash liquor 
stream, c,(L, t), would then, by ordi- 
nary material balance, satisfy the dif- 
ferential equation 


dc, a-G 
dt 0 
L 


(8) 


The parameters a and £ have the same 
meaning as in (1), (2), (3), and (4). 
The initial value problem (8) has the 


solution 


c,(L, t) = a(1—e*”) + Bet” 
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When a equals zero, this solution is 


reduced to 


t>0 (9) 


Rhodes derives his performance equa- 
tion by taking the time t in (9) to be 
measured from some observed break 
point in the c, curve, rather than from 
the beginning of the wash cycle. That 
is he replaces (9) by an equation of 
the form 


ChE) >A 10) 


where £, @, and A appear as parameters 
to be determined by experiment. 
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NOTATION 


cross-sectional area of a chan- 
nel perpendicular to direction 


of flow, sq. ft. 


A, = cross-sectional area of film 
in a channel perpendicular to 
direction of wash liquor flow, 
sq. ft. 

c.(x,t) = concentration of solute in 
wash liquid, mole/cu. ft. 

c.(x,t) = concentration of solute in 
stagnant film, mole/cu. ft. 

h = mass transfer coefficient, mole/ 
sq. ft.-sec.-mole/cu. ft. 

h, = hS/A, = modified mass trans- 
fer coefficients, 1/sec. 

h. = hS/A, = modified mass trans- 
fer coefficients, 1/sec. 

L = length of pore channel, ft. 

S = surface area in a channel for 
mass transfer, sq. ft./ft. 

t = time from beginning of wash 
cycle, sec. 

T = over-all washing time, sec. 

U = linear velocity of wash liquid. 
ft./sec. 

x = distance from wash-liquid in- 


let in pore channel, ft. 
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t= Time (sec.) 


Fig. 4. Solute concentration in exit wash liquor. 


Greek Letters 


inlet concentration of solute in 

wash liquid, mole/cu. ft. 

= initial concentration of solute 

in stagnant film, mole/cu. ft. 

time lag, sec. 

= L/U = wash liquor residence 

time, sec. 

V1 = c,— a/B—a = dimensionless 
concentration of solute in wash 
liquor 

= C.— a/B—a = dimensionless 

concentration of solute in fil- 

trate film 

h,x/U = dimensionless dis- 

tance from pore inlet 

T = h,(t—x/U) = dimensionless 

time from arrival of wash 

liquor at pore distance X 


a = 
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Vapor Pressures: Unsaturated 


Aliphatic Hydrocarbons 


CHARLES H. SMITH and GEORGE THODOS 


The Technological Institute, Northwestern University, Evanston, Illinois 


Vapor-pressure data available in the literature for olefins, diolefins, and acetylenes have been 
used to establish the constants of the Frost-Kalkwarf equation (9). This equation requires the 
establishment of constants A, B, C, and D and defines accurately the vapor-pressure function 
over the complete range included between the triple point and the critical point. Constant D has 
been shown to be equal to a/2.303R°. Both van der Waals’ constants can be predicted from the 
molecular structure (33), thus enabling the calculation of the critical temperatures and pressures 
for these unsaturated hydrocarbons. Constant B has been found also to depend on the molecular 


structure of these hydrocarbons. 


The normal boiling point of an aliphatic hydrocarbon in conjunction with its critical point and 
the values B and D calculated from structural considerations permit the calculation of constants 
A and C. All four vapor pressure constants were calculated for twenty-seven monoolefins, nine 
diolefins, and five acetylenes for which reliable vapor-pressure data are presented in the litera- 
ture. Comparisons between calculated values and values reported in the literature produced an 
average percentage deviation of 0.63 for the monoolefins, 2.65 for the diolefins, and 1.13 for the 
acetylenes. For the forty-one unsaturated aliphatic hydrocarbons considered in this investigation 
the average deviation was 1.14% for the randomly selected points of comparison. 


The vapor-pressure behavior of the 
saturated aliphatic hydrocarbons has 
been studied extensively for the normal- 
and branched-chain paraffins (32). In 
order to reproduce the vapor-pressure 
function accurately for these com- 
pounds the Frost-Kalkwarf equation 
(9) 


B P 

log P= A+—+ClogT + D— 
og tat og T + rE 
(1) 


has been applied because of its inher- 
ent accuracy over the range included 
between the triple and cyitical point. 
The constants A, B, C, and D have 
been calculated for the light normal 
paraffins, from methane through n- 
dodecane by Perry and Thodos (24) 
who used four reliable vapor pressures, 
which included the normal boiling 
points and the critical points of these 
hydrocarbons. Their approach _pro- 
duced an average deviation of 0.27%, 
when the experimental points used in 
establishing the vapor-pressure con- 
stants are properly distributed over the 
entire vapor-pressure function. Reliable 
data in the high-pressure region are 
available for a limited number of com- 
pounds. Consequently accurate vapor- 
pressure constants can properly 
established only for this limited num- 
ber of hydrocarbons. Because of these 
limitations Sondak and Thodos (32) 
extended their studies to permit the 
prediction of these vapor-pressure con- 
stants from only a single vapor-pressure 
measurement and a knowledge of the 
molecular structure of the saturated 
iliphatic hydrocarbon. experi- 
mental data over the entire vapor-pres- 
sure range are no longer necessary. 


Charles H. Smith is with the American Machine 
and Foundry Company, Niles, Illinois. 
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From molecular-structure considera- 
tions both van der Waals’ constants a 
and b can be calculated (33, 34) for 
the saturated and unsaturated aliphatic 
hydrocarbons. These van der Waals’ 
constants define the critical tempera- 
ture and pressure. As pointed out by 
Frost and Kalkwarf (9) the pressure 
van der Waals’ constant a establishes 
the constant D, as a/2.303 R’. 

For the saturated aliphatic hydro- 
carbons attempts to correlate constant 
C with the molecular structure have 
proved unsuccessful. However constant 
B can be predicted from the molecular 
structure of the saturated aliphatic 
hydrocarbons (32). In this connection 
the constant B was found to be 


—B=B,+ SAB (2) 


To produce the necessary reference 
values to be used with the unsaturated 
aliphatic hydrocarbons the following 
relationship should be used: 


f— BP — * + 
(3) 
Equation (3) also produces reliable 


values of B for the vapor pressures of 
saturated hydrocarbons. 


ESTABLISHMENT OF CONSTANTS 
B AND C FROM VAPOR-PRESSURE 
DATA 


In order to establish the constants B 
and C represented by Equation (1) 
from reported vapor-pressure data the 
approach used for the saturated ali- 
phatic hydrocarbons (32) was adopted 
in this investigation. With constant D 
determined from the pressure van der 
Waals’ constant a (33), a single-refer- 


A.I1.Ch.E. Journal 


ence vapor-pressure point suffices to 
transform Equation (1) into the linear 
function 


log P/P, — D [P/T* — P,/T,"] 
log T/T, 
1/T — 1/T, 


(4) 


in which constant B becomes the slope 
and constant C the intercept for the 
variables Y = [log P/P, — D(P/T* — 
P,/T,”) |/log T/T, and X = [1/T — 
1/T,]/log T/T,. In these studies the 
normal boiling point has been arbitrar- 
ily chosen as the reference point (Po, 

A typical relationship of Y vs. X is 
presented in Figure 1 for 1, 3-butadi- 
ene and covers the range of vapor 
pressures from 0.520 mm. of mercury 
at 164.245°K. to the critical point of 
425.165°K. and 32,420 mm. of mer- 
cury. In this plot Y is a linear function 
of X and consequently substantiates 
the validity of Equation (1). Two 
arbitrarily well-selected points (Y, X) 
establish the slope B and _ intercept 
C. With constants B, C, and D known 
the normal boiling point suffices to de- 
termine constant A. This procedure 
was carried out for the unsaturated ali- 
phatic hydrocarbons for which reliable 
vapor-pressure data were available and 
included 27 monoolefins, 10 diolefins, 
and 5 acetylenes. In the group of di- 
olefins the data for propadiene ob- 
tained from different sources were 
found to be contradictory, and conse- 
quently the constants resulting from 
them are not reliable. Values of B 
and C produced by this procedure are 
summarized in Table 1 for all the un- 
saturated aliphatic hydrocarbons in- 
vestigated. The values for constant D 
resulting from the pressure van der 
Waals’ constant a are also summarized 
in this table along with the values of 
constant A. These four constants, A, B, 
C, and D, summarized in Table 1 are 
representative of the vapor-pressure 
data used in this study and should be 
used for the hydrocarbons presented in 
this table. 
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TABLE 1. VApOR-PRESSURE CONSTANTS FOR EQUATION. 


B P 


Vapor-pressure constants obtained from comprehensive treatment 
of literature vapor-pressure data 


A -B 
Monoolefins 
Ethene (ethylene ) 17.13307 997.69 
Propene (propylene ) 19.13914 1404.59 
1-Butene 21.10164 1741.32 
2-Butene (cis ) 22.04211 1858.82 
2-Butene (trans ) 20.80838 1777.27 
2-Methylpropene 20.98074 1732.08 
1-Pentene 2239924 2032.28 
2-Pentene (cis) 23.43136 2141.77 
2-Pentene (trans ) 22.96909 2115.69 
2-Methyl-1-Butene 22.87410 2072.44 
3-Methyl-1-Butene 21.53718 1916.60 
2-Methy]-2-Butene 22.48491 2111.07 
1-Hexene 24.16844 2350.64 
1-Heptene 25.90236 2659.36 
1-Octene 27.94965 2989.80 
1-Nonene 29.80875 3305.67 
1-Decene 31.65642 3616.05 
1-Undecene 34.22903 3972.11 
1-Dodecene 36.50519 4309.82 
1-Tridecene 38.28717 4616.75 
1-Tretradecene 40.86631 4975.21 
1-Pentadecene 43.47018 5332.21 
1-Hexadecene 45.25564 5634.61 
1-Heptadecene 48.23626 6019.22 
1-Octadecene 53.84430 6601.56 
1-Nonadecene 54.60122 6840.82 
1-Eicosene 58.87737 7341.11 
Diolefins 
Propadiene 20.83333 1539.42 
1,2-Butadiene 16.99020 1703.56 
1,3-Butadiene 20.83612 1751.11 
1,2-Pentadiene 21.99446 2147.04 
1, cis 3-Pentadiene 23.49831 2204.65 
1, trans 3-Pentadiene 22.31993 2128.84 
1,4-Pentadiene 22.42851 2018.33 
2,3-Pentadiene 25.49527 2347.77 
3-Methyl-1,2-Butadiene 23.33390 2165.17 
2-Methyl-1,3-Butadiene 21.78369 2042.25 
Acetylenes 
Ethyne (acetylene ) 18.37039 1188.90 
Propyne 22.94034 1759.46 
1-Butyne 25.47789 2051.26 
2-Butyne 23.63336 2141.67 
1-Pentyne 25.37711 2278.47 


ESTABLISHMENT OF CONSTANT B 
FROM MOLECULAR STRUCTURE 


The differences of constant B, AB for 
the monoolefins and corresponding satu- 
rated hydrocarbons were not found to 
be constant but increased with the 
number of carbon atoms present in the 
hydrocarbon. For instance these differ- 
ences were found to be 72.90 for ethyl- 
ene and ethane, 109.56 for 1-octene 
and n-octane, and 155.45 for 1-dode- 
cene and n-dodecane. The ratios of B 
constants for the normal monoolefins 
having the double bonds in the 1-posi- 
tion to that of the corresponding nor- 
mal paraffins were found to be essen- 
tially constant and equal to 0.968 for 
all the hydrocarbons from 1-pentene to 
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-C D References 
3.75709 0.38247  5,8,14,16,26,33,36 
4.26637 0.70426 16,19,25,26,27,33,35 
4.82539 1.06992 2,4,7,16,23,26,33 
5.10124 1.08927 15,16,26,29,33 
4.69816 1.08927 10,15,16,26,33 
4.78547 1.06560  3,6,16,26,28,33 
5.16858 1.48982 26,33 
5.48099 1.51171 26,33 
5.32577 1.51171 26,33 
5.31356 1.45952 26,33 
4.91755 1.41039 26,33 
5.15025 1.47607 16,26,33 
5.66574 1.95969 26,33 
6.15555 2.47607 17,26,33 
6.74267 3.03649 26,33 
7.27090 3.63841 26,33 
7.79829 4.28021 26,33 
8.55951 4,96020 26,33 
9.22339 5.67702 26,33 
9.72614 6.42931 26,33 

10.48509 7.21656 26,33 
11.25312 8.03666 26,33 
11.75800 8.89002 26,33 
12.64332 9.77427 26,33 
14.35501 10.69076 26,33 
14.52527 11.63611 26,33 
15.80560 12.61201 26,33 
4.84117 0.66718 16,18,26,33 
3.31016 1.02911 26,33 
4.71334 1.02172 11,26,30,33 
4.94443 1.44357 26,33 
5.46820 1.44764 26,33 
5.08134 1.44764 26,33 
5.17484 1.38578 16,26,33 
6.11106 1.46521 26,33 
5.42913 1.36728 26,33 
4.93139 1.36914 26,33 
4.03099 0.37407 20,33,36 
5.43367 0.73472 13,22,33 
6.25296 1.10548 21,22,33 
5.50057 1.12508 12,2233 
6.10440 1.53013 22,33 


1-pentadecene, inclusive. However this 
behavior was not found to exist for the 
branched monoolefins and consequently 
did not present a general pattern capa- 
ble of predicting constant B for mono- 
olefins of all types. 

Values of constant B for all the nor- 
mal monoolefins having the double 
bond present in the 1-position, when 
plotted against the number of carbon 
atoms present in these hydrocarbons, 
produced an elongated S-shaped curve. 
This relationship exhibited a reversal 
of curvature above l-butene and ex- 
tended through 1-eicosene. In the re- 
lated work of Sondak and Thodos (32) 
dealing with the saturated aliphatic 
hydrocarbons constant B was found to 
vary linearly with the number of car- 
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bon atoms present in the molecule 
since no definite trend existed for the 
heavier hydrocarbons. However in 
view of the definite curved behavior 
found to exist in this investigation for 
these normal monoolefins an S-shaped 
curve was assumed to apply to the cor- 
responding correlation of Sondak and 
Thodos (32) dealing with the normal 
paraffins. For these monoolefins and 
normal paraffins straight-line relation- 
ships resulted when [— B]’* was re- 
lated to n,, the number of carbon 
atoms present in the molecule inclusive 
in the range between 1-butene to 1- 
eicosene and n-butane to n-eicosane, 
respectively. These relationships are 
presented in Figure 2 for the normal 
paraffins and the corresponding mono- 
olefins of 1-position. An extension of 
the linear portion of these relationships 
produces a common intercept of 278 
for these straight lines which can be 
expressed analytically as 


[— = 111.68 n, + 278 
(normal paraffins) (5) 
and 
[— B,]°* = 108.40 n, + 278 
(normal monoolefins of 1-position) 
(6) 
From Equations (5) and (6) 


Ne 


3.28 


(7) 


The value of 3.28 of Equation (7) 
is characteristic of the contribution in- 
volved in the formation of a double 
bond on the end carbon atom of a nor- 
mal paraffin. In order to expand this 
background to include other types of 
substitutions it becomes necessary to 
differentiate between the different 
types of carbon atoms involved in the 
formation of the unsaturated bond. The 
classification of Andersen, Beyer, and 
Watson (1) has been adopted and as- 
sociates the type of carbon atom with 
the number of carbon-to-carbon bonds 
attached to it. Thus the following types 
of carbon atoms are possible for the 
saturated aliphatic hydrocarbons: 


Type 


| | 

Structure —CH, —CH. —CH 

When one uses this classification, the 
contribution involved in the formation 
of a double bond in the 1-position be- 
comes a 1-2 type of substitution for 
which the contribution value is 3.28. 
To produce contribution values for 


other types of substitutions involving / 


the formation of a double or a triple 
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stant B for the corresponding saturated 
aliphatic hydrocarbons (32). These 
average contribution values are pre- 
sented in Table 2 and are found to 
depend on the nature of the unsatu- 
rated bond produced and on the types 
of carbon atoms associated in its forma- 
tion. 

A comparable detailed analysis of 
constant B for the diolefins did not 
produce consistent results for the ratios 
of this value and that of the corres- 
ponding monoolefins and saturated ali- 
phatic hydrocarbons. In addition the 
differences produced between constant 
B for the diolefins and the correspond- 
ing monoolefins and saturated aliphatic 
hydrocarbon varied and did not show 
any definite pattern. However upon 
application of Equation (8) consistent 
contribution values of y were possible 
for the second double-bond formation 
when the corresponding monoolefin 
was used as the reference hydrocarbon. 
In view of this behavior Equation (8) 
can be expressed in the more general- 
ized form 


[— — [-— 


nN. 


(9) 


For the second double-bond substitu- 
tion, contribution ‘values are also pre- 
sented in Table 2. 

Values of [— B]°* for the saturated 
aliphatic hydrocarbons can be calcu- 
lated from methyl-group contributions 
A[— B]°* established from the com- 


Vol. 6, No. 4 


constant B for saturated aliphatic hy- 
drocarbons of any size and degree of 
complexity. In making these substitu- 
tions the procedure proposed by Son- 
dak and Thodos (32) has _ been 
adopted in this work and considers the 
replacement of hydrogen atoms by 
methyl groups from the longest normal 
paraffinic chain present in the hydro- 
carbon, beginning from the left end of 
the normal paraffin and making these 
substitutions always in a clockwise di- 
rection. These values of B are a re- 
quirement for the calculation of the 
value of B of the corresponding 
unsaturated aliphatic hydrocarbons. 
Therefore from the molecular structure 
the group contribution values A[—B]’* 
and the substitution values permit the 
evaluation of constant B for y unsatu- 
rated hydrocarbons. 


ESTABLISHMENT OF CONSTANTS 
A, C, AND D 


Molecular structure considerations 
permit the evaluation of the van der 
Waals’ constants a and b for unsatu- 
rated hydrocarbons (33). Since Frost 
and Kalkwarf (9) have shown that the 
constant D is related to the pressure 
van der Waals’ constant a through the 
relationship 


a 


= 10 
2.303 R*® (10) 


Constant D now can be predicted 
from a knowledge of the molecular 


structure of these hydrocarbons. Fol- 
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structure of these compounds (33), 
these values can be used to define the 
critical temperatures and pressures of 
these substances through the relation- 
ships 


8a 

(11) 
27 Rb 

— (12) 


Various attempts to correlate the 
constants C of these unsaturated hy- 
drocarbons failed to present a consist- 
ent pattern capable of reproducing 
these values with the accuracy required 
by the general vapor-pressure equation. 
If the prediction of accurate values of 
constant C were possible from mo- 
lecular structure, then the calculated 
critical point would suffice to define 
constant A. Unfortunately inasmuch as 
the accurate prediction of constant C 
was rot possible, it became necessary 
to associate with the calculated critical 
point one reliable vapor-pressure point 
in order to define the vapor-pressure 
function in its entirety. For the sake 
of convenience this vapor-pressure 
point has been selected to be the nor- 
mal boiling point. Therefore the nor- 
mal boiling point and calculated 
critical point now permit the calcula- 
tion of constants A and C, and thus 
with the predicted values of B and D 
allow a definition of the complete 
vapor-pressure function of the unsatu- 
rated aliphatic hydrocarbons. 
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APPLICATION OF PRESENT METHOD 


In order to apply the method pro- 
posed in this investigation the calcula- 
tion of vapor pressures for 1-butene 
and 1,3-butadiene will be considered. 
These hydrocarbons have normal boil- 
ing points of 266.905° and 268.752°K. 
respectively. With only this information 
the vapor-pressure constants are calcu- 
lated as follows: 

The van der Waals’ constants a and 
b for these hydrocarbons have been 
calculated by Thodos (33) to be 


a b 
(cc./g.-mole)* 
atm. g.-mole 
1-Butene 12.608 x 10° 108.86 
1,8-Butadiene 12.040 x 10° 102.13 


From Equations (11) and (12) the 
critical temperatures and pressures are 
calculated to be: 


1-Butene: 


TABLE 3. METHYL-GrRouP CONTRIBUTION 
VavuEs A[-B]°* FoR THE SATURATED 
ALIPHATIC HypROCARBONS 


Base group value: methane [-B]** = 
265.19 
Methyl-group contribution in the replace- 


ment A[-B]°* of hydrogen from methane 
198.33 


Methyl-group contributions in the replace- 
ment of hydrogen from saturated aliphatic 
hydrocarbons 


145.57 
2<1 111.68 
3<1 102.21 
4<] 89.47 
1<2>]1 83.01 
1<2>2 64.68 
1<233 56.26 
2<2>2 75.43 
2<2-3 66.23 
1.351 65.77 
1 
2<+3-1 al 
1 
3<3> 1 64.14 
1 
3<+3>2 35.79 
] 
4<-3> 1 43.47 
1 
39.77 
3<333 
1 
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8 (12.608 x 10°) 
27 (82.055) (108.36) 

= 420.1°K. 

12.608 x 10° 

Ps 27 (108.36)* 
1,3-Butadiene: 

8 (12.040 x 10°) 
27 (82.055) (102.13) 


= 


= 39.77 atm. 


= 425.7°K. 
12.040 x 10° 
Pe = ————— = 42.76 atm. 
27 (102.13)? 
Constant D 


Vapor-pressure constants D are calcu- 
lated from Equation (10) to be 


1-Butene: 
(12.608 x 10°) 760 
2.303 (82.055 x 760)° 
= 1.06992 (°K.)*/mm. 
1,3-Butadiene: 
(12.040 x 10°) 760 
~ "2.808 (82.055 x 760): 
= 1.02172 (°K.)*/mm. 


Constant B 


To calculate constant B for 1-butene 
it becomes necessary first to establish 
constant B for the reference substance, 
n-butane. Similarly to calculate con- 
stant B for 1,3-butadiene the value of 
constant B for 1-butene is used as the 
reference. 


Establishment of Constant B 
for n-Butane 


(c) Secondary methyl group 
substitutions: 


1<2 


145.57 
111.68 


[— = 720.77 


With the value of [— B]°* = 720.77 
for n-butane the corresponding value 
of B for 1l-butene can be calculated 
from Equation (9). In this case y = 
8.28 for a 1-2 double-bond substitu- 
tion. Therefore for 1-butene the value 
of constant B becomes 


[— B]* = 720.77 — 3.28 (4) 
= 707.65 


or 
B = — 1781.52 (1-butene) 


The value of constant B for 1,3-buta- 
diene can also be obtained from Equa- 
tion (9), in which the value of the 
reference substance is that of 1-butene. 
In this case the value of y = 0.74 for 
the second double-bond substitution of 
the 1-2 type. Consequently constant B 
for 1,3-butadiene becomes 


[— B]°* = 707.65 — 0.74 (4) 
= 704.69 


or 


B = — 1728.17 (1,3-butadiene) 


Constants A and C 


In order to calculate constants A and 
C the critical point and normal boiling 
point are used in conjunction with the 
calculated values B and D. This pro- 
cedure produces two linear equations 
that can be solved algebraically to 
establish these constants. Thus for 1- 
butene 


(a) Base group - methane 265.19 
1731.52 
(b) Primary methyl group log (89.77 x 760) = A———_— 
substitution on methane 198.33 420.1 
> 
Normal Paroffins 
111.68n, + 278 
8 
Normal Monoolefins (|- position) 


5 12 
fn, , Number of carbon atoms present in normal hydrocarbon 


Fig. 2. Relationships of [—B]°~ vs. n-, the number of carbon atoms present in the 
normal paraffinic and monoolefinic (1-position) hydrocarbons. 
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9.77 x 760 
+ log 420.1 + 1.06992 70 


(420.1) 
and 
1731.52 
(100) 
266.905 
+ Clog 266.905-+1.06992 
(266.905): 


from which A and C are calculated to 
be A = 20.91006 and C = — 4.76156. 
Similarly for 1,3-butadiene constants 
A and C become 


1723.1 
log (42.76 x 760) = A — oe 
495.7 

42.76 x 760 
+ C log 425.7 + 1.02172 —___— 
(425.7)° 
and 
1723.17 
(70) 
268.752 
760 
+ C log 268.752 + 1.02172 ——__ 
(425.7)* 


from which A and C are calculated to 
be A = 20.29240 and C = — 4.53232. 
Vapor-Pressure Equations 


With constants A, B, C, and D 
established the vapor-pressure function 
in its entirety can be defined as 


1-butene: 


1731.52 
log P = 20.91006 — 


— 4.76156 log T + 1.06992 a 
1,3-butadiene: 


1723.17 
log P = 20.29240 — ———_—— 


Is 
— 4.53232 log T + 1.02172 J 


For l-butene Beattie and Marple 
(4) report a vapor pressure of 21,116 
mm. Hg. at 398.165°K. For this tem- 
perature the vapor pressure of 1-butene 
is calculated to be 

1731.52 


398.165 
— 4.76156 log 398.165 


log P = 20.91006 — 


1.06992 ——_—_—_—_—. 
(398.165 )* 


which reduces directly to 


log P = 4.18097 + 0.00675 x 10° P 
By trial and error P is found to be 
21,037 mm. Hg. 

For 1,3-butadiene Scott et al. (30) 
report a vapor pressure of 22,400 mm. 
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Hg. at 403.165°K. For this tempera- 
ture the vapor pressure of 1,3-buta- 
diene is calculated to be 


1723.17 
403.165 
— 4.53232 log 403.165 


log P = 20.29240 — 


(403.165)° 


which reduces directly to 


log P = 4.20942 + 0.00629 x 10°P 
By trial and error P is found to be 
22,405 mm. Hg. 


VALIDITY OF PRESENT METHOD 


Vapor-pressure constants A, B, C, 
and D have been calculated along the 
lines prescribed in the preceding sec- 
tions and are presented elsewhere (31) 
for the unsaturated aliphatic hydrocar- 
bons studied in this investigation. In 
order to establish the precision with 
which these calculated constants can 
reproduce the actual vapor-pressure 
function, equilibrium vapor pressure 
and temperature values obtained from 
the literature were randomly selected. 
For these equilibrium temperatures 
vapor pressures were calculated and 
compared with the values reported in 
the literature. Because of the transcen- 
dental nature of the general vapor- 
pressure equation due to the term 
D(P)/(T*) a trial-and-error procedure 
became necessary for the calculation of 
these vapor-pressure values. 

Extensive comparisons between cal- 
culated and vapor pressures available 
in the literature have been made for 
the hydrocarbons presented in Table 
l. The deviations cover the available 
vapor-pressure range on which these 
comparisons were made and consider 
the random selection of points included 
in these ranges. The ranges investi- 
gated varied and extended up to the 
critical point for those hydrocarbons 
for which literature data were availa- 
ble. Comparisons of calculated and 
literature vapor pressures for some 
typical unsaturated aliphatic hydro- 
carbons are presented elsewhere (31). 

For the twenty-seven monoolefins for 
which vapor-pressure data are availa- 
ble in the literature the average abso- 
lute deviation was found to be 0.63%, 
whereas for the nine diolefins examined 
this deviation became 2.65%, and for 
the five acetylenes this deviation was 
1.13%. For the forty-one unsaturated 
aliphatic hydrocarbons studied in this 
investigation the average deviation was 
1.14%. 


NOTATION 


a = pressure van der Waals’ con- 


stant (cc./g.-mole)* atm. 
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A = vapor-pressure constant, di- 
mensionless 
b = volume van der Waals’ con- 


stant, cc./g.-mole 


B = vapor pressure constant, °K. 

B,  =vapor-pressure constant for 
base group methane, dimen- 
sionless 

B, =vapor-pressure constant for 
reference substance, dimen- 
sionless 

B, = -vapor-pressure constant for 


saturated aliphatic hydrocar- 
bon, dimensionless 
B, =vapor-pressure constant for 
monoolefins and monoacety- 
lenes, dimensionless 
= vapor-pressure constant, di- 


mensionless 

D = vapor-pressure constant, 
(°K.)*/mm. Hg 

n, = total number of carbon atoms 
present in the aliphatic hydro- 
carbon 

? = critical pressure, atm. 

P = vapor pressure, mm. Hg 

= atmospheric pressure, 760 
mm. Hg 

R = gas constant, 82.055 (cc.) 
(atm. ) / (g.-mole) (°K.) 

T = absolute temperature, °K. 
(273.165 + t°C.) 

T, =normal boiling point, °K. 

T. =critical temperature, °K. 


T 1 


[ P Pe) |/ 


T 
log dimensionless 


y = contribution value for forma- ~ 
tion of unsaturated bonds 
AB = methyl-group contribution in 


the replacement of a hydrogen 
atom from aliphatic hydro- 
carbons, dimensionless 
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Extractive Reaction: Batch- and Continuous- 


Flow Chemical-Reaction Systems, 


Concentrated Case 


P. J. TRAMBOUZE and EDGAR L. PIRET 


University of Mi ta, Mi lis, Mi ta 


The theory of extractive reaction is extended to concentrated solutions where the distribution 
coefficients are no longer constant and where important changes in phase volumes may occur. 
The methods developed are applicable to simple or complex reactions of any order. Two- and 
one-solyent systems are treated, and convenient graphical methods are developed and illustrated 


with numerical examples. 


The yield of many reversible and ir- 
reversible reactions can be increased 
by the deliberate, controlled addition 
to the reaction system of an immisci- 
ble, extractive solvent phase (8). Such 


tractive reactions, encompass several 
unit operations. They have often been 
used in industrial and laboratory prac- 
tice without the common character of 
these apparently different operations 
being recognized. For example, for 
many years simultaneous reaction and 
distillation have been used to shift the 
equilibrium of such reactions as ester- 
ification and ester exchange (1, 2, 6). 


P. S. Trambouze is at the Institut Francais du 
Petrole, Rueil-Malmaison, France, and Edgar L. 
Piret is Scientific Attache, American Embassy, 
Paris. 
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It will be seen here that the yield of 
other types of reactions, for example 


C 
A> , can likewise in- 


creased over single-phase processes. 
Gas-absorption operations with simul- 


taneous chemical reaction have been 
and continue to be the subject of 
numerous publications (9). Hofmann 
(5), for example, has recently shown 
how the conversion of pentosane to 
furfural can be increased by adding a 
solvent to the reacting system. 

In a preceding paper two-solvent, 
two-phase extractive reactions occur- 
ring in batch or continuous stirred-tank 
reactor (CSTR) systems were con- 
sidered, and complete analytical solu- 
tions were obtained for cases where 
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the concentrations of the reactants are 
so low that the ratio of the two phases 
and the partition coefficients is con- 
stant (8). 

The more complex problems of high 
concentrations and of reactions of any 
order are examined here. The limiting 
case of one-solvent systems is also con- 
sidered, and convenient graphical solu- 
tions based on ternary equilibrium dia- 
grams are developed. 

Homogeneity within each phase and 
physical equilibrium between the two 
phases are, as before, assumed to result 
irom sufficient agitation. Thus rates of 
mass transfer are herein considered not 
to affect the over-all rates of the reac- 
tion processes. Reaction is considered 
to occur in only one phase, no reaction 
occurs at the interface, and isothermal 
conditions prevail (8). 
CONCENTRATED TWO-SOLVENT, 
TWO-PHASE SYSTEMS 
Batch Systems 


Consider a two-solvent, two-phase 
extractive-reaction batch process in 
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Fig. 1. One-solyent, two-phase extractive 


process A= 1 B. 


which M components are taking part 
in the reactions. For the elementary 
case of low concentration of reactants 
and products the mole ratio x, x... . 
xy of each component is obtained by 
solving the following set of differential 
equations: 


d 
dx, 
diy 
= u (%1, Xm 1M 
dt 


The number of independent varia- 
bles is equal to the number of compo- 
nents playing a role in the kinetics 
minus the number of independent 
stoichiometric relations existing be- 
tween these same components; that is 
m = M’ — S’ (8). For first- or zero- 
order reactions f,, fz... fx are linear 
functions of xi, x2 . . . Xm, the coeffi- 
cients of which are combinations of 
the reaction-rate constants, the phase 
ratio, and the partition coefficients. 
When the last quantities are constant, 
the general methods of solution for 
sets of first-order, linear differential 
equations are applicable. 

If the reactions are not of first- or 
zero-order, or if the partition coeffi- 
cients or reaction-rate constants de- 
pend on concentration, the above 
differential equations are nonlinear. 
Especially at high reactant concentra- 
tions, R is usually not constant but 
depends upon the concentrations of the 
M components present: that is R = 
R(x, ... xy), with the result that the 
f;s are nonlinear functions of m vari- 
ables. In this case m = M — S, 
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reaction. 


PHYSICAL 
EQUILIBRIUM 
CURVES 


SOLVENT 


PHYSICAL 
EQUILIBRIUM 


/ 


REACTIVE PHASE 


Batch 


Continuous Stirred-Tank Reactor Systems 

Concurrent arrangement. A concur- 
rent CSTR extractive reaction system 
in which M components are taking 
part in the reactions will be considered. 
If the concentrations of reactants and 
products are low enough and if the re- 
actions are zero or first order, the molal 
balances around the i‘ stage, as shown 
previously, lead to a set of difference 
equations (8): 


= fe (Xu, Gav) (2b) 


= fr Katy (2M) 


where f2,...f« are linear functions 
of the m independent variables x,;, x2i, 

- Xmiz With the coefficients being 
combinations of reaction-rate con- 
stants, flow rate, phase ratio, and par- 
tition coefficients. In this case an ana- 
lytical solution can be arrived at, the 
number of difference equations to be 
solved simultaneously being m = M’ 
—Ss’. 

If the reactions are not of zero or 
first order, or if the partition coeffi- 
cients or reaction-velocity constants 
depend on the concentration of the 
components; that is a; = a;(x,), the 
difference equations (2) are no longer 
linear, an analytical solution cannot 
generally be found, and stage-by-stage 
numerical procedures are usually em- 
ployed (3). 

When the concentrations of the re- 
actants are so high that R, and F;, de- 
pend upon the concentrations of every 
component M, that is R; = R(x, xxi, 
tue) ane Fy =F 
then the f,’s become nonlinear func- 
tions of m variables, with m = M — S. 

If the total number of moles does 
not change during the reaction, then 
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Fig. 2. One-solyent, two-phase extractive reaction, concurrent 


CSTR arrangement A=2B. 


since F is a molal flow rate, Fy) 

Ff, =F even when changes in phase 
volumes occur along a chain of reac- 
tors. Variations in the factor e, where 
= (Fi/Fiz) (1/R:), may need to be 
taken into account. 

When recirculation of the reactive 
phase is used, and if a stage-by-stage 
solution is needed, the effect of the re- 
cycle stream can be evaluated only by 
a trial-and-error procedure, because 
the feed composition is known only 
when the separator outlet stream has 
been calculated. 

Crosscurrent arrangement. Since a 
crosscurrent arrangement is not con- 
servative, the stoichiometric relations 
are not applicable for analytical solu- 
tions of a series of reactors (8). The 
number of variables will be m = M’ 
in the dilute case and m = M in the 
concentrated case. When a stage-by- 
stage solution is required, then, as in 
the concurrent arrangement, m = M’ 
— S’ or m = M — S depending upon 
whether or not phase-volume varia- 
tions occur along the chain. Of course 
a single crosscurrent stage is identical 
to a concurrent one. 

Countercurrent arrangement. The 
conclusions regarding the value of m 
for the crosscurrent arrangement are 
applicable to the countercurrent case. 
The solution will in general be stage- 
by-stage. The difference equations of 
the set describing the system are of 
second order, and hence two consecu- 
tive values of the variables are needed 
for the solution, for example 
usually only the inlet stream composi- 
tions are known, that is X12, X22... 
one assumes values of - 
the corresponding value of xy... can 
be calculated and the procedure re- 
peated until calculated and actual 
values for the inlet stream of solvent 


« 
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are in agreement. Such trial-and-error 
procedures are generally required for 
the solution of boundary-value prob- 
lems of this type (4). 


ONE-SOLVENT, TWO-PHASE SYSTEMS 


In the preceding section two-sol- 
vent, two-phase systems were con- 
sidered wherein each solvent was the 
major part of either the extractive or 
the reactive phase. However if the 
concentrations of the reactants are in- 
creased, a limiting case is reached 
where only one solvent, that is an ex- 
tractive-phase solvent, is used. The 
major part of the reactive phase in this 
case consists of reactants and products. 
For example the reaction of acetic acid 
with glycerol can be carried out in a 
two-solvent system by mixing acetic 
acid, glycerol, toluene, and water. If 
only acetic acid, glycerol, and toluene 
are used, a one-solvent system will re- 
sult. 

Since convenient representations of 
mutual solubility data are limited to 
three components, the following will 
he concerned only with systems formed 
by one solvent and two reactants. A 
first-order reversible reaction of stoi- 
chiometry aA = bB will be used to 
show how graphical solutions can be 
applied to batch or CSTR extractive- 
reaction processes. The graphical meth- 
ods of solution developed here are ap- 
plicable to reactions of any order. The 
rate constants may or may not depend 
on concentration. However for simplic- 
ity of computation first-order reactions, 
with reaction-velocity constants inde- 
pendent of concentrations, will be used 
in the examples. 

Since the reaction aA = bB is stoi- 
chiometrically simple, the reaction com- 
position path will be the same what- 
ever type of process is used, that is 
batch or tubular or a CSTR arrange- 
ment (10). This path is a consequence 
of the stoichiometric relations, 


Xe 1 (3) 
b 
— + Nye 
Ny a 
Ny b 
a 
(4) 
Ns Na 
= 
Np 


b 

— ( Nso—Na ) 
a 

(5) 


By introducing various values of ny 
into the above relations, xs, x4, and x, 
can be calculated from initial condi- 
tions and the reaction composition 
paths, that is the mixed effluent com- 
position curve, constructed as shown 
in Figures 1 and 2. If the number 
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of moles does not change during re- 
action, that is a = b, the reaction com- 
position path is a straight line parallel 
to the side A B of the triangular dia- 
gram. Also plotted are the phase-solu- 
bility curves and equilibrium tie lines. 
If saturation cannot be achieved, then 
for an approximate solution the equi- 
librium solubility data can be replaced 
by effective solubility values. 


Batch Systems 


For the batch process the rate equa- 
tion is 


dng 
=, k Nao — k, Npe 
dt 
or 
= dx, (kxs2 — 
dt Np 
[1 — Za (1 —) 


Fig. 3. Effect of the product coefficient aB 
and R on the equilibrium conversion A — B. 


and 
Np 
it = 


(6) 


where k and k, are the rate constants 
for the forward and backward reac- 
tions. 

For each point T on the reaction 
composition path the values x,, x42, and 
X», can be obtained directly from the 
diagram by drawing the tie line going 
through the point T. Furthermore the 
ratio n7/nrz is found by measuring the 
lengths 7.7, T.7 ond substituting in 
the relation T:T./T:T = nr/nr. The 
quantity 

Nr/ 


(kxs2—k:xn2) { 1—x, [ 1— (b/a) ] \ 


in (6) can then be plotted vs. x, and a 
graphical integration performed for t 
as a function of the concentration x4. 
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The calculated curve t = f(x.) is 
drawn for convenience on Figure 1.° 


CSTR Systems 

The reversible first-order reaction 
A = 2B will again be taken to illustrate 
the method of design for concurrent, 
crosscurrent, and countercurrent 
rangements of continuous stirred-tank 
reactors. Only the concurrent proced- 
ure will be given in detail here. 

Concurrent arrangement. The reac- 
tion composition path is calculated as 
in the batch reaction by the use of 
Equations (3), (4), and (5) and plot- 
ted with the physical equilibrium 
curves (Figure 2). 

The molal balance for component A 
in both phases around the i stage is 


Fy = Fy Xa 
+ Nriz (k Xat2 — k, (7) 


From the initial conditions and sol- 
vent balance F; = [(F.xso)/(xsi)], 
and since xs; is readily found from the 
solubility plot when x4; is known, F; 
can be calculated as a function of x4i. 
For each point T on the reaction com- 
position path and are located 
from the corresponding tie line T,TT:. 
The quantity nr/nriz is determined 
from 


Nr iz e Fis € 


where ¢« depends on the operating con- 
ditions (7). With known, riz 
is calculated from the stage-reactor 
volume V and the molar volumes 0,, 
Uy, and vs, since 
V 
Noir + = (8) 


X4iVatXpiVat XsiVs 


Then two operating lines 


fi (x4: ) (9) 
and 


o(xai) = Fi xai + nriz (kxais 


may be plotted on the triangular dia- 
gram (Figure 21). A step-by-step 
graphical determination of the number 
of stages, expressing the equality 
filxacn] = fa(Xas), is then made (3). 

The mixed effluent concentrations 
are shown for the first three stages. On 
this graph the compositions of each 
effluent phase are easily read by draw- 


® Figure 1 is based on the following data: 
c= kh = 1, x80 = x40 = 0.5, xno = 03 a 
1, b = 2. The equilibrium conversion of 33.3% 
in a single-phase process (point E) is increased 
to 39.0% in this extractive-reaction process (point 
E’). Note also that the equilibrium (infinite time) 
conversion of the single-phase process can be ob- 
tained by the extractive-reaction_ process by the 
use of a finite reaction ,time of 11. 


} Figure 2 was prepared with the following 
data: k = 103, ki = 10-2, va = vB = US, 
V/va = 10, € = 1, Fo = 1, x40 = x80 = 0.5, 
and xpo = 0. 
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Xqo70.2 70.103 
Xp30.097) 


b) COCURRENT AND RECIRCULATION 


Fe 70.12 
Xg327 0.04 
c) CROSSCURRENT ARRANGEMENT 


XTRACTI 
a) COCURRENT ARRANGEMENT a,*O F,*Fe 
__ 
Fa 

0.072 
20 0.021 


EXTRACTIVE 
REACTION 
CSTR 


PRODUCT 
COMPOSITIONS < 


0.07 


Fe 


k 


k, 
Separators are identified by S. 


ing the tie lines through the points on 
the reaction composition path. 

If the number of moles does not 
change during the reaction, F; = Fo. 
= F, and the operating line f,(x4,) is 
straight. 

As mentioned before, if the reactive 
phase is recirculated, a trial-and-error 
procedure is necessary. 

Crosscurrent arrangement. The pro- 
cedure used for the concurrent design 
must be repeated for each stage of the 
crosscurrent arrangement. The feed to 
each stage is calculated by first adding 
the reactive-phase stream from the pre- 
ceding stage to the stream of fresh 
solvent and then determining the re- 
action composition path and operating 
lines as before to get the outlet stream 
compositions. 

Countercurrent arrangement. As in 
the two-solvent case an over-all trial- 
and-error procedure is required for 
countercurrent design if, as usual, the 
two necessary boundary conditions are 
not given at the same end of the re- 
actor chain. Furthermore for each suc- 
cessive stage an additional trial-and- 
error solution is required, since only 
One stream going in and one going out 
of the reactor are known. 


ADVANTAGES OF THE 
EXTRACTIVE REACTION 


In the case of an extractive reaction 
the emphasis is on affecting the con- 
version of a reaction. The following 
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conversion obtained. Reaction A — B with k= k, 


Fig. 4. Influence of the arrangement of a CSTR system on the 


discusses briefly how this effect can be 
obtained for some typical reversible 
and complex reactions. 


Reversible Reactions 


The usual equilibrium constant K for 
a reversible reaction A = B occurring 
in a single-phase system is 


K < 
In the case of an extractive reaction in 
a batch or concurrent CSTR arrange- 
ment, three equilibrium constants can 
be considered: 


X aT a1 
B2 
and K, = 


Hence for a dilute two-solvent, 
phase system 


two- 


+ 1 


r= 


and 


a4 

In practice «, must be small and az 
large to obtain a large value of Kr, that is 
a high conversion. The ratio Kr/K for 
various values of R and az, when one as- 
sumes a4 = 0.2 as an example, is shown 
in Figure 3. 

Such simple relations cannot be ob- 
tained for crosscurrent and countercurrent 
arrangements. However in Figure 4 the 
performance of several arrangements are 
compared with the same feed used, F,, 
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Fig. 5. Comparison of homogeneous and extractive reaction 
performance for a complex reaction. 


Xaoz = 0.2, and the same reactor volumes 


per stage for the reaction A=B, with k = 


1 

ki, = 0.1, a1 = 0, az = 5, € = 1, and 
F, = F:. Only separations and streams of 
solvent are added when necessary; then 
the residence times of the reactive phase 
vary for each case, the values of k nr:/F; 
being respectively 1, %, %, %4, and % 
for the single-phase, concurrent, concur- 
rent with recirculation, crosscurrent, and 
countercurrent arrangements. It can be 
seen by comparing the final effluent con- 
centrations (shown in dotted boxes) in this 
example that the conversion for a revers- 
ible reaction can be markedly increased 
by using an extractive reaction process 
rather than a homogeneous system. 


Complex Reactions 
It is readily understood that for the 


competing reaction Axe C the conver- 


sion of A to B will be increased 
if an extractive-reaction process is 
used, where a; > ac. Likewise for the 
reaction f 
\A+C>D 
reaction process will give a better con- 
version to B if a > 1. Thus for many 
complex reactions increased conversions 
to desired product can be obtained if 
solvent systems having favorable parti- 
tion coefficients can be found. This 
concept has not yet been used indus- 
trially as widely as the potential gains 
in yield would seem to warrant. Cer- 
tainly broad basic studies on solubility 
relationships and separation properties 
are needed to aid in the search for suit- 
able solvents. 
As a numerical example the unidi- 
k, 
rectional reaction A B be 
2 


the extractive- 


considered, for which analytical rela- 
tions for the design of a homogeneous 
CSTR system have already been given 
in a preceding paper (11). In Figure 5 
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the homogeneous and extractive reac- 
tion operations are compared for this 
reaction where k = 0.1, k, = k. = 0.02, 
F,/F, = € nn/nr = 1, = 1, ag = 0,7 
and a, = 5, ae and ap having any 
values. In all cases the initial concen- 
trations of A in the reactive phase is 
1 mole/liter, with the concentrations of 
B, C, and D being zero. From the plot 
it is seen that in this case the maximum 
conversion of A to B is 41% for the 
homogeneous CSTR system and is in- 
creased to 76% by the use of an ex- 
tractive reaction CSTR process. 


Comments on Reactor Selection 


Some general remarks can be made 
regarding the choice of the best reac- 
tor arrangement to be used for an ex- 
tractive reaction. Of course the choice 
between a batch or a continuous sys- 
tem will often be determined by the 
scale of production required; however 
the degree of conversion of raw mate- 
rial to the desired product is most often 
of critical importance and will largely 
determine the choice. The selection of 
a batch or tubular process vs. the sev- 
eral CSTR arrangements for single- 
phase operations has been discussed 
previously (11) and is not repeated 
here. If for a given homogeneous re- 
action this analysis shows that a single- 
phase batch or tubular reactor will 
yield a higher conversion than a CSTR 
design, this advantage of the batch re- 
actor will generally be retained in the 
case of an extractive-reaction process. 
And if a CSTR design yields the better 
conversion in the homogeneous process, 
it will also do so in the two-phase 
process. 

The concurrent CSTR arrangement 
can nearly always be employed, even 
though reactant solubilities in the sol- 
vent are not low and even though 
phase separation is difficult, since it 
has the advantage of requiring only 
one phase separator at the end of the 
chain; however the obtained conver- 
sion will be generally inferior to that 
obtainable from other CSTR arrange- 
ments. The crosscurrent CSTR arrange- 
ment can give good conversions when 
the partition coefficients of the reac- 
tants are relatively small; when they 
are not, an important part of the reac- 
tants will leave the system with the 
solvent phase, and in the absence of 
efficient recovery a poor utilization of 
the reactants will result. The counter- 
current CSTR arrangement will gen- 
erally give high conversions whenever 
part of the reactants can be fed in the 
solvent stream. 

Of course. when recirculation of the 
reactive phase is possible, a_ better 
utilization of the reactants and a higher 
conversion will generally result. In 
such cases the recycle stream of reac- 
tive phase can go through a CSTR or 
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tubular homogeneous reactor before 
re-entering the extractive reaction sys- 
tem. 


CONCLUSIONS 

In this and in a previous paper sev- 
eral aspects of the extractive reaction 
process have been considered. The 
complications arising from the use of 
an additional solvent will often be un- 
important in comparison with the gains 
in conversion obtained. The equation 
derived for extractive reaction are ap- 
plicable with very few modifications, 
even when the reactions take place in 
both phases. A basic asumption is that 
physical equilibrium exists between the 
phases. This condition is most readily 
met in batch or CSTR operations where 
high levels of agitation are more easily 
provided than in column or tubular 
apparatus. It should also be noted that 
the factor « can advantageously be 
varied to affect widely the phase ratio 
within the reactor (7). 

An experimental study of a highly 
agitated reacting system would amount 
primarily to a verification of physical 
equilibrium between the phases, of the 
reaction kinetics of the system studied, 
and of the presence or absence of im- 
portant interfacial effects, rather than 
being a verification of the above basic 
theory. Each of the first two processes 
will usually be best studied independ- 
ently. In a subsequent paper systems 
where both mass transfer and chemical 
reaction rates are important will be 
considered and the experimental studies 
reported. 
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NOTATION 

A,B,C,D ...S = components A, B, C, 
D...and solvent S 

a,b,c,d = stoichiometric coefficients 

F = total molar rate of flow, 

moles/min. 

molar rates of flow for phase 

1 or 2, moles/min. 

K = equilibrium constant 

k,k,,k. = reaction-rate constants 

M = number of components tak- 

ing part in the reaction 

number of components play- 

ing a role in the kinetics 

number of independent vari- 

ables 

number of moles 

total number of moles in the 

extractive phase 

total number of moles in the 

reactive phase 

ratio of the total number of 

moles in the extractive phase 

to the total number of moles 


F,F, = 


M’ = 
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in the reactive phase, nr,/ 

Nre 
Sand S’ = number of independent 
stoichiometric relations be- 
tween the M or the M’ com- 
ponents 
time, min. 
volume of the reactor 
mole fraction of component 
A in the system = Naitna/ 
Ny 
mole fraction of component 
A in the extractive phase = 
mole fraction of component 
A in the extractive phase = 
Nan/Nr, Of the i™ reactor 
stage 
Oar = partition coefficient for com- 
ponent A, 
factor relating the phase ratio 
in a stage to the effluent 
flow rates, Fii/Fi2 = 
i stage 


lil 


= 


= 


Subscripts 

A,B,C ...S = components A, B,C... 

or solvent S, respectively 

total mass or total moles in 

either or both phases 

initial conditions 

.m...M = components 1, 2, 

3...M (only subscripts of 

x) 

extractive or reactive phase, 

respectively 

i,(i—l),orN = (i—1)"™, or N® 
stage of the chain 


12 = 


Superscripts 
= chemical equilibrium condi- 
tions 
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The Transition from Free to Forced 


Convection in Mass Transfer from 


Solid Spheres 


F. H. GARNER and J. M. HOFFMAN 


University of Birmingham, Birmingham, England 


Mass transfer rates have been measured at 30°C. over a Reynolds number range of 1 to 130 
for the solution of 3¢-in. diameter spheres of benzoic acid for both upflow and downflow streams. 


These are compared with similar results for 34- 


in. diameter spheres and show a gradual transi- 


tion from forced to free convection. The interaction between the two effects is complex but less 
marked for the smaller spheres. Free convective effects do not disappear entirely until a Reynolds 
number of about 250 for the 34-in. spheres, compared with a value of 750 given for 34-in. 


spheres in the previous work (6). 


Mass transfer rates at low water 
flows from benzoic acid spheres of 34- 
in. diameter have already been meas- 
ured to investigate the transition from 
forced to free convection (6). It was 
decided to measure mass transfer rates 
for 3g-in. diameter spheres in order to 
confirm the previous work and also to 
find the effect of varying the Rayleigh 
number. 


THEORY 


number N,.* for the correlation of data 
in the region where free and forced 
convection are both important. This 
equivalent Reynolds number is de- 
rived as follows. 

In the Grashof number the group 
d(Ap)/(p) represents the buoyancy 
potential energy. For frictionless flow 
this can be replaced by a maximum 
kinetic energy of W’,,../2g, and thus 
by definition 


Krischer and Loos (9, 10) suggested 2 2 2 
the use of an equivalent Reynolds (1) 
FIG.1 
T T 
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Fig. 1. Over-all mass transfer rates for 3¢-in. diameter spheres. 
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Then by making the assumption that 
free and forced convection are addi- 
tive, the equivalent Reynolds number is 
Nee’ Nre + V2 N’er (2) 
A more fundamental approach was 
suggested by Acrivos (1). The Navier 
Stokes equation and Fick’s second law 
for transfer from a sphere, simplified 
by the normal assumptions of boundary 
layer theory, may be put into the fol- 
lowing dimensionless form by suitable 
substitutions: 


du, ou, 
Ox, ne 
du iy 
u— 
dx, dy, 
0 
(3) 
0 (ru) 0 
Ox, oy, 
On dn 1 
Ox, Yi Ns- OL 1 
where 


Page 579 


u 7 
U, = U. 
N nade 
(4) 
r 
pU, d 
c—c, U" 


The buoyancy term in the first equa- 

tion will be positive when the flow and 

gravitation forces act in the same di- 

rection and negative when they oppose. 
The boundary conditions are 


\ (5) 


For a given surface geometry the 
only parameters in the system of Equa- 
tions (3) and (5) are Ns, (N'er)/ 
(N*,.), and x, Thus the expression for 
the Sherwood number is 


va = 2) 
D OY: yy=0 


N (w N'er ) (6) 
Re LV sey NE 


Re 


y=6 u= 


The over-all transfer rate may now be 
obtained by integrating Equation (6) 
with respect to x, from the forward 
stagnation point to some point which 
should not be beyond the position of 
separation of forward flow. This gives 


( ) 
Ns, = Nae” Nsc, 
(7) 


which should be useful for correlation 
purposes. 

Acrivos (1) completed this solution 
by a numerical method for the heating 
and cooling of upward flow past a verti- 
cal plate. It was found that the transi- 
tion from forced to free convection is 


gradual, especially at high Prandtl 
numbers, and that the two effects are 
nonadditive. The influence of free con- 
vection on the position of separation of 
forward flow was examined, and the 
solutions as > and 
Ne-/N*re > 0 were compared with 
exact solutions and found to be in good 
agreement. The group N¢,/N*,. also 
emerges in an analysis of heat transfer 
in vertical tubes at low Reynolds num- 
bers given by Hanratty et al (8). 


METHOD 


The apparatus was essentially the same 
as that used earlier (6). It consisted of a 
double-ended vertical water tunnel of 6- 
in. I. D., designed to give streamline flow 
with a parabolic velocity distribution at 
the central test section for all flow rates 
used. The diameter of the column was 
considered large enough to make wall ef- 
fects negligible. The only modification was 
that the l-in. diameter recirculating pipe 
was lagged. This was an attempt to bring 
the temperature control for downflow in 
line with that for upflow, particularly at 
low flow rates. The method of operation 
was described in the earlier paper, and the 
controllability of flow rate and tempera- 
ture, measured by their average standard 
deviations, was 


flow rate 1.3% 
temperature: 
(a) upflow 0.25°C. 
(b) downflow. 0.23°C. 


Diameter spheres ¥-in. were made by 
compression of crystalline benzoic acid in 
a hand press. This gave spheres of high 
sphericity and uniformly high density: 


upflow: average density = 1.296 g./ 
ce. (99.5% solid density) 

= 0.0006 g./cc. 
downflow: average density = 1.295 g./ 


ce. (99.5% solid density). 
= 0.0007 g./cc. 


Each sphere was supported at the rear 
stagnation point, since this gives the least 
disturbance in flow (4), the diameter of 
the support being 0.015 in. The spheres 
were photographed at the beginning and 


FIG.2 
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Fig. 2. Comparison of over-all mass transfer rates for 34- and 3@-in. diameter spheres. 
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end of a test period. The negatives were 
projected giving a magnification of about 
20x and the initial and final outlines of 
the sphere traced out. A small blob of 
solder on the support enabled the two to 
be superimposed in the correct position. 
The average diminution of radius was 
0.0170 in. giving a probable error in meas- 
urement of about 6%. The diminution 
was measured at successive intervals of 
10 deg. around the surface of the sphere, 
starting at the forward stagnation point, 
and local and over-all transfer coefficients 
were calculated. 


The Reynolds number varied from 1 to 


130, and all results were expressed: on a 
constant Schmidt number basis (Nsc = 
788, temp. = 30°C.). The same data 
were used as were employed in the in- 
vestigation of free convective mass trans- 
fer for benzoic acid in water (5). 


RESULTS 


Experimental observations and over- 
all and local mass transfer coefficients 
are given in Table 1.* The data af Gar- 
ner and Suckling (7) for the dissolution 
of 3g-in. diameter spheres of benzoic 
acid in water in horizontal flow are pre- 
sented in Table 2.* These are recalcu- 
lated to a constant Schmidt number 
basis both to allow for the different 
method used in the earlier paper to esti 
mate diffusivity and to afford a useful 
comparison with the present work. 
These results for upflow, downflow, 
and horizontal flow are plotted in Fig- 
ure 1, with Ns, as ordinates vs. Nae as 
abscissas. Local mass transfer rates at 
intervals of 30 deg. around the sphere 
surface have been plotted to give curves 
from which graphs of Ns, vs. @ with 
Nr. as parameter have been drawn up 
for upflow (Figure 3) and downflow 
(Figure 4). Figure 2 is a plot of Na 
against Nz. for the %-in. spheres to- 
gether with those obtained earlier for 
34-in. spheres (6). 


DISCUSSION 


Dimensional analysis of mass _trans- 
fer shows that 


Nsn f (Nee, Ne, N'ar) 


In the region investigated all of these 
parameters are relevant, but for a series 
of runs with the same size of sphere 
and at constant temperature Ns, and 
N’,, are constant. Thus it was decided 
to plot the results with Ns, as ordinates 
against as absissae (Figure 

The results can be seen to have 
fallen on two smooth curves, one for 
upflow and one for downflow. There 
is a high degree of correlation with 
low mean probable errors: 


® Tables 1 and 2 have been deposited as doc: 
ument 6382 with the American Documentation 
Institute, Photoduplication Service, Library of 
Congress, Washington 25, D. C., and may be ob- 
tained for $1.25 for photoprints or for 35-mm. 
microfilm. 
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Fig. 3. Local mass transfer rates. 


upflow: mean probable error = 4.4% 
downflow: mean probable error 
= 4.9% 


Since only one system was used, the 
major source of error will be in projec- 
tion and measurement. The average 
diminution of radius was 0.0170-in., and 
this would give a probable error of 
6%. Thus the results lie within the 
experimental error. 

At very low Reynolds numbers 
(~ 1) the two curves approach each 
other and free convection is dominant. 
At higher Reynolds numbers the curve 
for upflow lies above that for down- 
flow, and this separation is still ap- 
parent up to Nr, = 200. Such a sepa- 
ration has been noticed previously in 
the investigation of transfer in packed 
beds (3). Garner and Suckling’s re- 
sults (7) for the dissolution of %6-in. 
diameter spheres of benzoic acid in 
water in horizontal flow over the range 
74 < Nz. < 520 lie between these two 
curves. It is therefore justifiable to ex- 
trapolate the present curves to their 
upper point of intersection; this ap- 
pears to be at a Reynolds number of 
about 250, and above this free con- 
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vective transfer would seem to be in- 
significant. The curve for downflow 
appears to pass through a minimum at 
Nr. ~ 25, and although there is no 
perceptible minimum in the upflow 
curve, consideration of the plots of 
local mass transfer rates vs. Nz. with 
@ as parameter indicates the presence 
of one at Ne, ~ 1.5. Such a minimum 
was found to occur at Nz. = 1 by 
Bar-Ilan and Resnick (2) who studied 
the sublimation of napthalene spher- 
ules in air. 

In Figure 2 the present work is 
compared with the results for the dis- 
solution of %4-in. diameter spheres of 
benzoic acid (6). This should indicate 
the effect of varying the Grashof num- 
ber on the interaction between forced 
and free convection. For both sizes of 
sphere free convection is dominant at 
very low flow rates, but as the flow 
rate is increased the rate of mass trans- 
fer is depressed owing to interaction 
between forced and free convection. 
The depression is more marked for 
downflow than for upflow. On further 
increase in flow rate the mass transfer 
rate increases and tends towards that 
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due to forced convection alone. Free 
convective effects do not disappear en- 
tirely until a Reynolds number of about 
750 for the 34-in. diameter spheres and 
250 for the %-in. diameter spheres. 
The minima in the curves for upflow 
and downflow are less pronounced for 
the smaller spheres and occur at lower 
Reynolds numbers than those for the 
larger spheres. 


N Re 
Sphere at which 
diam., Direction minimum 
in. of flow occurs Nga min. 

3, : up 20 66 
% in. down 45 54 
up 1.5 51 
% in. down 25 43 


This suggests that the maximum inter- 
action between forced and free convec- 
tion occurs when the two effects are of 
about the same magnitude and that in- 
terference is less the smaller the Ray- 
leigh number. It can be seen that the 
two effects are nonadditive. This is in 
agreement with the theoretical predic- 
tions of Acrivos (1). 

There is, however, a surprising as- 
pect of these results. At very low flow 
rates (Nz. ~ 1) the curves for the %4 
and 3-in. spheres seem to be tending 
assymptotically towards Sherwood 
numbers of 88 and 50 respectively. 
These values might be expected to 
represent approximately the rate of 
transfer due to molecular diffusion and 
free convection alone, but in fact they 
are much higher than the values pre- 
dicted from the work on free convec- 
tion, which are 44.5 and 28.5 respec- 
tively (5). The difference can be 
ascribed neither to the experimental 
scatter of the low-speed work nor to 
that of the free convection. It is doubt- 
ful whether this is due to thermal con- 
vective currents, although there was 
probably a small vertical temperature 
gradient in the low speed water tunnel 
at low flows. On the other hand it can 
be seen from the experimental observa- 
tions that temperature control at low 
flows is comparable with that at higher 
rates. It would seem then that, even at 
Nr. = 1, the flow in the 6-in. tunnel 
is great enough to sweep away solute 
from the outer edge of the boundary 
layer and this, combined with the non- 
uniform approach velocity to be 
expected under these conditions, is 
sufficient to give rates of transfer ap- 
preciably in excess of those due to 
free convection alone. 

For completeness the results for both 
sphere sizes were correlated by the 
method suggested by Acrivos (1), that 
is by plotting (Ns)/(\/Ne-) against 
at constant Ns. (Figure 
6). This gave two smooth curves for 
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Fig. 4. Local mass transfer rates. 


each size of sphere, one for upflow and 
one for downflow. These converge 
when either forced or free convection 
is dominant, but in the intermediate 
range there is a separation between the 
results for upflow and downflow. The 
behavior of the curves when forced or 
free convection is dominant, that is at 
very high or very low Reynolds num- 
bers, is as predicted by Acrivos. At 
high Reynolds numbers Ny, ~ 
Ns." or at constant Ns., Ns, ~ B 


(Nga) /(\/Nae) ~ constant. 


Thus at high Reynolds numbers the 
curves tend towards a constant value. 
At very low Reynolds numbers (high 
values of N’,,/N*x.) the curves will 
tend to infinity. The method suggested 
by Krischer and Loos (9, 10), involv- 
ing the use of an equivalent Reynolds 
number, assumes that free and forced 
convective effects are additive. This is 
contradicted by the present results and 
the theoretical predictions of Acrivos 
(2); 

The transition from forced to free 
convection can be seen when _ local 
mass transfer rates are plotted against 
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Reynolds number with @ as parameter. 
in particular it can be seen that the 
mass transfer rate over the rear of the 
sphere is severely suppressed in down- 


flow. These curves are of similar form 
for both sizes of sphere. 

The transition can be _ illustrated 
more clearly by plotting Ns, vs. @ with 
Ne. as parameter (Figures 3 and 4). 
The numbers on the left and right 
sides of each curve represent the Sher- 
wood numbers at the front and rear 
stagnation points respectively and give 
an indication of the scale. For upflow 
it can be seen that as the flow is de- 
creased, the distribution of mass trans- 
fer over the sphere surface becomes 
more uniform and the position of mini- 
mum transfer moves forward at low 
Reynolds numbers. The pattern of 
transfer thus tends toward that due to 
free convection. In downflow on the 
other hand it can be seen that the posi- 
tion of minimum transfer is moved 
back towards the rear stagnation point 
and transfer in this region is very low. 
Once again at low flow rates the dis- 
tribution of transfer becomes similar to 
that due to free convection. 

In Figure 5 the angle of the mini- 
mum mass transfer rate, which corre- 
sponds approximately to the point of 
separation of forward flow, is com- 
pared with the position of separation 
of forward flow, obtained under condi- 
tions of no mass transfer (6). For up- 
flow at low Reynolds numbers the 
separation angle is markedly affected 
by gravitational forces, but the effect 
is less for downflow and for the smaller 
sphere. For upflow free convective 
forces tend to enlarge the wake, and 
for downflow they tend to inhibit its 
formation. This behavior has been pre- 
dicted theoretically (1). 

The interaction between forced and 
free convection is complex and can 
best be illustrated by considering the 
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Fig. 5. Angle of minimum mass transfer. 
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respective flow patterns (Figure 7). 
For upflow, free and forced convective 
currents will aid each other in the main 
stream but will oppose near the sur- 
face of the sphere in front of the wake. 
In the wake itself however free and 
forced convective effects aid each 
other. At low flow rates this brings the 
separation point forward, as has been 
shown by the experimental results. 

For downflow, free and forced con- 
vection oppose in the main stream but 
unite near the surface of the sphere 
forward of the wake. In the wake itself 
free convection opposes circulation, 
and this is corroborated by plots of 
local mass transfer coefficients around 
the surface of the sphere which show 
mass transfer in the wake to be severely 
suppressed in downflow. This would 
seem to be the major reason for upflow 
transfer rates being greater than down- 
flow rates over the region of interfer- 
ence. 

In the region of transition from 
forced to free convection the flow pat- 
tern does not appear to be very stable, 
particularly for upflow. In this case the 
separation angle is greater and the 
wake is larger than that due to hydro- 
dynamic effects alone. It is held in 
place by the solute dissolved in it. For 
upflow at low Reynolds numbers it can 
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Fig. 7. Convective flow patterns 


also be seen from Figure 5 that the 
separation angle changes very rapidly 
with Reynolds number. Thus small 
changes in concentration and flow 
would cause the wake to oscillate. 
Similarly in downflow, circulation in 
the wake ceases well before it should 
because of the slowing down of the 
flow alone, due entirely to the weight 
of the solute. This can be seen in pho- 
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Fig. 6. Over-all mass transf2r rates. 


Vol. 6, No. 4 


A.1.Ch.E. Journal 


tographs obtained in this region with 
dye-coated spheres which showed an 
instability in flow (6). Free convection 
has also been shown to cause instabil- 
ity in flow for heat transfer at low 
Reynolds numbers in vertical tubes, 
both for upflow and downflow (8). 


NOTATION 

A = constant 

B = constant 

€ = concentration Mc* 

Ci = concentration at 
sphere surface 

Ce = concentration at outer 
edge of boundary 
layer 

D = diffusivity L*T* 

d = sphere diameter L 

f = function sign 

g = gravitational accelera- LT~* 
tion 

h = diminution of radius L 

k = thermal diffusivity EF 

Ris = mass transfer coeffi- LT” 
cient 

= pressure 

r = distance radially from L 
sphere 

t = time interval T 

T = temperature 0 

AT = temperature differ- 6 
ence 

u = velocity parallel to LT” 
surface 

U, = characteristic velocity LT~ 

U’ = velocity on outer edge LT” 
of boundary layer 

Uw» = velocity distribution 
on outer edge of 
boundary layer, di- 
mensionless 

v = velocity normal to LT” 
surface 

Wax = free convective veloc- LT* 
ity defined in text 

x = distance coordinate L 


along surface 
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\ 
at 


y = distance coordinate L 
normal to surface 


Greek Letters 


a = angle of separation of 
forward flow 

B = coefficient of cubical 67 
expansion 

) = boundary layer thick- L 
ness 

n = dimensionless concen- 


tration gradient de- 
fined in text 


€ = angle between nor- 


mal to surface and 
the vertical 
0 = angle from forward 
stagnation point 
ps = solid density ML“ 
p = fluid density ML* 
Ap = density difference ML~* 
across boundary layer 
o = standard deviation 


= kinematic viscosity 


Dimensions 

L = length 

M = mass 

T = time 

0 = temperature 


Dimensionless Groups 


= (gd’*BAT)/(v*) = Grashof 
number for heat transfer 

(gd*Ap) /(v’p) Grashof 
number for mass transfer 

Np, = v/k = Prandtl number 

= (gd’dp)/(v*p) v/D = Ray- 


leigh number 
Nee = Reynolds number based on 
average duct velocity 


N’ne = Reynolds number based on 
approach velocity 

Nz.’ = equivalent Reynolds number 
defined in text 

Neew max = free convective Reynolds 
number defined in text 

Nee = v/D = Schmidt number 

Nsn = K,d/D = Sherwood number 

Superscribed bars indicate over-all 
values. 
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A Theoretical Analysis of Laminar Natural 
Convection Heat Transfer to 


Non-Newtonian Fluids 


An equation is given for the local Nusselt 


number in laminar convection heat transfer to 


power-law non-Newtonian fluids. This expression, which even for Newtonian fluids (n = 1) does 
not appear to have been derived before, is obtained from the exact asymptotic solution of the 
appropriate laminar boundary layer equations and is applicable to any two-dimensional surface 
or a surface of revolution about an axis of symmetry when, as is usually the case, Nr, > 10. 


The increasing emergence of non- 
Newtonian fluids, such as molten plas- 
tics, pulps, emulsions, etc. as important 
raw materials and products in a large 
variety of industrial processes, has 
stimulated a considerable amount of 
interest in the behavior of such fluids 

It is interesting to note that Equations (27) 
and (36) can readily be integrated over the sur- 
face to yield the average Nusselt number N—. 


Nu 


Thus from Equation (36) 


N— ridx1 = 


3n + \3n+1 1 
# (0) — Ner2@+D 


3n+1 1 


2n+1 
ri2"+1 (sine yen +1 dx 
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when in motion. In particular what has 
been studied most intensely for obvious 
practical reasons is how momentum 
and heat are transferred to a moving 
non-Newtonian fluid under the more 
common flow configurations usually 
met in practice. It is understandable 
therefore that some of the simpler 
problems of classical hydrodynamics, 
such as pressure drop and heat transfer 
in pipes and channels, flow between 
rotating concentric cylinders, etc., have 
been reinvestigated by the use of many 
types of non-Newtonian fluids. The re- 
sults of these studies are to be found 
in the review article by Metzner (9) 
and in some recent publications on this 
subject (3, 4, 10). 
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ANDREAS ACRIVOS 


University of California, Berkeley, California 


In keeping with this general trend 
Acrivos, Petersen, and Shah (1) have 
recently presented a theoretical analy- 
sis of forced convection momentum 
and heat transfer in laminar boundary- 
layer flows of non-Newtonian fluids 
past external surfaces. As_ is well 
known, laminar boundary-layer theory, 
in which the viscous terms of the 
equations of motion are retained only 
in a very thin region near the surface, 
has made possible the study of a 
rather general and important class of 
fluid mechanical systems. It appeared 
worthwhile therefore to extend the 
boundary-layer theory to non-New- 
tonian fluids in order to investigate 
even further their properties under 
flow conditions. 

The present analysis may be con- 
sidered as a direct continuation of the 
work reported earlier (1). Its purpose 
is to study theoretically the problem of 
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natural convection heat transfer to non- 
Newtonian fluids and to show how the 
well-established expressions for the rate 
of heat transfer to Newtonian fluids 
may be generalized to include the non- 
Newtonian effects. Again the laminar 
boundary-layer equations will be ex- 
tended to and solved for the power-law 
non-Newtonian fluids, and the analysis 
will apply to the flow past arbitrary 
two-dimensional surfaces or to surfaces 
of revolution about an axis of sym- 
metry. 


LAMINAR BOUNDARY-LAYER 
EQUATIONS FOR POWER-LAW FLUIDS 


The term “non-Newtonian fluid” is 
one of very great generality and in- 
cludes all fluids for which the equa- 
tions of classical hydrodynamics do not 
apply. As a consequence a chief diffi- 
culty in any theoretical analysis of the 
motion of such fluids has always been 
the lack of any generally acceptable 
equation of state between the stress 
tensor and the state of flow of the sys- 
tem. It is fortunate however that in a 
rather sizeable class of non-Newtonian 
fluids the stress-strain-velocity relations 
do not involve time derivatives of the 
stress- or the strain-velocity compo- 
nents and may therefore be represented 
under isotropic conditions by Reiner’s 
(16) or Rivlin’s (17) invariant expres- 
sions. It was explained in the earlier 
paper (1) furthermore that for one- 
dimensional or boundary-layer types of 
flow these fluids may often be charac- 
terized with satisfactory accuracy by 
the empirical power-law 


Ou 6u 


ay| ay 


(1) 


where K and n are empirical constants 
characteristic of the fluid, and + and 
du/dy are the only components of the 
stress tensor and the deformation ten- 
sor which need to be considered under 
such flow conditions. Thus, although 
strictly speaking Equation (1) should 
be replaced by the more general form 
of the power law which has been pro- 
posed by Mooney and Black (11) and 
others, it can be shown rigorously that 
for boundary-layer flows under either 
forced or free convection the term 
du/dy is so much larger than all the 
other elements in the deformation ten- 
sor that the one-dimensional power law 
shown above is in general quite ade- 
quate. The present analysis will there- 
fore be restricted to those systems 
which satisfy Equation (1). 

Consider now the flow past the arbi- 
trary two-dimensional isothermal sur- 
face of temperature T, shown in Fig- 
ure 1. The laminar boundary-layer 
equations for the natural convection of 
Newtonian fluids may be found in the 
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standard references (6, 7, 18), and 
their extension to non-Newtonian fluids 
can easily be derived from the analo- 
gous forced convection analysis al- 
ready reported (1). Thus if for sim- 
plicity constant properties are postu- 
lated, except of course for the density 
in the buoyancy term, and if, as is 
usually permissible to a first approxi- 
mation, the frictional dissipation term 
in the energy equation is neglected, 
one can show that 


du du 
+ = gB(T. —T.)6 sine 
K a | du | du wal 
(2) 
du dv 
(3) 
06 06 k 00 
u—+v0—= (4) 
ax dy pe, 


where the symbols have the usual 
meaning (see Figure 1). 8 is defined 
by 


(5) 


The boundary conditions are 
Aty = 0, 
At y = o and atx = 0, u = 0 


and @ = 0? 
(6) 


One rather important characteristic 
of the power law must be brought out 
at this point. It should be firmly real- 
ized that, as has been repeatedly veri- 
fied by experiments (2, 8), all fluids 
with time-independent stress properties 
approach Newtonian behavior when all 
the components of the deformation 
tensor become small. Thus for some 
fluids Equation (1) does not become 
valid until du/dy is larger than 100 
sec.', whereas for other systems the 
power law is found to hold for a rate 
of strain as low as 10° sec.* or even 
lower (12). In particular, since in 
natural convection the velocity gradi- 
ents usually encountered are of the 
order of magnitude of 0.1-1.0 sec”, 
one must keep in mind that for the 
purposes of the present analysis a fluid 
should be considered non-Newtonian 
only if du/dy at the surface has a 


® The proper boundary condition for @ at the 
leading edge (x = 0 as to be stated with 
some care, for it is intimately tied up with the 
normal velocity v at x > 0. Thus ic at the lead- 
ing edge v — oo for all y, then clearly 6 = 
since the fluid in this region is continually re- 
newed with fresh material from the bulk at a 
very high rate. Conversely if v —> O for all y 
and x — 0, then the boundary condition _ is 
# =1, since the region near the leading edge 
consists essentially of stagnant fluid. Incidentally 
the same difficulty arises when the proper 
boundary condition for forced convection heat 
transfer is specified as well. 
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\ 


FORCE OF GRAVITY 


Fig. 1. The position directions of the coordi- 
nates x and y, the velocity components u 
and v, and the angle e. 


numerical value which is within the 
region of applicability of the power 
law by at least an order of magnitude. 
This would then insure a non-New- 
tonian behavior on the part of the fluid 
within the main part of the boundary 
layer. Otherwise many systems which 
would normally obey the power law in 
forced convection might very well be- 
have as Newtonians in natural convec- 
tion flows. 

It is possible to show now, by a 
straightforward analysis of the basic 
Equations (2) to (4), that the familiar 
definitions for the Grashof and the 
Prandtl number, which play such a 
fundamental role in natural convection 
phenomena, may be generalized to 
power law non-Newtonian fluids so 
that 


Ner 
K 
(7) 
and 
Cy K 
(L) 
K \ p 
(L (8) 
However these relations, which of 


course reduce to the usual expressions 
for Newtonian fluids when n = 1, may 
also be derived by the following rather 
interesting argument. It has already 
been shown (1) that in forced convec- 
tion to power-law fluids the generalized 
Reynolds and Prandtl numbers are, 
respectively 


p L* 


Nz. = (9) 
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and 
cp, pLU, * 


Np, = (10) 


k Neo +n 


For free convection the characteristic 
velocity is always related to the buoy- 
ancy forces by means of 


(11) 


and if therefore this expression for U, 
is substituted in the Reynolds and 
Prandtl numbers defined above, Equa- 
tions (7) and (9) become 


= (12) 


while Equations (8) and (10) are seen 
to be identical. It follows then that 
since Equations (11) and (12) are 
perfectly general, as can be readily 
shown from the basic equation of mo- 
tion, Equation (2), and since Equa- 
tions (9) and (10) have already been 
established for forced convection, the 
definition of the Grashof and Prandtl 
numbers given respectively by Equa- 
tions (7) and (8) follows as a logical 
consequence. 

Having thus defined the characteris- 
tic velocity for the process, Equation 
(11), and the generalized groups N¢, 
and N>,, one is now in a position to 
simplify the boundary-layer equations 
by a transformation in the position co- 
ordinates and the velocity components. 
Let the new variables be 


x u 
y= Ner ? 
Ner 


VLgp(T. —T.) 
(13) 
The boundary-layer equations then be- 
come 


Ou, Ou; 
u, — 1— = Osine 
Ox, 
0 bs | du, 
dy, ay, | ay, | 
(14) 
Ou, Ov, 
— + — = (15) 
Ox, Oy, 
00 06 1 06 
u, + v1, = — — (16) 
Ox, dy, Nop, 


with the boundary conditions 
Aty, = 0, u = 0, o, = 0, @= 1 
At y, = © and atx, = 0, u, = 0, 


© The author’s definition of Np, differs from 
that used by Metzner (10). The two expressions 
are related by 


Npr (Metzner) = Nepr (Nre) 1+". 
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(17) 
It will be shown in the next section 
how this system of equations may be 
solved for any surface geometry, that 
is when sin ¢ is an arbitrary function 
of x. 


THE SOLUTION OF THE 
TRANSFORMED BOUNDARY-LAYER 
EQUATIONS 


One first attempts to solve Equa- 
tions (14) to (17) by means of a 
similarity transformation which is in 
keeping with a well-established _tradi- 
tion in boundary-layer theory (6, 18). 
It is known for example (7, 18) that 
for Newtonian fluids (n = 1) such a 
similarity transformation on the free 
convection equations may be per- 
formed if the surface geometry is of 
the form sin « = a x," where a and m 
are arbitrary constants such that a > 
0 and m = 0.* 

If n ~ 1 however, Equations (14) 
to (17) cannot be reduced in this 
manner unless sin = ax, ”, 
obviously is unacceptable. It would ap- 
pear therefore that the mathematical 
solution of the free convection problem 
to non-Newtonian fluids would be an 
almost impossible task to carry through, 
especially since it is quite clear that 
the basic partial differential equations 
are indeed highly complex in structure 
and cannot be solved, even numeri- 
cally, except with a great deal of diffi- 
culty. 

It turns out fortunately that the 
equations can be simplified still fur- 
ther, since for essentially all non-New- 
tonian fluids of interest the generalized 
Prandtl number N>, is much larger 
than unity. This allows us to investi- 
gate the solution of Equations (14) to 
(17), under the asymptotic condition 
Np, > %, by an extension of the 
method used by Morgan and Warner 
(13) to solve analogous heat transfer 
problems in laminar boundary-layer 
flows to Newtonian systems. The ap- 
propriate transformations in the veloc- 
ity components and the position co- 


ordinates are as follows. Let 
n 1 n 
y 
Ye = Yi Np, = L Ner Np, 


\V/LgB(T. — T.) 


®*In accordance with Merk and Prins [Refer- 
ence 7, Equation (16)] a similarity solution is 
possible if sin € = a (xi +b)™, where b is 
another constant. This appears incorrect, however, 
since the solution proposed by Merk and _ Prins 
Equations (17) and (18)] does not satisfy the 
boundary conditions at the leading edge (x1 = 0) 
unless b = 0. 
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which 


2n+1 


+h 


Ve = Np, 


—T.) 


L 


Nast +D Nos +1 


(18) 


which when substituted into the modi- 
fied boundary-layer Equations (14), 
(15), and (16) reduces them to 


0 | 0 
dy, dy, | oy 
1 
+ @sine = 
du, | 
—— + ‘> 0 
ax, ay: J 
as Np, > © 
(19) 
—+— = (20) 
Ox, OY» 
0°0 06 00 
Ox, dy, 


The boundary conditions are the same 
as those given by Equation (17) ex- 
cept for one of the conditions at y, = 
0, which now reads du:/dy, = 0 
rather than u. = 0. Therefore exactly 
as is the case with free convection to 
Newtonian fluids the inertia terms [the 
right-hand side of Equation (19) ] be- 
come asymptotically unimportant as 
Np, > © inside the thermal boundary 
layer and, as pointed out by Stewart- 
son and Jones (10) for the analogous 
Newtonian heat transfer problem from 
a vertical flat plate, there are two dis- 
tinct regions of flow when Np, > ©: 

(1) The region inside the thermal 
boundary layer, which is described by 
the above equations with the inertia 
term in the equation of motion set 
equal to zero. 

(a) The region outside the thermal 

boundary layer, where both @ and 
therefore the buoyancy force, but not 
the inertia terms, vanish. However 
since in all convection problems one is 
concerned only with the rate of heat 
transfer at the surface, which may be 
obtained from the solution of the equa- 
tions in the thermal boundary layer, 
the velocity distribution outside this 
region is usually of no interest, and, 
as a consequence, need not be ana- 
lyzed any further. 
” Tt is possible then to obtain the vel- 
ocity and temperature distributions in- 
side the thermal boundary layer by 
solving Equations (19), (20), and 
(21). Surprisingly enough this can be 
accomplished readily by a similarity 
transformation which even for n = 
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Fig. 2. The dependence of — 06’ (0) on the 
non-Newtonian parameter n. 


(Newtonian fluids) does not appear to 
have been given before. Thus if 0 = 
§(n) and 


/ *T3n+1 1 
(sine) | ——— 
2n+ 1 


3n+1 


+1) 


= 


sin 
1 nm+D 
2n+1 3n+1 
(sin e) dz, | f (n) 
(22) 
where 


which includes most non-Newtonian 
fluids of interest. In particular, for the 
special case n = 1, 0'(0) = 0.5404 
and f’(0) = 1.08. 

In view then of Equations (13), 
(18), (23), and (27) the local Nus- 
selt, which for heat transfer is defined 
as is customary by 


00 
Nya =— L 
OY’ y=0 
is given by 
1 “2m +D 
Ny. = — 0'(0) Ne- 
3n + 1 
(sin 
(sin dx, | an +1 
(27) 


asymptotically as Ng, > o and Np, 
o, where the value of 4’(0), ap- 


proximately equal to — 0.54, may be 
read off Figure 2 as a function of n. It 


Q9n+1\X sine 


one can show after making careful use 
of the fact that f’(o0) = 0 inside the 
thermal boundary layer that 


d 
+ (24) 
dy 
and 


0” + fo =0 (25) 


with the boundary conditions 
4(0) = 1, =0, f(0) =0, 
f'(0) = 0, f’(o) =0 


The two parameters of particular in- 
terest, f”(0) and @’(0), can finally be 
calculated without difficulty by the fol- 
lowing simple scheme. Thus it is ap- 
parent from Equations (24) and (25) 
that formally 


1 
d n=0 

dy 


(26) 


which can be computed quite readily 
by substituting the power series of f 
about » = O and then evaluating the 
resulting integrals numerically. It is in- 
deed rather surprising that, as can be 
seen from Figures 2 and 3, 6’(0) and 
[f'(0)1" are quite insensitive to the 
value of n in the range 0 < n = 3/2 
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(23) 


1 


+1 
(sin e) ds, 


follows that the average Nusselt num- 
ber Ny, is given by 

n 


(27a) 


where the constant C can readily be 
calculated by integrating Equation 
(27) over the surface and would in 
general be expected to be a function 
not only of the surface geometry but 
also of n. It will be recognized right 
away that this final expression, Equa- 
tion (27a), is the generalization to 
power law non-Newtonian fluids of the 
rather well-known correlation Ny, = 
C(N¢,Np,)* for Newtonian sub- 
stances which has been repeatedly 
verified by experiments (5, 7, 20) and 
which, as demonstrated rigorously by 
Morgan and Warner (13), may be de- 
duced from the laminar boundary-layer 
equations provided that Np, >> 1. 
Equation (27) provides one with a 
closed-form expression for the local 
rate of heat transfer, in natural con- 
vection, from arbitrary two-dimensional 


Fig. 3. The dependence of [f” (0)]” on the 
non-Newtonian parameter n 
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surfaces to non-Newtonian fluids of the 
power law type. This solution is of 
course limited to those physical prob- 
lems for which the simplifications in- 
troduced in the theory are realistic. 
This section is therefore concluded by 
a critical discussion of the main as- 
sumptions, listed below, which were 
used in the development. 

(1) The laminar _ boundary-layer 
equation must be applicable. It is well 
known from boundary-layer theory that 
the boundary-layer equations are ap- 
plicable only when the transfer of 
momentum and energy occurs in a very 
thin region near the surface. Let 8, be 
the thickness of the thermal boundary 
layer which in view of Equations (13), 
(18), (22), and (23) is 


1 
| 
It follows, from a straightforward anal- 
ysis of the basic equations, that the 
boundary-layer equations are valid if 
8r°/L* << 1, which incidentally is also 
the condition that allows the substitu- 
tion of Equation (1) for the more 
general formulation of the power law 
given by Mooney and Black (11). 
From the expression for 8; however 
this is equivalent to 


2n 


Ne;*** N>,**? >> 1* (28) 


which, as can be seen from the follow- 
ing typical numerical example, is usu- 
ally the case. 

Consider the transfer in natural con- 
vection to a 0.83% solution of ammo- 
nium alginate in water, the properties 
of which are (8): 


n = 0.78 c, = 1.0 B.t.u./Ibm. °F. 
K = 0.06 Ibm. sec."*/ft. 

k = 0.87 B.t.u./ft. °F. hr. 

p = 60 Ibm./cu. ft. 


Let T, — T. = 10°F., L = 1 ft., and 
B = 13 x (°F.)~. In view of 
Equations (7), (8), and (11) 


U, = 0.21 ft./sec. 
== 2 16 
pr == 440 
and 


2n 


Np." = 4,600 


which illustrates the point. One can 
also show that, for the present system 
at least, the use of the non-Newtonian 
power law model throughout the 
boundary layer is indeed justified. 
Thus, since ~ 1, one can 
deduce from Equations (18) that the 
shear rate at the surface has a nu- 
merical value given by 

* For a curved surface Equat‘on (28) must 
be replaced by the more restrictive inequality 


1 ‘ 
>> 
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— 
modi- 
(14), 
) 
[sty 
| | | 
10 


1 


au ) 
oy y-0 1 


N an+1 


0.5 sec. 


which appears to be within the range 
of applicability of Equation (1) with n 
= 0.78 (8). 

2. The modified Prandtl number 
Np, must be large; otherwise the iner- 
tia terms in the equations of motion, 
Equation (19), cannot be neglected. It 
can be shown for example, by compar- 
ing the asymptotic solution with exact 
numerical computations carried out by 
Ostrach (14), that for the flow of a 
Newtonian fluid past a vertical flat 
plate Equation (27) is fairly accurate 
only if Np, = 10. (Thus the error is 
8.1 and 2.6% respectively when Np, 
= 10 and Ny, = 100.) Fortunately 
however the generalized N>, for non- 
Newtonian fluids is usually quite large. 

3. The fluid properties must be con- 
stant, a simplification which may intro- 
duce a nonnegligible error in the final 
result since most fluid properties are 
temperature dependent. This is espe- 
cially true of the modified viscosity co- 
efficient K. If however one is restricted 
to cases where Ng, >> 1 and Np, >> 
1, it can be shown that the constant 
property solution needs to be modified 
only slightly in order to be also applic- 
able to this more general problem. 

Let all the physical properties, p, K, 
c,, k, B be referred to their respective 
values in the bulk, and let the dimen- 
sionless groups N,, and Np, be defined 
in terms of these constant bulk proper- 
ties. Therefore if 


K Cy 
put, = Cc, = 
Px K, Cry 
k 
k =—, B = 
L 


all of which are known functions of 
the temperature 6, it is possible to show 
that Equations (24) and (25) must 
be modified to 


d \" 
— —|k' | — + 
p dy dn 
(29) 
and 
d ( | 
—|k— ’—dyn |= 0 
dn dn dy Sir dn 
(30) 


As was explained earlier the parame- 
ters of interest 6’(0) and f’(0) can be 
calculated numerically without too 
much difficulty. Again Equation (27) 
will apply with the added complication 
however that now the parameter 6’(0) 
will also be influenced by the functional 
dependence of p, K, c,, k, B on the 
temperature @. Interestingly enough, 
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therefore, the general expression for 
the Nusselt number given by Equation 
(27) will remain unchanged even 
when the properties are temperature 
dependent, provided that it is multi- 
plied by a correction factor, which is 
independent of Ng,, Np, and the sur- 
face geometry and is a function only 
of the particular fluid being used. 

4. The final assumption of some im- 
portance is that the frictional heat- 
generation term in the energy equation 
is negligible. This is indeed a permissi- 
ble simplification in many problems, 
since the velocities usually encountered 
in natural convection are rather small, 
but of course there are cases where 
such an assumption would cause an ap- 
preciable error in the calculated rate of 
heat transfer. Unfortunately the present 
analysis cannot be readily modified to 
this more general problem which must 
then be investigated by more elaborate 
techniques. 


NATURAL CONVECTION PAST A 
FLAT PLATE AND A HORIZONTAL 
CYLINDER 


Flow past a vertical flat plate 
For a vertical flat plate sin « = 1, 
and therefore from Equation (27) 


n 


(0) 3n+ 1 


1 n -n 


It follows that the average Nusselt 
number is 
2n+1 
8n 1 
Ny. = — 0'(0) ( 
2Qn+1 


1 n 
+1) No +1 
if the characteristic length L is set 
equal to the length of the plate. 
Flow past an infinite, horizontal cylinder 
For such a surface L = the radius 
of the cylinder and sine = sin x, so 
that 
3n + 1 
n 1 


(sin 
(sin x) de 


In the stagnation region (0 = x, = 7/6) 
sin x, = x,, and therefore 


n 


on 2 
Nyx ~ — | 
38n+ 1 


n 1-n 


1 
2(n +1) 3n¢1 
Ne: Np, x, 
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For x, > 7/6 it is necessary to evaluate 
1 1 


the integral.) (sin x)”*"dx which may 


be done conveniently by transferring 
it into a tabulated (15) incomplete 
Beta function. Thus 


For 0 =x, = 7/2 


f dz 


where z = cos’ x. 
For 7/2 


(sin x)” ** dx = 
r( n+1 ) 
2n+ 1 
1 1 
2n+1 2 


1 
(sin x)*"** dx 


A plot of Nyu/Ner"*” N>,*"** for the 
transfer of heat from a_ cylinder is 
shown in Figure 4 for 0 = x, = 7a and 
n = 1/2, 1, and 3/2. 


FLOW PAST SURFACES OF 
REVOLUTION ABOUT AN AXIS 
OF SYMMETRY 


It was first discovered by Mangler 
(18) that the boundary-layer equa- 
tions for the forced-convection flow of 
a Newtonian fluid past a surface of 
revolution could be reduced by a co- 
ordinate transformation to a_ set of 
equations identical to those for two- 
dimensional flow. In this section the 
appropriate transformation for free 
convection heat transfer to power-law 
for non-Newtonian fluids shall be pre- 
sented. 

For the flow past three-dimensional 
surfaces of revolution Equations (2) 
and (4) and therefore Equations (19) 
and (21) still apply (5, 11). The con- 
tinuity equation must however be 
modified to 


\ 


0 0 
— (ru) +— (rv) =0 (31) 
Ox oy 

where r(x) is the distance of a point 
on the surface from the axis of sym- 
metry. A simple transformation which 
enables one to reduce this three-dimer- 
sional problem to that already solved 
is given by 


= X _j 1,(x,)d% 
L 
(32) 
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TABLE 1. NUMERICAL VALUES OF C FoR VARIOUS SURFACE GEOMETRIES AND n 


n= 1/10 n= 1/2 n=l R= 

Flat plate 0.60 0.63 0.67* 0.71 
Horizontal 

cylinder 0.36 0.38 0.42 0.45 
(L = radius) 

Sphere 
(L = radius ) 0.44 0.45 0.49” 0.52 
Vertical cone 0.61 0.65 0.71 0.75 
Stagnation 
region of a 0.36 0.45 0.54 0.60 
horizontal 
cylinder 
Stagnation 0.45 0.55 0.64 0.70 
region of 
a sphere 


*In exact agreement with the experimental value 0.66 (20). 
>In exact agreement with the experimental value 0.49 (5). 


It follows that the extension of Equa- 
tions (19), (20), and (21) to the 
three-dimensional axisymmetric flow is, 
respectively 


d ( du 
+ sin e(X) = 
dy: \ 


hg (33) 
Ov: 
—+—=0 (34) 
ox 
00 00 00 
—— = — 85 


and therefore, in view of Equation 


(27) and the definition of X 


where again 6’(0), approximately equal 
to — 0.54, may be read off Figure 2 
as a function of n. Equation (36) is 
then the generalization of Equation 
(27) for three-dimensional axisym- 
metric flows and is applicable to any 
surface of revolution. Of course the 
average Nusselt number is again given 
by Equation (27a), where C must now 
be computed by properly averaging the 
local Nusselt number over the surface. 

As a special case one should consider 
natural convection from a sphere. If 
the characteristic length is taken equal 
to the radius of the sphere, then 


sin e = sin x, and r, = sin x, 


Therefore 


where, as was explained in the previous 
section, the integral in the denominator 
can again be expressed in terms of the 
tabulated incomplete Beta function. 
For the front part of the sphere (x,> 
0) Equation (37) can readily be sim- 
plified to 


5n + 
Nyu> — (0) ( ) 

3n + 1 


which holds quite accurately in the 
0 =x = 2/6. A plot of 
Nw for the transfer of heat 
fitieb a sphere is shown in Figure 5 for 
0 =x, =a and n = 1/2, 1, and 8/2. 

On the other hand for natural con- 
vection from a vertical cone sine = 
constant and r, = x. It is easy to see 
then that 


5n +2 9 Bn +1 

Nyx = — 0'(0) 
38n+ 1 

No, 2m+D Na 3n 
and 

— ( 38n + 1 

Ny, = — 20°(0) \ —— 

ia (0) 5n + 2 

Ner +D Np; 


if the characteristic length L is set 
equal to the length of the cone. 


CONCLUDING REMARKS 


3n + 2(n +1) 241) 
Ny. = — 0'(0) N N (0 2n + The theoretical considerations of this 
Nu = G 
3n + 1 +1 paper show that in laminar natural 
convection heat transfer to power-law 
si (si yan non-Newtonian fluids the local Nusselt 
Np, Np, number is given by 
3n+1 1 n | an+2 
7 2(n + 
Na = — &(0) Ner 
(36) (37) 3n+ 1 
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Fig. 4. The variation of the local rate of heat transfer along 
the surface of a horizontal cylinder. 
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Fig. 5. The variation of the local rate of heat transfer along 


the surface of a sphere. 
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= 
(32) 


n 4. 


(7;" sin e) 


where 6’(0) is a relatively insensitive 
function of n to be read off Figure 2 
and where, for the purposes of this 
analysis, a fluid should be considered 
non-Newtonian only if the shear rate 
at the surface has a numerical value 
which is clearly within the region of 
applicability of the power-law given by 
Equation (1). 

This expression for the local Nusselt 
number, which even for Newtonian 
fluids (n = 1) does not appear to 
have been derived before, is obtained 
from the exact asymptotic solution of 
the appropriate laminar boundary- 
layer equations and is applicable to 
any two-dimensional surface or a sur- 
face of revolution about an axis of sym- 
metry. It is valid for all values of the 
non-Newtonian index parameter n and 


should be used when, as is usually the 
1 an 

case, Ng,"** Np,"** > 10, Np, > 10, 
and when the physical properties of 
the fluid may be assumed constant. It 
can also be modified, in those instances 
where the transfer occurs in a variable 
property fluid, by calculating 6’(0) 
from the solution of Equations (29) 
and (30); so that the formula for Ny, 
shown above will still apply if it is 
multiplied by a correction factor which 
is independent of Nz,, Np, and the sur- 
face geometry and is a function only of 
the particular fluid in question. 

On the other hand the average Nus- 
selt number Ny, is given by 


n 


1 
Nyu C +1) No +1 


where the constant C may readily be 
calculated by integrating the expression 
for the local Ny, over the surface. 
Thus it would be expected that C 
would depend not only on the surface 
geometry but also on n. Surprisingly 
enough however numerical computa- 
tions carried out for six surfaces and 
reported in Table 1 clearly show that 
C is only slightly affected by the value 
of n in the range 1/10 = n = 3/2 
which includes most of the power-law 
fluids of interest, and that furthermore 
exactly as with Newtonian fluids (7) 
it is rather insensitive to changes in the 
surface geometry. It is concluded 
therefore that, under the conditions 
stated earlier, average rates of heat 
transfer in laminar free convection may 
be computed with good accuracy from 
the expression 


1 n 


= G +1) +3 


where the constant C (approximately 
equal to 0.55) is only weakly depend- 
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ent on the geometry of the surface and 
the numerical value of n. 
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NOTATION 


C = proportionality constant in- 
troduced in Equation (27a) 

C, = specific heat per unit mass 

ij = function introduced in Equa- 
tion (22) 

g = acceleration due to gravity 

k = thermal conductivity 

K,n = parameters of the power- 
model, Equation (1) 

L = characteristic length 

N 


Gr > the 
generalized Grashof number 
Ny, = Nusselt number 
2 
Cc K l+n 
k \p 


—T,)]*"*", the generalized 
Prandtl number 

T = r/L where r is the distance 
of a point on the surface 
from the axis of symmetry 


T = temperature 

ae. = temperature of the surface 

foe = temperature of the bulk of 
the fluid 

= characteristic velocity 

u = velocity component along x 

U, = dimensionless velocity com- 
ponent defined by Equation 
(13) 

= dimensionless velocity com- 
ponent defined by Equation 
(18) 

= dimensionless velocity com- 
ponent defined by Equation 
(32) 

v = velocity component along y 

= dimensionless velocity com- 
ponent defined by Equation 
(13) 

Us — dimensionless velocity com- 
ponent defined by Equation 
(18) 

= distance along the surface 
from the leading edge 

XL = dimensionless distance x/L 

X = dimensionless distance de- 
fined by Equation (32) 

y = distance normal to the sur- 
face 

Yi = dimensionless distance y/L 
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Ys = dimensionless distance de- 
fined by Equation (18) 


Greek Letters 

B = expansion coefficient of the 
fluid defined by Equation 
(5) 

r = gamma function 

€ = angle between the normal to 
the surface and the direction 
ot the force of gravity (see 


Figure 1) 

n = similarity variable defined by 
Equation (23) 

0 = dimensionless _ temperature 
T —T, 
T,—T. 

p = density 

T = the shear stress 
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Axial Diffusion of Liquids in 
Packed Beds and End Effects 


A. W. LILES and C. J. GEANKOPLIS 


Experimental data were obtained on the effect of bed length of packed spheres on axial 
diffusion coefficients with the frequency response technique used. Lengths of packed section of 
6 to 174 cm. were used. The end effects were eliminated by using a novel experimental technique 
for analyses of the inlet and outlet streams. No effects of length on D, were found. 

When the end effects were artificially introduced by using void analytical sections at the two 
ends, then large effects of length on D, were found. These void sections were the cause of length 
effects found by other experimenters. The D, drops as the length of bed is increased. Above 
about 65 cm. length the D; remains constant with increase in length. The over-all results are in 


general agreement with the data of others. 


An understanding of the behavior of 
fluids in empty tubes and packed beds 
is very important in the study of heat, 
mass, and momentum transfer. Much 
experimental data exist on radial mass 
transfer or diffusion coefficients per- 
pendicular to the axial flow of the 
liquid or gas. Recently Ebach and 
White (3), Carberry and Bretton (1), 
and Strang and Geankoplis (7) pre- 
sented experimental correlations for 
packed beds of spheres for the effect 
of liquid velocity, particle diameter, 
and viscosity on the axial diffusion co- 
efficient. 

However no comprehensive experi- 
mental study has been made of the 
elimination of end effects and the ef- 
fect of column length on D, for liquids. 
McHenry and Wilhelm (5) obtained 
data on gases for different lengths and 
eliminated end effects by calculation. 
Carberry and Bretton (1) presented 
experimental points obtained at five 
different bed lengths and different vel- 
ocities using liquids. 

To investigate the axial diffusion of 
a flowing system experimentally the 
outlet response resulting from an inlet 
disturbance is measured. This disturb- 
ance can be a step or pulse function or 
a continuous sine-wave function. The 
sine wave is used in the frequency re- 
sponse experiments. Ebach and White 
(3) discuss these methods in detail. 

In the present work D, values were 
obtained for glass spheres in packed 
beds with water used. End effects were 
experimentally eliminated which re- 
moved the column length effect on 
D,. The effect of length was also deter- 
mined by introducing end effects arti- 
ficially and varying the length. 


THEORY 
All equations discussed below are 
derived for a packed bed of nonporous 


A. W. Liles is with Esso Standard Oil Com- 
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sclids, continuous flow, and a sine-wave 
input. The basic theory for the fre- 
quence response method has been de- 
rived by Rosen and Winsche (6) and 
modified by others (1, 2, 3, 5, 7). All 
derivations start with the following 
partial differential equation: 


_ 


D, (1) 

It is assumed that C is a function of 
Z and t only, that there are no radial 
gradients, and that U is constant. Car- 
berry and Bretton (1) discuss in detail 
the assumptions implied in this model. 
Their data and that of others (3) sug- 
gest that Equation (1) does not apply 
owing to the fact the amplitude does 
not dampen as the square root of time 
or bed length. However in the present 
work it will be shown that it does ap- 
ply under the carefully designed con- 
ditions of experimentation. 

Two boundary conditions are im- 
posed at the inlet and the outlet of the 
bed respectively: 

Co, Cx + sin wt (2) 

Co. 5 = Cy or Aw = Ofor Z—> co 

(3) 

When one uses the above three 
equations, the final integrated equation 
can be obtained by the Laplace trans- 
form and details of the derivations are 
given elsewhere (4). The periodic 
steady state solution is 


Cu, » = Cu + Awe” sin (wt — €) 


The Chio State University, Columbus, Ohio 


Ebach and White (3) get 


_ —UL 
VV 4 U? 2 f 


(6) 
When one expands the radicals and 
trigonometric functions in series and 
drops the higher-order terms, Equa- 
tions (5) and (6) both yield the same 
equation 


B (7) 


If the last term is negligible 
LoD, 


B 


(8) 


The equation for the phase shift re- 
ferred to the bed entrance is 


(9) 


After one expands and drops higher- 
order terms, the equation reduces to 


oL 


7 (10) 


cate. 


This can be compared to the phase 
shift measured experimentally. Deisler 
and Wilhelm (2) discuss in detail the 
addition of na radians to the €rx.. 
Equation (9) could be used to com- 
pare D, obtained from phase shift to 
that determined by amplitude change 
in Equation (7) at short column 
lengths. 

If a column has three different sec- 
tions of packing in series where the 
first section (0,1) and the third sec- 


(4) tion (2,3) have identical packing and 
where B is the middle section packing (1,2) is 
4oD, ( 
4 [ ( - ) 
2D, | 1+ COS | J 
A.1.Ch.E. Journal Page 591 


Sci. = 
em- 
and 
Pp. 
ork 
= 
rick 
\ca- 
nm. 
ni- 
50 
on- 
S., 
ind 
ary 
J. 
nd 
59; 
ac- 
30 


Fig. 1. Process flow diagram. 


different, then an equation can be de- 
rived as follows: 


A: A, 
Boa B., = n—, B,,. = hn— 
A, A; As 


(11) 


Now if Ly. = Ly .:and = 
then D1, ; = Dr, , since the conditions 
in both sections are identical. By Equa- 
tion (7) = Bz, ». The quantity By, 
is measured experimentally, and 


2 


B 


3 A; 
(12) 
Rearranging one gets 
A, 
In— = B,,2 = Bo, — Bo, 1 Bz, 
n [ ] 
(13) 


Equation (13) can be shown to be 
identical with the result of McHenry 
and Wilhelm (5) which was derived 
in a different way. 


EXPERIMENTAL METHODS 


Apparctus 

The apparatus (Figure 1) is a modifi- 
cation ot that used by Strang and Gean- 
koplis (7). The items are (A) 2-naphthol 
solution storage bottle, (B) water storage 
bottle, (C) pump suction lines, (D) four, 
single-action positive-displacement pumps, 
(E) discharge and mixing manifold, (L) 
and (M) ball check valves, (F) packed 
inlet section to remove higher harmonics, 
(G) upper analytical section, (H) packed 
test section, (I) lower analytical section, 
(J) packed outlet section, (K) outlet ro- 
tameter. 

variable-drive cam-operated appa- 
ratus actuates the four pumps, and one 
revolution results in two sine-wave periods. 
For some high-velocity runs or to vary the 
frequency and keep the bed velocity con- 
stant water was added by means of a gear 
pump at the inlet to (F) or solution was 
withdrawn at this point (Figure 1). 


Analytical 


Figure 2 shows the novel analytical 
section made of aluminum and held in 
the external flange (B). The flat silica 
windows (D) were held against the 
analytical section housing by a brass 
plate (C) and a gasket (F). The ana- 
lytical grating (E) was composed of 
three % in. sq. brass rods. The two % 
in. open slits were formed to allow 
solution and light to pass through. The 
void area open to liquid flow was ap- 
proximately that of the packed section 
of 6-mm. glass beads which were 
stacked around and could not enter 
the slits (Figure 2). No screens were 
used in this section. This analytical 
section simulates a packed bed. The 
concentration of the tracer 2-naphthol 
in the solution affects the amount of 
light passing through the slits and go- 
ing to the phototubes. Details are 
given elsewhere (4). 

A strip-chart recorder was used to 
record the output of the phototubes 
(4). The recorder was calibrated twice 
each day at the beginning and end of 
a series of runs by passing known 
solutions through the tower. The maxi- 


SECTION A-A 


Fig. 2. Details of analytical section. 


mum concentration of 2-naphthol was 
10 ppm. During a run inlet concen- 
tration waves were first recorded and 
then outlet waves (Figure 3). The 
curves are very close to a true sine 
wave. 

Distilled water and Coleman and 
Bell CP 2-naphthol were used. The 
diameter of the spherical glass beads 


used and the average void volumes 
were 6.13 mm. (0.40), 3.21 mm. 


(0.39), and 0.47 mm. (0.86). 


EXPERIMENTAL DATA AND 
CALCULATIONS 


Typical experimental data are given 
in Table 1, detailed data are given 
elsewhere (4). The data were obtained 
at an average temperature of 77°F. 
Column length, velocity, frequency, 
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Fig. 4. Effect of frequency on D,, (data corrected to U = 


Fig. 3. Instrument trace of inlet and outlet waves. 
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TABLE |. TypicAL EXPERIMENTAL Runs 16 
D:, | | 
Run U,cm./  sq.cm./ | 
no. L, cm. sec. sec. Nre Nee ECale. Exp. 
| 
6.13-mn. Glass beads | | 
133 585 144 1.33 105 41.5 0.67 0.67 0.66 EXP. | | 
81 21.2 0.61 0.64 36.9 15.1 0.59 2.52 2.58 
18 36.4 0.87 0.91 65.0 25.6 0.59 4.21 4.21 r "Sea 
123 67.3 3.67 3.14 266 105 0.72 6.10 6.25 or ae | 
94 98 2.71 2.35 207 81.8 0.71 11.4 11.3 i lA | Pee 
49 128 2.60 2.14 187 75.6 0.74 15.7 15.7 fom tcl» | 
67 282 244 187 76.5 O71 214 209 | | 
3.21-mm. glass beads | | Sg 
169 673 144 0.65 496 193 O71 7.60 7.66 ECALC. 
173 673 321 145 43.3 0.71 
B Fig. 5. Comparison of phase angles (L = 67.3 
0.47-mm. glass beads cm., dp = 6.13 mm.). 
* ; 178 61.2 1.29 0.164 6.54 2.37 0.370 T.12 7.05 
Y 183 612 260 0.344 13.0 4.70 0.355 699 7.03 were obtained. As expected, Figure 4 
A 6.13-mm. glass beads (open or void analytical section ) shows no effect of frequency on D, 
-26 li f +2.8%. This is within the ac- 
153 645 144 156 109 43.0 0.57 
M8 «171 160 150 125 488 065 20.7 20.7 re 


McHenry and Wilhelm (5) state 


and diameter of packing were varied. 
Also in twenty-nine of the runs a com- 
pletely open or void analytical section 


| was used instead of the slits to find out 


if the void sections caused end effects. 

In Figure 3 the distance between 
two timing pips combined with the 
chart speed represents 27. The quantity 
§ was determined by measuring the 


sections the €caie. was equal to the sum 
of the phase angle calculated for the 
packed bed plus that of the open sec- 
tions. 

To calculate D; Equation (7) was 
generally used. When the calculation 
error exceeded 3%, the exact Equa- 
tions (5) or (6) were utilized. In runs 
with the 0.47-mm. packing, this pack- 


that the calculated and experimental 
phase angles should check each other. 
Equation (10) shows that for long bed 
lengths the calculated phase angle is 
merely the calculated mean residence 
time multiplied by the measured fre- 
quency. In Figure 5 the measured and 
calculated phase angles check within 
an average deviation of +1.6% for L 


was dist bet ti f ti 67.3 cm. which shows merely that 
istance between intersection o was use test section 
the 50% concentration point of inlet 6.13-mm. packing used in the section 
an L were accurately measured. Similar re- 
Th and outlet waves. With knowledge above the inlet slits and below the out- ; : gy 
. of the chart speed @ and the f let slits. Thi . th sults were obtained for other long 
. €xxp, Was obtained. so “ases 1 slits srwise become 
adi i preg (13) w: were used. However for short lengths 
The to ate (7) D off by up to 15% when compared with 
us as the pack stance b : ) : 
eads nal iit the experimental results. Use of Equa- 
analytical slits. of 
imes DISCUSSION tion (9) reduced the errors to less 
The was obtained by means of 
mm. d than 3% which gives a partial chec 
the simplified Equation (10) or the Frequency, Phase Angle, an 
on D, obtained by amplitude change 
exact Equation (9) when the error eng 
with the simplified equation exceeded To find the effect of frequency, data ‘ nt Figure 6 D is plotted vs. U for 
RY > runs wi analytice at a constant velocity of 1.20 cm./sec. 
¢ 8%~ In the runs with open analytical t y packed lengths varying from 5.85 to 
. 174 cm. The average deviation from 
Iven the line is less than +3% for 6.13-mm. 
Aven A packing. This shows conclusively that 
ined 42 there is nu effect of length for the 
tee, 7 large 6.13-mm. packing and that end 
ney, 28 € 
24 | 5.0) T T 
CM. we | 
| | | | | | 
| 
| CURVE PREDICTED 
Lop “1 BY NON-VOID DATA 
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Fig. 7. Effect of void analytical sections on D, (6.13-mm. 


Fig. 6. Effect of velocity on Dz. 
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effects have been eliminated experi- 
mentally by using the novel analytical 
slits with the same void fraction as the 
packing. This also shows that the data 
obey Equation (1). This amplitude- 
length behavior indicates the absence 
of appreciable capacitance effects. 
Since only one bed length was investi- 
gated for the smaller particle sizes, it 
was not possible to prove or disprove 
the effect of length or the presence of 
capacitance effects for smaller parti- 
cles as found by others (1). Strang 
and Geankoplis (7) found a similar 
trend of D, vs. velocity for one column 
length. McHenry and Wilhelm (5) 
using gases eliminated end effects by 
an indirect method using experimental 
correction factors. 


Effect of Velocity 


Data with no end effects and all 
column lengths were plotted for the 
three sizes of spheres on a log-log scale 
with all lines having the same slopes. 
The data can be represented as fol- 
lows for the 6.18, 3.21, and 0.47-mm. 
spheres respectively: 


D, = 0.958U"* (14) 
D, = 0.498U"* (15) 
D, = 0.148U""* (16) 


When one combines Equations (14), 
(15), and (16) 


This effect of diameter is inconclusive, 
since only three different sizes were 
used. Ebach and White (3) found 
that for 6.76- and 3.48-mm. beads the 
exponent of U was 1.08 in low-velocity 
regions less than 2 cm./sec. and de- 
creased markedly at higher velocities. 
For very small spheres they found an 
exponent of 1.08 up to high velocities. 
Bed lengths used were 61 cm. and 
longer. It appears that the exponent 
may vary somewhat over a wide veloc- 
ity range. 

A similar plot with the data with the 
end effects (open or void analytical 
sections) shows that data for the 171- 
and 64.5-cm. lengths yield a slope of 
0.93 also. The data for the 18.4-cm. 
length show a slope of 0.76. 
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Fig. 9. Comparison of data with that of other investigators for 
beds greater than 59 cm. long, Peclet number as function of 
Reynolds number for spheres. 


Effect of Void Analytical Sections 

The data obtained by the use of 
void analytical sections of 2.78 cm. in 
length had packed sections of different 
lengths. The void or open sections were 
similar to those used by Strang and 
Geankoplis (7), McHenry and Wil- 
helm (5), Ebach and White (3), and 
Carberry and Bretton (1). Their 
lengths of open section varied from 
about % to 1% in. The data of this 
work are plotted in Figure 7 and the 
shortest packed length gives the great- 
est D, values. The present work has 
now shown experimentally that the bed 
entrance and exit effects caused by the 
void sections were the primary reasons 
for previously observed amplitude-bed 
length anomalies of other investigators 
(1, 3, 7). These were correctly ex- 
plained theoretically by McHenry and 
Wilhelm (5). 

At the long packed lengths the D, 
values are the same as the data for the 
nonvoid sections. This is to be ex- 
pected, since the end effects would be 
negligible at the infinite bed lengths. 
Similar phenomena were reported for 
liquid-liquid extraction towers (8). 

In several runs the width of the ana- 
lytical opening for analysis in the void 
section was varied from 3/16 to 1/2 
in. with no differences noted. 

The data for different packed column 
lengths having void analytical sections 
are also plotted in Figure 8. The data 
of this work were obtained from cross 
plots of Figure 7 and the points for in- 
finite column length, that is no end ef- 
fects, from Figure 6. The data of Car- 
berry and Bretton (1) show the same 
trends as this work. For lengths over 
171 cm. the end effects are negligible. 
The data of Strang and Geankoplis (7) 
for two column lengths show similar 
trends. 


Correlation of Peclet Numbers 

When one uses the data of this work 
with no end effects, the Peclet numbers 
for the 0.47-mm. spheres in Figure 9 
are significantly lower than the values 
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for the larger diameters. The line for 
the 3.2l-mm. spheres is about 8% 
higher than that for the 6.13-mm. 


spheres. Ebach and White (3) state; 


that at a given Reynolds number the 
same Peclet number is obtained for all 
diameters, but their data scatter quite 
widely. It appears that much work 
needs to be done on the effects of part- 
icle diameter. 

Using only data for spheres with 
packed lengths over 57 cm. to elimi- 
nate most end effects a comparison can 
also be made with data available in 
the literature (Figure 9). Average 
lines were drawn through the data of 
each investigator. The maximum spread 
of the 3- and 5-mm. sphere data of 
Carberry and Bretton (1) from one 
average line through their data is 
+20%, +50% for Ebach and White 
(3), +50% for Strang and Geankoplis 
(7), and +12% for this work. Because 
of this large spread of the data there is 
general agreement of all investigators. 
More data are needed especially at 
high Reynolds numbers over 400 to 
determine if the Peclet number con- 
tinues to rise as the Reynolds number 
is increased, which is indicated in Fig- 
ure 9. The data of Carberry and Bret- 
ton (1) and this work indicate an in- 
crease in Peclet number with increasing 
sphere diameter. However the work of 
Ebach and White (3) show no trend 
with diameter. The 5-mm. sphere line 
of Carberry and Bretton (1) starting 
at a Reynold’s number of 34 is almost 
identical with the 6.1-mm. sphere line 
of this work. 
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NOTATION 

Aw = amplitude of wave at Z = 0, 
g./ml. 

Aw = amplitude of wave at Z = Z, 
g./ml. 
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at Z = 0, 


at Z = Z, 


er, 1 960 


B =In (A./Az) 

C = concentration as a function 
of position Z and time ft, g./ 
ml. 

Cu, » = concentration at Z = L and 
t = t, g./ml. 

Cy = mean concentration, g./ml. 

Co,» = concentration at Z = 0, and 
t = t, g./ml. 

Cu, » = concentration at Z = o and 
t = t, g./ml. 

D, = axial diffusion coefficient, sq. 
cm./sec. 

d, = diameter of particle, cm. 

L = packed bed length, cm. 

n = number 3... . 

Np. = Peclet number = d, U/D, 

Nee = Reynolds number = d,Up/p 


N’re = Reynolds number = d,U'p/p 

t = time, sec. 

U = interstitial velocity in bed, 
cm./sec. 

U’ = velocity based on empty 
tube, cm./sec. 

Zz = longitudinal distance in bed, 


cm. 


Greek Letters 


6 = distance between intersection 
of 50% points, cm. 

wave period, sec. 

phase angle, radians 
viscosity, poise 

density, g./ml. 

angular frequency, radians/ 
sec. 
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The Role of Porosity in Filtration: 


IV. Constant Pressure Filtration 


Certain assumptions which have previously served as a basis for the conventional equations 
employed in constant pressure filtration are shown to be in error. It is demonstrated that the 
specific filtration resistance, the ratio of the mass of wet to mass of dry cake, and the rate of 
flow, q = dv/dé, are not constant as has been assumed. In an example it is shown that q 
undergoes an eightfold variation as the liquid flows from the cake surface through to the medium. 

Since the product aq appears in the basic differential equation, incorrect values of q lead to 
ervors in the calculated values of « arising from experimental data. The errors are significant 


when thick slurries are employed. 


New partial differential equations are presented for flow through compressible media in 
which q varies with cake thickness. Modifications of the conventional constant pressure equa- 


tions are presented. 


In the conventional analysis of con- 
stant pressure cake filtration (1, 3, 4), 
three approximations are made which 
may be invalid under certain circum- 
stances. In the Ruth filtration equation 


do 1 Zep 


b+ Ral 


asp 


l—ms 


(1) 


It is generally assumed for constant 
pressure operation that the filtration re- 
sistance is constant, the ratio of the 
mass of wet to mass of dry cake is con- 
stant, and at any instant the rate of 
flow dv/dé is constant throughout the 
cake. Analysis of basic phenomena in- 
dicates that these assumptions must be 
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modified and that discrimination must 
be employed for correct use of Equa- 
tion (1). The first two postulates are 
primarily in error in the initial period 
of filtration. Consequently it is in rotary 
filtration and in abbreviated experi- 
mental determinations of cake charac- 
teristics where the time of filtration is 
frequently short that the employment 
of constant values of a and m may lead 
to erroneous results. The assumption 
involving the constancy of dv/d@ may 
be strikingly in error for thick slurries. 


PRESSURE AT MEDIUM 


In Figure 1 a filter cake is illustrated 
in which flow of fluid takes place from 
left to right, and distance is measured 
from the surface of the cake. As the 
liquid flows frictionally through the 
compressible, porous media, p. drops 
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until it reaches the value p, at the in- 
terface of the cake and supporting 
medium. 


The pressure at the medium is de- 


fined by 


R R dv 
Se Pi = = do 
where g, = dv/dé is the rate of filtrate 
flow in (cubic feet)/(square feet) 
(second). The relationship of time to 
pressure p, at the medium and the 
pressure drop across the cake (p — p:) 
is illustrated in Figure 2 for talc filtered 
at a constant pressure of 5 Ib./sq. in. 
Initially when there is no cake, the 
entire pressure drop is across the 
medium and p = p,. As dv/dé de- 
creases with time, p, falls in accord 
with Equation (2) and the pressure 
drop (p — p.) across the cake builds 
up. 
in general a medium should be 
chosen to give a minimum resistance 
consistent with the production of satis- 
factory clarity. Grace (2) has indi- 
cated that a filter medium exhibiting 
a resistance equivalent to no more than 
0.01 in. of cake can usually be selected 
with the result that the pressure drop 
across the medium becomes a negligi- 
ble portion of the total pressure drop 
for a major portion of the filter cycle. 


(2) 
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In Figure 2 the curve illustrating the 
pressure at the medium rises and falls 
as the resistance of the medium is 
changed, and the cake resistance re- 
mains constant. With relatively small 
values of R,, the pressure at the 
medium rapidly drops to low values. 

The thickness of the cake is given by 
the mass of dry cake per square foot 
divided by the dry cake density p, 
(1 —e). The ratio R,,/a represents the 
mass of dry solids per square foot 
equivalent to the resistance of the 
medium. Consequently the equivalent 
thickness of the medium is given by 
R,,/ap,(1— ew) or MRn/apar. Since 
m decreases and p,, increases with 
time, the equivalent cake thickness is 
a maximum at the start of filtration; 
however it rapidly decreases to an ap- 
proximately constant value. For the 
example illustrated in Figure 2 the 
initial equivalent medium thickness is 
0.41 in., while the ultimate value ap- 
proached is 0.05 in. The value of R,, 
= 1.0 (10") was chosen so that it 
would be approximately one-tenth of 
a for tale at 4 lb./sq. in. For the ex- 
ample of Figure 3 the medium resist- 
ance was selected as 2.0 (10), and 
the ratio R,,/a approached a value of 
0.07 as the pressure increased to 40 
lb./sq. in. Initially the equivalent 
thickness of the medium was 0.82 in., 
while a value of 0.027 in. was finally 
reached. 


FILTRATION RESISTANCE 


In constant pressure filtration (3) 
the average value of a used in Equa- 
tion (1) has frequently been used in 
the form 


P 


Qe 


(3) 


the relation between a, and p, may be 
obtained in a compression-permeability 
cell (1, 3) or by indirect calculation 
(8) based upon actual filtration data. 
Equation (3) is valid when the me- 
dium resistance is negligible or when 
the rate has dropped to a point where 
p, is small. A more exact expression for 
an average a is given by (1, 6) 


p— pr 
Ry 4 dp. 


dp, 


(4) 


where (p — p.) represents the pressure 
drop across the cake. Whereas a is a 
function of p alone in Equation (3), it 
is a function of p and q = dv/dé or 
the time in Equation (4) in addition 
to the parameters » and R,, (6). 
Equation (3) yields a value of a 
which would remain unchanged during 
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the course of a constant pressure filtra- 
tion. In constant pressure filtration lit- 
erature, particularly in earlier years, 
the assumption was made that the 
average value of a was constant and 
that the volume vs. time curve was a 
perfect parabola (4). Under a wide 
variety of conditions the parabolic re- 
lationship is approximately valid. How- 
ever if the more correct average value 
of a as defined by Equation (4) is 
employed, it can be seen that the spe- 
cific resistance will vary throughout a 
constant pressure filtration. Under 
certain circumstances the variation in 
a may be sufficient to cause a notice- 
able deviation in the parabolic relation- 
ship, particularly at small time inter- 
vals. 

In Figure 3 calculated values of the 
specific resistance as defined by Equa- 
tion (4) are plotted against the time 
for the constant pressure filtration of 
tale. [Same parameters used as in Ex- 
ample 1, Paper No. III of this series 
(8).] The curve for a starts at a low 


DIRECTION OF FLOW 


dx 


Fig. 1. Schematic diagram of filter bed. 


value, corresponding to zero compres- 
sive pressure in the first layer of cake, 
and rises very rapidly. The rapidity of 
approach to the limiting value which is 
equivalent to that given by Equation 
(3) depends upon the slurry concen- 
tration and other parameters. In con- 
stant pressure literature a great propor- 
tion of reported experimental data has 
been restricted to filtrations involving 
only a few minutes duration. It appears 
that calculation based on such data 
would have to be treated with caution. 
Other complications in checking theory 
with experiment arise in that at the 
start of a constant pressure filtration 
there may be experimental difficulties, 
such as adjusting pressure, and in addi- 
tion cake filtration may be proceeded 
by blocking and bridging action with- 
out immediate cake formation. The 
combined theoretical and experimental 
problems involved at the beginning of 
a constant pressure filtration point to 
the need for lengthy runs if complete 
confidence is to be placed in calculated 
results. 


AVERAGE CAKE POROSITY 


Porosity varies throughout the cake 
as a function of time and thickness as 
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illustrated in Figure 4, where « is plot- 
ted against x for constant value. of 
Data used for the graph represent cal- 
culated values and are purely illustra- 
tive. The first infinitesimal layer at the 
cake surface has a porosity and specific 
resistance corresponding to zero com- 
pressive pressure. At each instant of 
time the porosity drops throughout the 
cake until the medium is _ reached 
where it has its least value. The cake 
thickness increases, and at a_ given 
distance from the cake surface the 
porosity increases as time goes on. As 
the pressure drop across the cake in- 
creases, the porosity at the medium 
decreases and eventually reaches a 
minimum value equal to a_ porosity 
determined by the maximum applied 
pressure. 

It is instructive to replot the data 
showing the porosity as a function of 
the distance (L — x) from the medium 
as indicated in Figure 5. The first 
layer of solids deposited on the me- 
dium has a porosity corresponding to 
point A. As time proceeds, the porosity 
at the medium decreases and ap- 
proaches a minimum value at B which 
is determined by the total filtration 
pressure. The average value of the 
porosity represented by the dotted line 
approaches a limiting value as the cake 
becomes indefinitely thick. A replot of 
the data showing « as a function of 
x/L is presented in Figure 6. 

The ratio of total mass of wet cake 
to total mass of dry cake is related to 
the porosity by 


(5) 


m= 1 
ps (1 — ew) 


Obviously as €,, decreases, m will also 
decrease. In Figure 7 a plot of calcu- 
lated values of m vs. 6 for the filtration 
of several materials is shown. The 
value of m changes with time, and the 
basic assumption that the factor (1—ms) 
in Equation (1) can be treated as 
a constant during mathematical inte- 
grations is false. Since m may vary 
widely at the beginning of filtration, it 
becomes necessary to re-evaluate the 
theoretical aspects of short operations. 
As m enters calculations through the 
factor (1— ms), the greatest errors in 
assuming m constant will arise when s 
is large. In the example used in Figure 
2 s had the small value 0.003, and 
(1—ms) was nearly unity; consequently 
it was possible to use Equation (1) on 
the assumption that (1 — ms) is con- 
stant. In rotary filtration (5), where 
thick slurries are normally employed, 
the assumption of constant m must be 
approached cautiously. For most filtra- 
tions however the value of m will ap- 
proach its limiting value within a few 
seconds. 
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FLOW RATE 


In conventional derivations of filtra- 
tion formulas the rate of flow has been 
considered constant throughout the 
cake at any instant. Mathematically 
dg/dx has been assumed zero and q 
independent of x. The rate of filtration 
usually is related to other variables by 
writing the following material balance 
on the basis of 1 sq. ft.: 


Total mass of slurry = mass of cake 
+ mass of filtrate 


(6) 


Solving for v one obtains 


l1—ms 
= w (7) 
ps 


Differentiating v with respect to time 
one gets the rate of filtrate flow qi at 
the exit of the cake; thus 


dv Cale w dm 
n= =| 


dé 


dd p “dd 
(8) 


In the past it has been customary to 
consider m constant with v directly 
proportional to w. Inspection of Figure 
7 indicates that dm/dé@ is negative and 
approaches zero rapidly. Only after 
dm/d@ becomes negligible is the rate 
of filtrate flow proportional to the rate 
of deposit of solids dw/dé. 

It is instructive to compare the rate 
of flow q: in an infinitesimal layer of 
cake at the surface with the exit rate 
of filtration q, (Figures 8 and 9). The 
total pounds of slurry per square foot 
per second approaching the surface of 
the cake is given by (1/s) dw/dé, and 
the rate of liquid flow in the slurry may 
be presented in the form 


ps 


cu. ft. of liquid  1l—s dw 
(sq.ft.) (sec.) ps dé 


(9) 


At any instant the flow rate varies 
throughout the cake as indicated in 
Figure 9 from a minimum value of q: 
at the surface to a maximum value q: 
at the exit of the cake. The rate at 
which liquid is retained in the surface 


layer is given by 


qo = 


cu. ft. of liquid deposited at surface 
(sq. ft.) (sec. ) 


m,—1 dw (10) 
where dw/d@ may be obtained from 
Equation (8). Subtracting Equation (10) 
from (9) one gets the net rate of flow 
at the cake surface; thus 
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ps p dé 


_ 1l-ms dw 


11 
ps dé (11) 
when one substitutes for dw/d@ 
[ l1—ms | 

1 
ms q 

+ | w(1— ms) | dm (12) 

p(1— ms) dé 


Since m<mz,, the multiplier of q, is 
less than unity. In addition the deriva- 
tive dm/dé is negative, and the sec- 
ond term is also negative. Conse- 
quently q, is always greater than qi, 
and the rate of flow increases as the 
fluid passes through the cake. A physi- 


cal explanation may be derived from 


6.0 


5.0 


TOTAL PRESSURE 


Mit 


3.0 
| 
20 
PRESSURE | 
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| 

i 


° 0.25 0.5 0.75 1.0 
TIME , MINUTES 
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Fig. 2. Variation of pressure drops across cake 
and medium. 


the continued compressive action at 
any point in the cake. In Figure 5, 
where the porosity is plotted against 
the distance from the medium, it can 
be seen that the porosity decreases 
with time at any point in the solid. 
When the porosity or liquid content is 
decreased, liquid is literally squeezed 
out of each differential element. Since 
flow is additive, the flow rate neces- 
sarily increases as the liquid approaches 
the medium. 

Even after the filter cake has virtu- 
ally reached its ultimate average mois- 
ture content and dm/dé@ is zero, the 
flow rate continues to vary throughout 
the cake. While it may appear para- 
doxical that the flow rate is variable 
in a cake having constant average 
moisture content, it must be remem- 
bered that the surface layer deposited 
by the slurry always possesses a high 
porosity and the cake is continually 
being compressed while it grows in 
thickness. If dm/d@ is zero, Equation 
(12) becomes 
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n= qi (13) 


l1—mis 
If s is sufficiently small, there will be 
little difference between q: and qi. 
However in many filtrations the prod- 
ucts ms and mis may differ signifi- 
cantly. If the value of m from Equation 
(5) is substituted in (13) there results 


1—X far/o (14) 
qi 1—X fi/o 

Equation (14) can be employed for 

estimating the variation in q through- 
out the cake. Unfortunately porosity 
vs. pressure data are virtually nonex- 
istent in the region near zero compres- 
sive pressure, and extrapolations, which 
may be inaccurate for highly compres- 
sible materials, must be employed. In 
Table 1 calculations of the ratio q./q: 
for several materials filtered in an 
aqueous suspension at 100 lb./sq. in. 
are presented. 
As s increases and the slurry becomes 
more concentrated, the ratio of q./q: 
approaches high values indicating that 
there is a large variation of flow within 
the cake. The use of the customary 
filtration equations would have to be 
seriously questioned on a_ theoretical 
basis when q./q: varies considerably. 
In practice the largest variations would 
normally occur in rotary filtration 
where the slurries may be highly con- 
centrated and the time of filtration 
less than a minute. 

Calculations of a based on experi- 
mental data have generally been ob- 
tained from an integrated form of 
Equation (16). Since aq occurs as a 
product in Equation (16) and also in 
Equation (1), use of incorrect values 
of q will lead to erroneous values of a. 
In general exit values of the flow rate 
have been employed in filtration litera- 
ture, and, as the exit flow rate is the 
maximum in the cake, values calcu- 
lated for the specific resistance have 
been low. Fortunately many experi- 
mental filtrations have been carried out 
with dilute slurries, and the correc- 
tions should not be large. For dilute 
slurries the maximum possible frac- 
tional error is given approximately by 


q o —X far 
(15) 


error = 


In many cases inherent experimental 
errors have been greater than any cor- 
rections which might be applied for 
small variations in the flow rate. Never- 
theless great caution should be applied 
in utilizing data appearing in the 
literature, particularly where porosity 
data are unavailable. 

The data of Grace (1) for the filtra- 
tion of zinc sulfide may be used to il- 
lustrate a large variation in flow rate 
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filtration. 


throughout a cake in an experimental 
constant pressure filtration. The follow- 
ing data are needed: 


Filtration pressure 11.46 Ib./sq. 
in. 

Average cake po- 

rosity 0.864 
Surface porosity at 

0 pressure (ex- 

trapolated) 0.94 
Pounds of dry 

solids per cubic 

foot of filtrate 24.1 
Specific gravity 

(approximate ) 4.09 


With these values the slurry concen- 
trations and the average ratio of wet to 


dry cake are calculated to be 0.194 
and 2.56 respectively. When one uses 
an extrapolated surface porosity of 0.94 
(porosity is 0.9 at lowest experimental 
pressure of about 1.1 lb./sq.ft.), the 
value of m; becomes 4.84. Utilizing 
Equation (7) one gets 


1 — (2.56) (0.194) 
1 — (4.84) (0.194) 


which states that an eightfold variation 
in rate takes place across the cake. No 
conclusions can be drawn as to how 
close an average rate within the cake 
compares with either the exit or en- 
trance rates. The porosity variation*® 
determines the way in which q changes 


qi = qi = 8.27q: 


® Methods for calculating porosity as a function 
of distance will be presented in the next paper 
of this series. 


with distance. Since the porosity vs. 
cake thickness function can take widely 
different forms with rapid porosity 
changes either at the surface or at the 
medium, no generalization can be 
drawn as to what type of average of 
q, and q, can be used in the basic fil- 
tration equation. 


BASIC DIFFERENTIAL EQUATIONS 
OF FILTRATION 


The basic empirical equation de- 
scribing flow through a porous, com- 
pressible solid is generally written as 
(7) 
dp. 


dx 


dp, 


asp p.(1—e)q 


(16) 


or by the elimination of dx by dw, = 
p.(1—e)dx 


0.60 T | | | 
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| N an 
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2 082 SY — — 
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4.03) POROSITY DISTRIBUTION a8 
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Fig. 4. Porosity vs. distance from surface. Fig. 6. Porosity vs. x/L. 
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Ps 
dw, 


In past investigations (1, 6, 7, 8), 
Equations (16) and (17) have been 
integrated on the basis of q being con- 
stant throughout the cake at any in- 
stant; that is q has been assumed to be 
a function of the time @ but not the 
distance x. However if the average 
porosity of the cake is decreasing, q 
will be varying from the cake surface 
through the solid reaching its maxi- 
mum value at the interface between 
the solid and supporting medium; it 
becomes necessary to write new differ- 
ential equations. For a given mass of 
filter cake, limits on the pressure drop 
may be obtained by substituting gq; 
and q, for q in (17). 

A liquid material balance over a dif- 
ferential section of the cake on a unit 
area basis yields 


= ash q (17) 


Rate out in 
—_ = (rate of change 
area area 
volume 
of porosi 
P y area 


TABLE 1 


Sub- Specific (0lb./ (100 Ib./ 
stance ence gravity sq.in.) ...... 
Hyflo (6) 2.3 0.89 0.825 
Kaolin (6) 2.60 0.696 0.477 
Talc (1) 2.68 0.90* 0.67 
Dow (1) 1.00 0.95* 0.45 
polystyrene 
latex 


s=0.01 s=0.05 s=0.10 s=0.20 
1.01 1.08 1.27 4.07 
1.01 1.03 1.07 Ay 
1.03 1.17 1.46 5.06 
s=0.02 s=0.03 s=0.04 
1.21 1.55 2.18 38.0 


* Extrapolation to zero pressure. Values sensitive to method of extrapolation and may be con- 


sidered as approximate. 


The quantity 0/00 is negative since 
the porosity decreases at each point 
with respect to time; consequently dq/ 
dx is positive, indicating that q in- 
creases with x. 

Equations (16) and (19) represent 
simultaneous equations with q and p, 
as dependent variables and x and @ as 
independent variables. To eliminate q 
between Equations (16) and (19) the 
former equation is first differentiated 
with respect to x to give 


€)q] 
d op. 
»—— [e.(1 — 
up dp. 
oq 
—ppea (1—«)—— (20) 


Since a, and ¢« are assumed to be func- 
tions of p, alone, it is not necessary to 
use partial differential notation in dif- 
ferentiating o,(1—e). Eliminating q 
and dq/dx by using Equations (16) 
and (19) one gets 


Ze 
dx? az(1— e) ax / dp, 
[a.(1—e)] — mp, — 


GF) 


(21) 


(initial ) — (final) 


q (out) —q (in) =Aq= 


Ax 


or, when one transfers Ax to the left- 
hand side and takes the limit 


(18b) 


This equation may also be obtained by 
writing the hydrodynamical equation 
of continuity. Since « is a function of 
p. alone, Equation (18b) may be 


rewritten as 
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(18a) 


Equation (21) may be rewritten as 


p. (> 
g, = g. — ) —In[a.(1 — 
ss.) 
— pp, —«) 
(22) 


The independent variable x may be 
replaced by w, with the following sub- 
stitutions: 
Op. Ops 
= p.(1— 
ox Ow; 


(23) 
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When one obtains the second deriva- 


tive 
op. dp. d (*) 
dw, 
+ p.(1 — 2 
p.(1—e) (24) 


Substituting for dp./dx and dw,/dx 
one gets 


dw, dp. 


Substitution in (21) leads to 


ps ( op. ). d 
dw, dw, / dp, 


d 
dp, 


Equation (26) can also be derived by 
direct use of Equations (17) and (19). 

The preceding equations are based 
upon the assumption that a, and « are 
functions of p, alone, which is equiva- 
lent to assuming that equilibrium por- 
osities are reached instantaneously with 
changes in pressure. Since it is known 
(6) that porosity changes do not occur 
instantaneously, Equations (22) and 
(26) can be viewed only as approxi- 
mations in the march toward obtaining 
the best differential equations for flow 
through compressible porous media. 

The last term in Equation (22) or 
(26) arises because of the assumed 
variation of q with x. If dp,/d0 is 
placed equal to zero, the remaining 
terms in either (22) or (26) may be 
reduced to the conventional filtration 
equation by reversing the steps given 
in Equations (17) through (21). 

The solution of the nonlinear partial 
differential Equation (26), in which 
the coefficients are obtained from ex- 
perimental data, does not lend itself to 
simple solution. Numerical techniques 
must be employed for obtaining p. as 
a function of x and @. 
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| 
—e)q 
(16) 
| 
aq de Op, 
(19) 
| 


APPROXIMATE METHODS 


Upper and lower limits on the vari- 
ation of p, in the filter cake can be ob- 
tained by assuming that the flow rate 
remains constant throughout the cake 
and equals either the exit rate q, or the 
entrance rate qi. Since q, is larger than 
the rate at any point within the solid, 
use of qg; throughout the cake will lead 
to the largest value of pressure drop. 

If the value q(x,@) in Equation 
(17) is replaced by gq: = q(L,0) = 
q(w, 4) or by qi = q(0,@), it is pos- 
sible to integrate the equation treating 
the rate of flow as a constant. In order 
to calculate q, and q; it is necessary to 
know both the porosity at the surface 
and its average value. A method for 
calculating pressure drops will be out- 
lined on the assumption that the aver- 
age porosity changes with time but q 
is constant throughout the cake. Solv- 


say SURFACE LAYER 


Vo Vv 
q, 
MEDIUM 


Fig. 8. Flow rates within filter bed. 


ing for dw, in Equation (17) and in- 
tegrating one gets 


aw »-% dy. 
dw, = w = f 


Qs 
(27) 
Elimination of w in terms of v by 
means of Equation (7) gives 
g-(1 — ms) dp, 
‘ Qe 
(28) 
A changing value of m will be used in 
Equation (28). Substitution of q: and 
q: for q in (28) will yield limiting val- 
ues of v for a given pressure drop 
p — p.. In order to calculate m it is 
necessary to obtain the average poros- 
ity. If L is the thickness of the cake, 


then 
L 
f edx 


Or changing the variable of integration 
one obtains 


i P- Py dx 


dp. 


€av = 


(29) 


I 


(30) 


The term dx/dp, can be obtained 
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from Equation (16) and substituted in 
Equation (30) to yield 
az(1—e) 
(31) 


The thickness of the cake can be 
found by integrating dx from zero to 
L in Equation (16) as follows: 


L Py d 
dg = = 6 f 
az(1—e) 
(32) 


When one substitutes for L in Equa- 


tion (31) 
€ dp. 
az(1—e) 


av = 33 
‘ (33) 


RATE OF FLOW 


Nig 


MEDIUM. | 


es OF CAKE 


x=0 XFL 


Fig. 9. Variation of flow rate with distance. 


For convenience of calculation Equa- 
tion (33) may be rewritten as 


Qs 
dp. 


Ar 


dp. 


(34) 


Cav = 1 


Use of Equation (34) instead of Equa- 
tion (33) permits a simplification in 
that the integral of e¢dp,/a,(1—e) 
does not have to be obtained. The 
value of m may be found by substitu- 
ting ¢,, from Equation (33) into Equa- 
tion (5). 

Substitution of €,, in Equation (5), 
placing the resulting value of m in 
(28), and rearranging terms yields 


og = 
a;(1—e) 


(35) 
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which may be viewed as an improve- 
ment on Equation (8) presented in 
paper number III of this series (8), 
The last term in Equation (35) repre- 
sents a correction factor for the varia- 
tion of the average liquid content of 
the cake. When the cake porosity ap- 
proaches a limiting average value, the 
last term combines with the first to 
yield the conventional filtration equa- 
tion. ‘ 

Calculations with the exit rate and 
based on (35) are illustrated in Figure 
10 in the form of curves for tale (1) 
at 5.0 and 15 Ib./sq. in. and polysty- 
rene latex (1) at 10 Ib./sq. in. The 
curves are plotted in the form of dé6/ 
dv vs. v, and according to conventional 
theory such curves should yield straight 
lines if a, m, and R,, were constant. 
Variations in filtration resistance and 
average porosity during the initial 
period cause a marked deviation from 
straight-line plots. If the linear portions 
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Fig. 10. Reciprocal rate vs. volume. 


of the curves are extrapolated to the 
vertical axis, incorrect medium resist- 
ances will result. In the case of latex it 
would appear that the resistance was 
zero from an extrapolation. In evaluat- 
ing medium resistances experi- 
mental data great care should be em- 
ployed in extrapolating dé/dv vs. v 
data to zero volume. 

The additional work involved in the 
use of Equation (35) instead of more 
simple relations is only of value for 
the first few seconds of filtration. If the 
total time is measured in seconds as in 
rotary filtration, Equation (35) should 
be employed until simplifications have 
been justified. For longer filtration 
(35) reduces to the conventional Ruth 
equation in the form 


(1— ms) g. (p— p:) 
BpSsa 


oj = 


(36) 


where q is replaced by the exit rate of 
flow q.. If the other limiting value of 


December, 1960 


the 
(28) 


the 


Rep 
Equ 
| gets 
If 7 
mat 
ven 
wh 
| / the 
140 AT 0, by 
q, 
If 
| 
eq 
| ste 
un 
| | 
| 
| 
| | tl 
| 


prove- 
ed in 
(Sy 
repre- 
Varia- 
ent of 
ty ap- 
e, the 
rst to 
equa- 


e and 
“igure 
c (1) 
dlysty- 
. The 
f 
tional 
raight 
stant. 
> and 
initial 
from 
rtions 


the 
resist- 
tex it 
was 
aluat- 
xperi- 
> em- 
vs. 


n the 
more 
e for 
f the 
as in 
hould 
have 
‘ation 
Ruth 


(36) 


ite of 
ue of 


1960 


the rate q: is substituted in Equation 
(28), there results 


(1— ms) g. (p — 


ogi => 


(37) 
Replacing p: by Equation (2), qi by 


Equation (13), and rearranging one 
gets 


sa (l—mis Rn 
gp 
(38) 
If m, = m or (1 — ms) is approxi- 


mately unity, (38) reduces to the con- 


ventional equation. Integration of 
(38) produces 
g-p (1—ms)’* 2 


(39) 


where @, represents the time when q; 
is used. The difference in time between 
the conventional value and that given 
by (39) for the same volume is 


= 
gp 1—ms 
(l—mis) (40) 
(l—ms)* 2 


If the medium resistance is negligible, 
the fractional difference becomes 


1 1— ms (m,—m)s 
0 
(41) 


The ratio given in (41) is exactly 
equal to (qi: — qi)/q:- 
Example 

Tale (1) is to be filtered at a con- 


stant pressure of 15 Ib. force/sq. in. 
under the following conditions: 


nw = 0.001, Ib. mass/ (ft.) (sec.) 
p = 62.4, lb. mass/cu. ft. 

p; = 167.0, Ib. mass/cu. ft. 

S 0.20, mass fraction solids in 


slurry 

eo =185 (10"), ft./lb. mass 
(numerical integration) 

e, = 0.900, extrapolation from 1.1 
Ib./sq. in. 

€av = 0.826, numerical integration 


obtained with Equation (34) 
m = 2.79, Equation (5) 
m, = 4.36, Equation (5) 

substituted for €,, 


with 


Neglect medium resistance and calcu- 
late the possible variation in time 
necessary to produce a cake 2 in. in 
thickness. 


The mass of dry solids per square 
foot for a 2 in. cake is given by 
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w = — ew) L = 4.84 lb./sq. ft. 
(42) 
and the filtrate volume becomes 


l1—ms 
v = ——— w = 0.171 cu. ft./sq. ft. 


ps 
(43) 


Calculating the conventional time one 
gets 


g-p(1—ms) 2 1,100 sec. 
(44) 


To find the possible variation (6 — 6;)/0 
is calculated from (41) and found to 
be 0.712. Therefore the time based 
upon q; as the rate throughout the 
cake is 782 sec. Determination of a 
more accurate value depends upon 
solution of the partial differential equa- 
tion given in (26). 
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NOTATION 

fi = void ratio at cake surface, di- 
mensionless 

i Pe = average void ratio of cake, 
dimensionless 

Ze = conversion factor, poundal/ 


pound force, (Ib.mass) (ft.) / 
(lb.force) (sec.”) 


Lb = cake thickness, ft. 

m = ratio of mass of wet to mass 
of dry cake, dimensionless 

mM; = value of m in infinitesimal 
surface layer of cake 

Pp = applied filtration pressure, 
Ib. force/sq. ft.* 

ps = solid compressive pressure at 


distance x from surface of 
cake, also total compressive 
pressure, lb. force/sq. ft. 

ps = hydraulic pressure at distance 
x from surface of cake, lb. 
force/sq. ft. 


~r = pressure at interface of me- 
dium and cake, lb. force/sq. 
ft. 


® Previously the author (6, 7) used capital P 
for pressure in lb. force/sq. ft. and lower case p 
for pressure expressed as Ib. force/sq. in. A 
change was made in this paper because of the 
adoption of new standards for nomenclature by 
the American Institute of Chemical Engineers. See 
Mott Souders, Chem. Eng. Progr. 52, 255 (1956). 
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q = rate of flow of liquid in cake 
at distance x from surface, 


cu. ft./(sq. ft.) (sec.) 


qu = value of q at interface of 
medium and cake 

qi = value of q in infinitesimal 
surface layer of cake 

qo = rate of flow of liquid in 


slurry prior to entry of cake 
surface, cu. ft./ (sq. ft.) (sec.) 


re = medium resistance, 1/ft. 

s = fraction solids in slurry, di- 
mensionless 

v = volume of filtrate, cu. ft./sq. 
ft. 

Vo = volume of liquid entering 
cake from slurry, cu. ft./sq. 
ft. 

v; = volume of liquid leaving 
surface of cake, cu. ft./sq. 
ft. 

x = distance from surface of 
cake, ft. 

w = total mass of dry solids per 
unit area, lb. mass/sq. ft. 

Ww, = mass of solids per unit area 


in distance x from surface of 
cake, Ib. mass/sq. ft. 

X = pounds of solid per pound of 
slurry in cake, dimensionless 


Greek Letters 


a = average specific resistance, 
ft./lb. mass 
a, = value of specific resistance at 


distance x from cake surface 
where solid compressive pres- 
sure is p., lb. force/sq. ft. 


€ = porosity at distance x from 
surface 

Cue = average porosity of cake 

= time, sec. 

6, = time defined by Equation 
(39), sec. 

mM = viscosity, lb.mass/ (ft.) (sec.) 

p = density of liquid, Ib. mass/ 
cu. ft. 

Pac = average cake density, pew + 
p.(1 — €ae), Ib. mass/cu. ft. 

Px = true density of solids, lb. 
mass/cu. ft. 

= ratio of p, to p, dimensionless 
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A Study of Hydrates in the 
Methane-Propylene-Water System 


FREDERICK D. OTTO and DONALD B. ROBINSON 
University of Alberta, Edmonton, Alberta, Canada 


Experimental data are presented to show the points of incipient hydrate formation in the 
methane-propylene-water system. The addition of 1.4% propylene to methane lowered the 
equilibrium pressure 400 Ib./sq. in. at 50°F. The locus of the four-phase equilibrium consisting 
of hydrate, vapor, water-rich liquid, and hydrocarbon-rich liquid was determined. This was 
terminated by the appearance of a critical condition at 1,370 Ib./sq. in. abs. and 69.3°F., 
where the vapor phase contained 34.8% propylene on a dry basis. Below this pressure the hydrate, 
vapor, water-rich liquid equilibrium does not exist for solutions containing more than about 25% 
propylene. Solid-vapor equilibrium ratios were estimated for propylene hydrates. The significant 
features of the phase diagrams for the system are discussed in some detail. 


A number of gases, including the C, 
to C, paraffinic and olefinic hydrocar- 
bons, when under pressure and in the 
presence of water will form hydrates. 
These substances are solid crystals hav- 
ing the appearance of snow or ice. The 
crystals may contain more than one 
hydrocarbon species, and experimental 
evidence indicates that about seven 
molecules of water exist for each mole- 
cule of hydrocarbon. The temperatures 
at which hydrates form for any mix- 
ture depend on the pressure and may 
extend considerably above 32°F. Gen- 
erally hydrates may occur and conse- 
quently cause trouble in any equip- 
ment involved in the production, 
transmission, or processing of light 
hydrocarbons where water may be 
present at a favorable temperature and 
pressure. 

Prevention of hydrate formation is 
ordinarily accomplished by dehydra- 
tion. To determine when and to what 
extent the gas should be dehydrated it 
is necessary to know the conditions of 
temperature and pressure at which 
hydrate formation is possible for a 
given system. These conditions have 
been extensively studied for pure and 
mixed paraffin hydrocarbons and for 
soine pure olefins. The fact that ethy- 
lene and propylene are common com- 
ponents in industrial petrochemical 
plants has warranted a further investi- 
gation of hydrate forming conditions 
for these compounds and for mixtures 
of gases containing them. This investi- 


Frederick D. Otto is presently at the Uni- 
versity of Michigan. The data presented here 
forms part of his Master of Science thesis in 
Chemical University of 
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Engineering at the 


gation concerned a study of hydrate 
forming conditions in the methane- 
propylene-water system. 


PREVIOUS WORK 


Hydrates in the methane-water sys- 
tem have been studied extensively by 
many investigators. Villard (1)  ob- 
served hydrate formation in the hydrate 
—vapor—water-rich liquid region over 
a wide range in pressure and up to 
70.7°F. Deaton and Frost (2) and 
Roberts (3) investigated the system in 
the range 33° to 55°F. and made a 
study of the ice hydrate-vapor region. 
Kabayashi and Katz (4) observed 
hydrates in the hydrate-vapor-water- 
rich liquid region up to 11,200 Ib./sq. 
in. at 83.9°F. 

Reamer, Selleck, and Sage (5) have 
reported equilibrium measurements for 
the propylene-water system in the 
hydrate—vapor—water-rich liquid region, 
the hydrate—water-rich liquid—hydro- 
carbon-rich liquid region and the va- 
por—water-rich liquid—hydrocarbon-rich 
liquid region at pressures up to about 
300 Ib./sq. in. and temperatures to 
about 75°F. The highest temperature 
where hydrates were observed was 
35.2°F. 

The significant difference between 
these two systems is that the methane 
system is typical of those for which the 
vapor-liquid critical temperature of the 
hydrate forming hydrocarbon is below 
the hydrate forming temperature, and 
the propylene system is typical of those 
for which the critical temperature is 
above the hydrate forming temperature. 
In the former case the hydrocarbon 
liquid region is terminated before hy- 
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drates exist, but in the latter case hy- 
drates form in the presence of hydro- 
carbon-rich liquids. Consequently a 
quadruple point consisting of hydrate- 
vapor—water-rich liquid—hydrocarbon- 
rich liquid is possible in the propylene 
system but not in the methane system. 
These characteristics have a significant 
bearing on the hydrate forming condi- 
tions in systems containing both me- 
thane and propylene. The first object 
of this investigation was to establish 
the hydrate forming conditions in mix- 
tures of methane, propylene, and water 
and to determine the composition of 
the vapor phase at each condition. 

The work of Katz and co-workers 
(6, 7) has established the fact that 
hydrates formed in the presence of 
more than one hydrate forming com- 
pound are solid solutions, the composi- 
tion of which depends on _ over-all 
composition and temperature and pres- 
sure. This feature led to the establish- 
ment of vapor-solid equilibrium ratios 
somewhat analogous to vapor-liquid 
equilibrium ratios. Values of these 
vapor-solid equilibrium ratios are avail- 
able for the light normal paraffin hy- 
drocarbons (6), carbon dioxide (8), 
and hydrogen sulfide (9). The second 
object of this investigation was to 
establish vapor-solid equilibrium ratios 
for propylene in mixed hydrates. In 
calculating these ratios it was assumed 
that they were primarily a function of 
temperature and pressure. It is recog- 
nized that this assumption is open to 
question. 


APPARATUS AND EXPERIMENTAL 
PROCEDURES 


The experimental consisted 
of a variable volume, glass-windowed cell 
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having a capacity of about 120 cc. and O-rings. The steel trunnions were made _ of the cell, and this was followed by ad- 
capable of withstanding pressures up to from 1-in. steel rod coned at one end and_ mitting the desired quantities of hydro- 
2,000 Ib./sq. in. Mercury was used as the drilled through axially to intersect a side carbon gases. The contents of the cell were 
confining fluid. The cell was mounted on outlet within the annular space between then agitated to insure that mixing was 
trunnions so that it could be rotated about the cell and the lucite shell. The coned complete and that vapor-liquid equilibrium 
an axis to establish equilibrium within the end was inserted into a seat in the side of existed at the pressure required for the 
contents. Pressures were indicated by cali- the cell to act as a support and to permit hydrate formation. The cell contents were 
brated Heise Bourdon Tube gauges hav- rotation. The side outlet from the steel rod then cooled some 5° to 15°F. below the 
ing 0 to 1,500 and 0 to 5,000 Ib./sq. in. was connected to a rigid lucite tube ex- temperature at which hydrate formation 
ranges. Temperatures were measured by tending to the top of the chamber at one was anticipated. Vigorous agitation of the 
a thermocouple inserted through the cell side and to the bottom of the chamber on cell then caused hydrates to form. 
wall into the cell contents. This was found the other. The cooling fluid was circulated The desired iceahe equilibrium point is 
to be very important. It had been intended _ in one axis through the lucite tube at one _ the pressure and corresponding temperature 
to use the temperature of the auxiliary end and out again from the other end where hydrate just begins to form when a 
circulating cooling bath as the temperature through the axis back to the pump. The — gas of known composition is in the pres- 
| of the cell contents, but this technique had _ steel axes were held firmly and took the — ence of liquid water. In a two-component 
ON to be rejected when it was found that load of the entire assembly. The liquid system in three phases hydrates exist at 
sails consistent results could not be obtained. A seal between the lucite shell and the only one temperature for a given pressure. 
significant temperature lag existed between steel axes was made by O-rings. This ar- However in a three-component system in 
the outside and inside of the cell, and rangement was easily maintained and three phases, two degrees of freedom 
raising or lowering the bath temperature provided good control and visibility. exist and the hydrate will melt over a 
as slowly as 1°F. in 5 min. resulted in a Mass spectroscope analyses indicated the range of temperatures. Thus the exact 
lag of 2°F. methane used in the tests to be 99.8 mole _ location of the desired point is somewhat 
The method of supporting and mount- % pure and the propylene to be 99.7 mole difficult to determine for the three-com- 
ing the cell within a temperature bath % pure. ponent system. 
that permitted visual observation proved In order to clearly establish the point of A technique which was found satis- 
very satisfactory and is perhaps worthy of incipient hydrate formation a careful se- factory is as follows. The hydrate formed 
description. The cell was enclosed within quence of operation had to be followed. in the subcooled cell was brought to a point 
a lucite tube closed at each end with The cell was evacuated to remove residual where it just began to melt by raising the 
hy- lucite plates. Seals for outlets and inlets gases and then filled with mercury. About temperature. Further very slow increases 
i and for the end closure were made with 4 cc. of water were admitted at the top in temperature caused all but a few crys- 
tals of hydrate to melt. The temperature 
ex was then reduced a few tenths of a de- 
ate— gree, and a few small crystals began to 
bon- 5,000 form on the inside face of the cell window. 
lene OH-V-L;-L2 EQUILIBRIUM The temperature was slowly increased 
tem. 4,000 @H-V-L; EQUILIBRIUM THIS WORK again, and the pressure and temperature 
cant were observed and recorded for the point 
ii. QPEATON & FROST (2) where these new crystals melted. This 
sine OREAMER , SELLICK & SAGE (5) melting point was very sharp and was re- 
3 producible. The procedure can be recom- 
ject mended for both binary and ternary sys- 
2,000 tems. 
= Samples of the vapor phase were taken 
rater and analyzed for each equilibrium point 
1 of determined. The sample was removed from 
the cell by adding mercury isobarically as 
kers gas was removed and collected at reduced 
that 000 pressure in evacuated glass bulbs. By tak- 
ol ing the first point at a relatively high pres- 
al 800 sure a total of about five points could be 
r-all 600 
quid 
vail- -| | 
hy- | = 
(8), 200 < = 
‘ond 
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In | | 
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n of as | 
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TEMPERATURE °F 60 70 100 
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isted Fig. 1. Hydrate forming conditions in systems containing methane, 
cell propylene, and water. Fig. 2. Influence of composition on hydrate forming conditions. 
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Fig. 3. Vapor-solid equilibrium ratios for propylene in hydrates. 


obtained at successively reduced pressures 
for each original system. 


HYDRATE CONDITIONS AND 
EQUILIBRIUM RATIOS 


Several preliminary tests to deter- 
mine the hydrate forming conditions 
for methane and water both in the 
hydrate—vapor—water-rich liquid and 
ice-hydrate-vapor regions were made 
in order to verify the experimental 
technique. The results agreed exceed- 
ingly well with those of Roberts (3), 
Kobayashi and Katz (4), and Villard 
(1). 

The hydrate—vapor—water-rich liquid 
equilibrium for the propylene-water 
system exists Over a very narrow tem- 
perature range from 32° to 34.5°F. 
Several unsuccessful attempts were 
made to produce hydrate in this region, 
but cooling to 32°F. and agitating for 
several hours failed to produce a hy- 
drate. Several pressures and tempera- 
tures were determined for the hydrate- 
water-rich liquid—hydrocarbon-rich liq- 
uid equilibrium. The curve defined by 
these points agreed closely with the 
one obtained by Reamer, Selleck, and 
Sage (5). 

The conditions of pressure and tem- 
perature at which mixtures of methane 
and propylene will just begin to form 
hydrates are plotted in Figure 1.* The 
Tabular material has been devosited as 
document 6425 with the American Documenta- 
tion Institute, Photoduplication Service, Library of 
Congress, Washington 25, D. C., and may be 


obtained for $1.25 for photoprints or for 35-mm. 
microfilm. 
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results obtained for the pure compo- 
nents are also included in this figure. 
The effect of concentration is obtained 
by cross plotting the original data along 
isotherms as shown in Figure 2. For 
gaseous mixtures containing less than 
about 25 mole % propylene continu- 
ous hydrate-vapor—water-rich liquid 
curves exist and extend to pressures 
above 2,000 Ib./sq. in. abs. Four curves 
have been drawn to indicate the  ini- 
tial hydrate forming conditions for 


ISO°F >) 566°F H20 


CaHe 
FIG. 5(a) FIG. 


56.6°F )T> 35.2°F 35,.2°F )T)34.8°F 


FIG.5(c) FIG.5(4) 


Fig. 5. Typical constant temperature sections 
at 450 Ib./sq. in. abs. 
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Fig. 4. Schematic phase diagram of the methane-propylene- 
water system at 450 Ib./sq. in. abs. 


methane-propylene mixtures between 
about 0.5 and 23.9 mole % propylene 
(water-free basis). The addition of 
very small amounts of propylene has a 
large effect on the hydrate—vapor—water- 
rich liquid equilibrium, for example the 
addition of 1.4% propylene to methane 
lowers the equilibrium pressure 400 
Ib. at 50°F. 

For mixtures containing more than 
about 25% propylene, the hydrate- 
vapor—water-rich liquid equilibria are 
terminated by the appearance of a new 
phase, the hydrocarbon-rich liquid. 
The addition of methane to the propy- 
lene-water system gives the mixture an 
additional degree of freedom such that 
the conditions for four-phase equilib- 
rium hydrate—vapor—water-rich liquid— 
hydrocarbon-rich liquid define a line 
rather than a point. Experimental data 
were taken in order to define this quad- 
ruple locus. 

Final and initial melting points were 
found to fall on the same curve, and 
the composition of the vapor was de- 
termined at each final melting point. As 
one progresses to higher pressures 
along the locus, the amount of hydro- 
carbon-rich liquid increases and_ the 
vapor becomes richer in methane. Just 
above 1,000 Ib./sq. in. abs. the con- 
centration of the methane reaches a 
maximum which was found to be 
74.3%. At higher pressures the con- 
centration of methane decreases in the 
vapor, and the amount of hydrocarbon- 
rich liquid decreases accordingly. The 
highest pressure where four phases 
would exist in equilibrium was found 
to be 1,370 lb./sq, in. abs. at 69.3°F., 
when the system was approximately 
34.8 mole % propylene. At this point 
critical phenomena were encountered 
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and the hydrocarbon-rich liquid and 
vapor formed one phase, thus termi- 
nating the four phase equilibrium. At 
a pressure of 1,382 Ib./sq. in. abs., 
that is above the region where a hydro- 
carbon-rich liquid existed, the system 
was colorless, but as the pressure or 
temperature were lowered the color 
changed to yellow and then brownish 
red. The color reached a maximum in- 
tensity at 49.3°F., when the pressure 
was 1,382 Ib./sq. in. abs. This is prob- 
ably close to the critical point for a 
34.8% propylene 65.2% methane sys- 
tem. 

Initial hydration points in the 
hydrate—vapor = hydrocarbon-rich liq- 
uid—water-rich liquid region were de- 
termined for mixtures containing 34.8, 
36.2, and 47.0 mole % propylene at 
pressures above 1,370 lb./sq. in. abs. 
These three points lay on a smooth 
extrapolation of the quadruple locus. 

From the experimental data for the 
methane-propylene-water system it was 
possible to calculate vapor-solid equi- 
librium ratios for the ethylene. This 
was done by use of the equation 


Yo/ Key + Yes-/ Kes- 1 


applicable at the point of incipient 
hydrate formation. The values for Ke; 
were obtained from published curves 
at the appropriate temperature and 
pressure, and then the values of Kes- 
were calculated at the same conditions. 
The calculated equilibrium ratios are 
presented at representative pressures as 
a function of temperature in F igure 3. 
The equilibrium ratios increase sharply 
at constant pressure as temperature in- 
creases. The isobars are terminated 
where four-phase equilibrium exists at 
each pressure. These curves are gen- 
erally similar to equilibrium ratio 
curves for propane (6). 


PHASE DIAGRAMS 


It is common to represent the varia- 
tion in concentration of three-compo- 
nent systems by means of isobaric, iso- 
thermal, triangular diagrams. Sufficient 
phase-composition data were not ob- 
tained to construct quantitative dia- 
grams of this type; however a qualita- 
tive representation based on the infor- 
mation that is available is a distinct 
aid to an understanding of the phase 
relations peculiar to the system. An 
examination of these diagrams at se- 
lected temperatures for a fixed pressure 
illustrates the features which result in 
four-phase equilibrium and also those 
which result in its termination. 

Figure 4 illustrates schematically the 
boundaries of the space diagram for 
the methane-propylene-water system at 
450 Ib./sq. in. abs. A quadruple point 
exists at 450 Ib./sq. in. abs. and 56.6°F. 
Known temperatures for the  three- 
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phase and two-phase equilibria are in- 
dicated on the diagrams. 

The quadruple point is an equilib- 
rium between hydrate—vapor—water- 
rich liquid and hydrocarbon-rich liquid 
and must have associated with it the 
four three-phase equilibria vapor—water- 
liquid—hydrocarbon-rich liquid, 
hydrate—vapor—water-rich liquid, and 
hydrate—water-rich liquid—hydrocarbon- 
rich liquid. Since the three-phase equi- 
librium vapor—water-rich liquid—hydro- 
carbon-rich liquid is the only one oc- 
curring at a temperature above the 
quadruple point, the four-phase equi- 
librium will result in the appearance of 
one triangular region above and three 
triangular regions below the quadruple 
temperature. This is illustrated in the 
schematic constant-temperature sec- 
tions in Figure 5. 

Figure 5a is typical of sections at 
450 lb./sq. in. abs. above 56.6°F. but 
below about 150°F. The vapor—water- 
rich liquid—hydrocarbon-rich liquid 
equilibrium is represented by a triangle 
having the phase compositions at its 
vertices. Associated with this three- 
phase region there must be three two- 
phase and three one-phase regions. The 
addition of a component to the vapor- 
water-rich liquid, vapor—hydrocarbon- 
rich liquid, or water-rich liquid—hydro- 
carbon-rich liquid equilibrium at the 
binary boundaries results in the gen- 
eration of a two-phase, three-compo- 
nent locus which is terminated in each 
case by the appearance of a third phase. 
Thus the vapor—hydrocarbon-rich liq- 
uid line emanating from the methane- 
propylene boundary is terminated by 
intersection with the vapor—water-rich- 
liquid line and the appearance of the 
water-rich liquid phase. Two-phase 
regions are indicated by the schematic 
tie lines, whereas single-phase and 
three-phase regions are labelled. 

Figure 5b shows a section at the 
quadruple temperature where the same 
features as at higher temperatures are 
still apparent but where the fourth 
phase or hydrate has just appeared. At 
slightly lower temperatures, as shown 
in Figure 5c, the hydrate phase exists 
over a range of compositions and hence 
occupies an area in the diagram. Simi- 
larly the three three-phase equilibria 
are each represented by an area. The 
hydrate—water-rich liquid—hydrocar- 
bon-rich liquid equilibrium disappears 
at 35.2°F., and the hydrate—vapor— 
water-rich liquid equilibrium disappears 
at 34.8°F. Between these temperatures 
the cross section will appear as in Fig- 
ure 5d, illustrating the hydrate—vapor— 
water-rich liquid and hydrate—vapor- 
hydrocarbon-rich liquid equilibria but 
noting that the hydrate—water-rich liq- 
uid—hydrocarbon-rich liquid equilibrium 
has been replaced by a hydrate region 
and the separate hydrate—water-rich 
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liquid and _hydrate—hydrocarbon-rich 
liquid equilibria. 


CONCLUSIONS 


1. The conditions of pressure and 
temperature at which hydrates just 
begin to form in the methane-propyl- 
ene-water system have been defined up 
to 2,000 lb./sq. in. abs. for several 
mixtures ranging in composition from 
0.5 to 23.9% propylene on a dry basis. 

2. A four-phase locus is present in 
systems containing more than about 
25% propylene but it is terminated at 
1,370 lb./sq. in. abs. and 69.3°F. in a 
system containing approximately 34.8% 
propylene because the vapor and hy- 
drocarbon rich liquid become identical. 

3. Vapor-solid equilibrium ratios for 
propylene in hydrates have been ob- 
tained over the range of pressure and 
temperature studied. It should be em- 
phasized that the calculated values are 
based on the assumption that the equi- 
librium ratios for methane are the same 
in olefinic hydrates as they are in para- 
ffinic hydrates. 
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NOTATION 
H = hydrate 
Ke, = ratio of the mole fraction 


methane in the vapor phase 
to the mole fraction methane 
in the hydrate phase, both 
evaluated on a dry basis 


Kes = ratio as above for propylene 
= waiter-rich liquid 

L = hydrocarbon-rich liquid 

V = vapor 

S = ice 
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Heat and Mass Transfer Transients in 


Cylinder Drying: 


Part I. 


Unfelted Cylinders 


A. H. NISSAN and DAVID HANSEN 


Rensselaer Polytechnic Institute, Troy, New York 


An investigation has been made of transient heat transfer and water removal on an unfelted 
cylinder dryer. This investigation has included the development of a theory for describing con- 
duction of heat in the drying material and an experimental testing of the adequacy of the theory. 

The theory describes the heat transfer and evaporation of water in terms of a second-order 
partial-differential equation and appropriate boundary conditions. Numerical solutions obtained 


on a digital computer are presented. 


The experimental work, performed on a specially constructed laboratory dryer, included 
measurements of temperatures at internal points in a drying sheet and also measurements of 


water removed during drying. 


Good agreement was found between theory and experiment, and the usefulness of the theory 
is demonstrated in the analysis of water removal in some drying experiments. 

Although the work was primarily concerned with a description of the paper drying process, 
the methods should apply equally well to the drying of other materials on heated cylinders. 


THEORY 


Heated cylinders have been utilized 
for drying of sheet materials and slur- 
ries for at least a century. The paper 
and textile industries have made the 
largest use of this method of drying, 
owing primarily to the convenience of 
handling these materials on rotating 
cylinders. The location of drying cylin- 
ders on a paper making machine is 
schematically indicated in Figure 1. 

Although cylinder, or drum, drying 
is an old process for which the indus- 
tries have a great deal of know how 
gained from experience, there has not 
yet been a detailed description of the 
heat transfer controlling the process. 
Such a description is of more than 
academic interest in analyzing the fac- 
tors which govern the drying rate and 
also in calculating the temperatures 
attained by a material in various stages 
of the drying process. The interest in 
obtaining a more detailed understand- 
ing of this drying process has been 
demonstrated by reports of a number 
of researchers on this topic in recent 
years. 

Attwood and Smith (1) simulated 
the process of drying on many cylinders 
in series and so were able to make an 
experimental study of the effects of 
varying different machine conditions. 
Dreshfield and Han (2, 3), employing 
a beta-ray transmission technique to- 
gether with dye migration, studied the 
movement and distribution of moisture 
in a wet sheet contacted with a hot 
surface. Han and Ulmanen (4) ex- 
tended this work, obtaining both mois- 
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ture and temperature measurements. 
On the basis of these measurements 
they were able to evaluate an apparent 
thermal conductivity for the wet sheet 
and to relate the conductivity to the 
moisture content and/or apparent den- 
sity of the sheet. 

Brauns and Janson (5) and Janson 
and Nordgren (6) have reported ex- 
tensive experimental studies of heat 
transfer on a Yankee dryer. These 
studies included measurements of tem- 
peratures through the thickness of the 
dryer shell, in the sheet, and in the 
dryer felt. On the basis of these meas- 
urements some estimates were made of 
various heat transfer coefficients and 
evaporation rates. 

While these studies have contributed 
much to the understanding of cylinder 
drying, it remains difficult to interpret 
their significance without a quantitative 
theory. The first part of this paper pre- 
sents a theory describing the heat 
transfer, of which the evaporation is 
a part. The basis of this approach has 
been published earlier and demon- 
strated in the calculation of drying 
rates on industrial machines (7, 8). 
This presentation includes fewer as- 
sumptions, and more precise and de- 
tailed solutions are obtained. 


PREPARED 
PULP 


FOURDRINIER = 


Development of Cylinder-Drying Equations 

When a wet material is put in con- 
tact with the hot surface of a drying 
cylinder it will absorb heat from the 
cylinder, and evaporation will be in- 
duced at any exposed surface. The 
description of temperature rise in the 
material is a transient heat transfer 
problem. However when the process 
has been in operation for some time, 
and conditions maintained constant, a 
steady state will exist at any point. 
When one applies either the Eulerian 
approach to a stationary point in the 
traverse of the sheet, or the Lagrangian 
approach to a point moving with the 
sheet, the usual heat balance methods 
will yield the following equations: 

ax” oy” 

(1) 

0z 

The last term is due to the motion of 
the sheet, which has been taken in the 
z direction. This is the general partial 
differential equation describing heat 
transfer in cylinder drying. It involves 
only the assumptions that steady state 
has been achieved for the over-all 
process and that the controlling mech- 
anism for transfer of heat through the 
shect is conduction. 

2y neglecting edge effects and as- 
suining the conductivity to be equal in 
all directions one can reduce the equa- 
tion to 
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Fig. 1. Schematic sketch of paper making machine. 
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When one realizes that position z is 
directly related to time through the 
velocity 

dz 
dé 
it is possible to eliminate z in terms of 
@ by making the substitutions 


at 1 at 
and 
at 1 
z 


The result of these substitutions into 
Equation (2) is 

ot 1 ot 1 ot 

Ox" oF a 06 
A study of this equation in a little more 
detail indicates a valuable simplifica- 
tion which may be applied. Consider 


the problem defined by Equation (3) 
and these boundary conditions: 


t = t, (a constant) for 9 = 0 


t= t, (a constant) for x = 0 


ot 

—= 0 forx = X 

ox 

The complete solution to this prob- 
lem as obtained by the Fourier series 
technique is 


4(t.—t.) 1 


t= tf, 
2n+1)ax 
sin exp V:/2a( 1 


XV? 


If is much smaller 
than 1, then the terms under the radi- 
cal can be set equivalent to 


(2n+1)* ) 
( 


and the solution reduced to 


4(t.—t) 1 
_, 


8 


n=0 2n+1 
(2n+1)a ( an (2n+1)? ) 
sin 
2X 4X? 


This reduced solution is exactly what 
would result from employing the sim- 
pler differential equation 


in place of Equation (3). 


The boundary conditions employed 
in this problem are considerably sim- 
pler but not radically different from 
those which arise from the drying prob- 
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lem. The requirement for obtaining the 
simplified solution 
(2n+1)? 
Xy? 
can be shown to be valid for conditions 
obtaining on a cylinder dryer (7). This 
analysis then permits the simplification 
of describing the drying problem with 
the reduced equation 


<<l 


It will be noted that this step has 
also served to eliminate the machine 
speed, V, as a parameter in the equa- 
tion. 


Boundary Conditions 

The mathematical boundary condi- 
tions to be observed in solving Equa- 
tion (4) are determined by the physical 
conditions existing on the machine. 
These conditions may vary from place 
to place on a machine composed of 
many cylinders, and even on a given 
cylinder there may be major differences, 
particularly if a dryer felt is present. 
For this reason it is convenient to con- 
sider a dryer in sections or phases as 
depicted in Figure 2. It is seen from 
Figure 2 that the phases are defined 
by location, on a cylinder (I, II and 
IIL) or off (IV) a cylinder, and by the 
presence (II) or absence (1 and III) 
of a dryer felt covering. This division 
is convenient in that the problem may 
be generalized for each phase. Then, 
when solutions are obtained, they may 
be applied to successive phases to de- 
scribe events on a dryer containing any 
number or sequence of phases and 
cylinders. 

When one considers the start of a 
phase as time zero, the initial condition 
to be observed is given by the tempera- 
ture distribution through the thickness 
of the sheet at time zero: 


(5) 


t = f(x) 


FELT 


PHASE IW 
SHEET 


Fig. 2. Phases on a cylinder dryer. 
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The two additional restrictions required 
to complete the formulation of the heat 
transfer are determined by the heat 
fluxes at the surfaces: 


= Q.-x (7) 


The three conditions (5), (6), and 
(7) together with Equation (4) com- 
plete the general description of heat 
transfer in a material on a hot drying 
cylinder. Before a solution can be at- 
tempted it is necessary to describe the 
fluxes in terms of the surface tempera- 
tures. 

Heat may enter or leave a boundary 
surface by convection, radiation, or 
evaporation. In drying, radiation is 
negligible compared with convection 
and evaporation; hence Q = q conv. + 
q evap. 

Considering phases I, II, and III one 
can write for the surface adjacent to 
the cylinder (where no moisture can 
be removed by evaporation) 


At the exposed surface there may be 
evaporation, and hence in phases I and 


Ill 
dw 
Q.-x H,(ts-x t.) 
dg 
In phase II 


In phase IV there may be evaporation - 
at both faces, and 


Ox H, (ta a (=) 
dé r-0 
Q.-x = H,(te-x t.) + (=) 
d9 


It is further required to relate the 
evaporation rates to surface tempera- 
tures. This may be done in the usual 
manner with a mass transfer coefficient 
and the vapor pressures: 


The number of separate parameters 
appearing in the problem can be re- 
duced by substituting the dimension- 
less quantities given below and by re- 
lating heat and mass transfer coefficients 
through the j-factor analogy of Chilton 
and Colburn (9). 


Defining the dimensionless quantities 
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TABLE 1. SUMMARY OF CYLINDER DryING PROBLEM 


differential equation 


= Ot 
or Ot 
initial conditions: 
t=0 


boundary conditions: 


Phase I and III 


Phase II 


er we 


ot 
= — Ri(ta— + 4.65Re( yo — ya) to 


Phase IV 


ad 


R. = 


H,X 
k 
H.X 
k 
and relating the heat and mass transfer 
coefficients by the j factor, one may re- 
write the equations as summarized in 
Table 1. 

The constant, 4.65t,, in the bound- 
ary-conditions equation (Table 1) 
comes from the evaluation of proper- 
ties of the air stream, which appear in 
the j factor relations. 

Before an analytical solution to this 
problem is attempted, it would be 
necessary to express the mole fractions 
y, and y, as definite functions of the 
temperatures. This could probably be 
done quite satisfactorily in terms of 
logarithm of vapor pressure and inverse 
temperature. However the resulting 
complex boundary conditions define a 
problem which is not readily, if at all, 
solvable by the usual analytical tech- 
niques. Hence it was decided to obtain 
solutions by a numerical method, for 
which it is more convenient not to sub- 
stitute for the mole fractions. 


Numerical Solutions 

Numerical solutions to the cylinder 
drying problem were obtained by the 
method of finite difference approxima- 
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ot 
ral 


R2(tr-1 — t;) — 4.65Re(y: yr) toy 


ot 
=) Ro(tr=1 ta) 4.65R2(y: Ya) ty 


tions. This method has been described 
in many mathematics texts, including 
Mickley, Sherwood, and Reed’s on 
chemical engineering mathematics (10). 

The final equations, solved for the 
desired temperatures, are summarized 
in Table 2. Actually the boundary con- 
ditions equations are not explicit in that 
the mole fractions are functions of tem- 
perature. In the numerical work how- 
ever the problem of solving for the 
temperature in an implicit equation 
was avoided by taking the value of y; 
or y) at the preceding time (7 — Ar) 
rather than at time 7. While not rigor- 
ously correct, this procedure was justi- 
fied on the basis that small increments 
were used in the calculations, within 
which y did not change greatly. In 
fact within the desired precision this 
method of calculation introduced no 
error. 


The equations as written in Table 2 
may be used with any absolute tem- 
perature scale. To use Fahrenheit or 
Centigrade temperatures it is only 
necessary to replace t, with (t, + 460) 
or (t, + 278). 

In the development of these equa- 
tions evaporation has been treated as 
occurring from a plane water surface 
(constant rate period). Adjustments 
must therefore be made in the evapora- 
tion heat transfer term when the sheet 
becomes dryer (falling rate period). 
It is noted that the wet-bulb tempera- 
ture is the natural lower limit on tem- 
peratures calculated from the equations 
for phase IV. 

The quantity Wr in Table 2 is a 
dimensionless group which evaluates 
the evaporation occurring within a 
phase. It is by definition 


ahwWw 


Wy = 


Hence the equation for Wr provides a 
means of calculating evaporation si- 
multaneously with the temperature cal- 
culations. 

To complete the solutions it remains 
to show that this set of finite difference 
equations is stable and that they will 
converge to the exact solution when 
the increments are taken sufficiently 
small. The convergence of a finite dif- 
ference solution is guaranteed, in gen- 
eral, if the exact boundary value prob- 
lem possesses a unique solution. In this 
case a physical situation has been 
described for which a unique solution 
must exist. 

Fulfillment of the stability criterion 
is a necessary part of the numerical 
evaluation. In this case the solution 
was found to be stable provided that 
the modulus [(Ar)’/Av — 2] was not 
less than zero. 


Application of Numerical Solutions 


In the equations of Table 2 there are 
five independent parameters; R,, t., 
t., and y.. In phase II the felt surface 
temperature is also a parameter. Values 
must be specified for each of these in 
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Fig. 3. Example of numerical solution for phase 1. 
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making calculations, but these values 
need not remain constant even within a 
single phase of the drying cycle. Once 
values for the parameters have been 
chosen, the calculation of sheet tem- 
peratures from the equations is straight- 
forward. However the time increments 
used must be very small in order to ob- 
tain stable and accurate results. In the 
calculations made for this study the 
sheet was divided into 10 slices (Ar = 
0.1), and Ar = 0.0025. For a wet sheet 
0.010 in. thick this would be equiva- 
lent to a time increment of about 0.002 
sec. As a consequence the number of 
separate calculations required to de- 
scribe the temperature distribution, 
and to evaluate the evaporation, were 
too numerous to be done by hand or 
even with a desk machine, and the use 
of a high-speed computer was dictated. 

To demonstrate the nature of the 
solutions, and in conjunction with the 
experimental study, the equations for 
phase I and phase IV were programmed 
on an IBM 650 digital computer. For 
this program increments were chosen 
for Ar = 0.1, and Ar =0.0025, giving 
a modulus [(Ar)*/Ar — 2] of 2. The 
program, for calculations on the IBM 
650, was written with optimized in- 
struction location. Machine time re- 
quired for calculation of temperatures 
for a range of 7 from 0 > 1 was 5 min. 

An example of the results obtained 
with one set of parameter values (all 
constant) is given in Figure 3. Addi- 
tional examples and details of the solu- 
tion and computer program are given 
in a thesis by Hansen (11). 

With a complete program for cal- 
culation of all four phases, one could 
treat an entire dryer composed of any 
number of cylinders and phases. The 
primary difficulty would be assigning 
values to the different parameters, par- 
ticularly the heat transfer coefficient 
between cylinder and sheet, and, in 
phase II, the felt temperature. 


EXPERIMENTAL CONFIRMATION ON 
AN UNFELTED CYLINDER 


Description of Experimental Apparatus 


The experimental study was performed 
on a single cylinder laboratory dryer con- 
structed specifically for this purpose. For 
full details see reference 11. 

The drying cylinder was machined from 
a section of 12-in. mild we a pipe and 
measured 12.75 in. O.D. and 14 in. in 
width. The shell thickness was ¥g inch. It 
was driven by a %4-hp. motor through a 
gear reducer and step pulley. By changing 
pulleys, cylinder speeds from 5 to 75 rev./ 
min. were obtained. A blower and duct 
over the cylinder allowed independent con- 
trol of relative air speed during drying. 

The samples material passed back and 
forth between reels on both sides of the 
cylinder. (The cylinder could be driven in 
either direction. ) Weights attached to these 
reels controlled tension on the sample. 
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Fig. 4. Comparison of measured and calculated 
temperatures. 


Heating was accomplished by boiling 
water, or ethylene glycol solution, inside 
the cylinder with an immersion heating 
coil. Vapors passed to an external con- 
denser, and the condensate returned to 
the cylinder. 

The temperature of the cylinder shell 
was measured with iron-constantan ther- 
mocouples embedded in the shell at the 
external surface. These thermocouples 
were connected to the recording instru- 
ments through slip rings on the cylinder 
shaft. A multipoint potentiometric recorder 
monitored the cylinder temperature and 
air temperature. 

Drying samples were prepared from 
lengths of muslin cloth which were stitched 


two, or three, together to form a composite 
sandwich. Thermocouples (copper con- 
stantan) for measuring sheet temperatures 
were placed between these layers. The 
thermocouples were prepared from 0.001- 
in. wire to assure accurate measurement of 
transient temperature rise. (Experiments 
with thermocouples prepared from 0.010- 
in. and 0.005-in. wire evidenced low 
temperature readings due to the compara- 
tively large mass of the thermocouples. 
Sheet thickness in these experiments was 
about 0.036 in.) 


Description of Experiments 


Measurements of transient temperature 
rise in the sheet were made by passing the 
wetted samples over the cylinder between 
a feed reel and a take-up reel while record- 
ing the signal from thermocouples in the 
sheet on a recording galvanometer. By 
passing the sample hom and forth nu- 
merous times a series of recordings at 
decreasing moisture contents was obtained. 
With both channels of the galvanometer 
used, two recordings were obtained per 
pass. 

A measure of moisture removed was ob- 
tained by weighing the sample at the 
end of each pass. 


Results—Conclusions 

Transient temperature measurements 
were not consistently reproducible 
from one run to another under the 
same conditions, nor even between two 


TABLE 2. SUMMARY OF NUMERICAL SOLUTION 


EQUATIONS FOR CYLINDER DryING PROBLEM 


t = fin t= 0 


T + 


tir+ ar, +bor-ar, 7+ AT 


(Ar)? 


tr, 


Phases I and III 


(Ar)*/At 


Ruts + (1/ Ar) tcar, 7) 


to, n= 


Ri +1/ Ar 


Reta + (1/ Ar) — 4-65Re( yr — ya) to 


ta, 


Re + 1/ Ar 


Wt = 2 4.65R: (y: — ya) At 
Ar 


Phase II 


Rit; + (1/ Ar) tar, 


to, 


Ri+1/Ar 


Ret; + (1/ Ar, )ta - ar, — 4.65Re(y: — 


tan = 


+ 1/ Ar 


Wr= 4.65Re (y: — y;) At 


Ar 


Phase IV 


Rita (1/ Ar) tvar, — 4.65R:( yo — Ya) 
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Ri + 1/ Ar 


Rota (1/Ar )ta-ar, 4.65R2(y: Ya) 


ta, 


Re + 1/ Ar 


Wr = 4.65 [Ri( yo — ya) + — ya) JAt 
Ar 
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recordings made during the same run. 
Differences in corresponding tempera- 
ture recordings were mostly of the 
order of a few degrees, but in some sets 
the differences were as large as 15°F. 
In view of these variations it became 
desirable to define mean behavior. This 
was done by running replicate experi- 
ments and averaging the results. Aver- 
age temperature data obtained in this 
way were statistically analyzed for dif- 
ferences between locations in the sam- 
ple sheet and thermocouples used. No 
evidence of such differences was found. 
It was concluded that these differences 
were not due to any sample inhomo- 
geneity but were more probably due to 
nonuniform wetting of (contact with) 
the cylinder surface and to unequal 
distribution of sheet tension. 

F igure 4isa graph comparing some 
experimentally measured (average) 
temperatures and some temperatures 
calculated from the theory given pre- 
viously. In making this comparison it 
was possible to measure or calculate 
directly the value of all parameters in 
the theoretical calculation, except for 
R, in phase I which depends on the 
unknown heat transfer coefficient be- 
tween cylinder surface and sheet. R, 
was then chosen to give the best fit or 
agreement of theory and experiment. 
Note however that while this one 
parameter was arbitrary, once a value 
was chosen to fit one curve at one loca- 
tion it applied to the calculation of 
another temperature curve obtained at 
another depth of the sheet. The aver- 
age measured temperature on this and 
the succeeding figure was reproducible 

Figure 5 is a graph similar to Figure 
4 but for a somewhat dryer sheet. The 
excellent agreement of theory and ex- 
periment seen in these two graphs was 
consistently obtained in the experimen- 
tal work on sheets of different moisture 
content and different thicknesses. In 
all, eight sets similar to Figures 4 and 5 
were determined and observed. The 
results of measurements of removal of 
water on the dryer are given, graphi- 
cally, in Figure 6. Four curves are 
given, representing the quantity of 
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water removed by each of three mech- 
anisms, and the total moisture re- 
moved. One line, marked W,, is the 
quantity of water evaporated in phase 
I, while the sheet is on the cylinder. 
This quantity was calculated as part of 
the numerical solution for the tempera- 
tures. A second curve represents water 
removed by a partition between sheet 
and cylinder. This curve was deter- 
mined by weight-loss measurements on 
a sample run over a cold cylinder. A 
third curve, Wy,,, represents water 
evaporated in phase IV or between the 
cylinder and take-up reel on the ex- 
perimental machine. This quantity was 
also calculated as part of the numerical 
solution for temperature. The upper- 
most curve represents total water re- 
moved, as measured during the experi- 
ments for transient temperature record- 
ing. Note that all four quantities plotted 
in Figure 6 were independently deter- 
mined, either measured or calculated. 
It is seen that the three lower curves 
add up to 80 to 85% of the measured 
total. The difference may be attributed 
to two sources: 1. Partition was meas- 
ured on a cold cylinder. It is suspected 
that partition may have been greater 
on the hot cylinder during experiments. 
2. Losses were incurred while handling 
samples during experiments. Despite 
this difference the general consistency 
of the moisture-removal results sup- 
ports the validity of the theory for 
temperature calculation, since these 
calculations were involved in the final 
moisture-loss calculations. 

Two items of particular interest seen 
from Figure 6 are that the quantity of 
water removed by partition was of the 
same order as that evaporated in phase 
I and that most of the water removed 
(40 to 50%) was evaporated in phase 
IV. The length of phase IV, on the ex- 
perimental machine, was about 1% 
times the length of phase I (2.5 sec. 
and 1.7 sec. respectively). 

This work is now being continued 
with experimental studies of heat trans- 
fer on a felted cylinder. It is also plan- 
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Fig. 6. Analysis of water removal. 


ned to do a more detailed study of the 
partition of water between sheet and 
cylinder. When this is done, the valid- 
ity and usefulness of the theory for 
analysis of cylinder dryer operations of 
all kinds will have been demonstrated. 


CONCLUSIONS 


The ability of the theory to describe 
quantitatively and accurately the heat 
transfer and evaporation of water in 
phases I, III, and IV has been demon- 
strated. (Although by definition there 
was no phase III on the dryer as oper- 
ated in these experiments, there is no 
real difference in the character of phases 
I and III.) The possible usefulness of 
the theory has been demonstrated in 
the analysis of water removal by differ- 
ent mechanisms. 


NOTATION 


Units may be chosen in any 

consistent system. 
c = specific heat 
fe = initial temperature distribu- 

tion across thickness of sheet 

fio = initial temperature distribu- 
tion across thickness (in di- 
mensionless length units) of 
sheet 
heat transfer coefficient be- 
tween cylinder and sheet 
heat transfer coefficient be- 
tween outer sheet surface and 
air 
mass transfer coefficient be- 
tween outer sheet surface and 
air 
= thermal conductivity 
integer 
total heat flux across a sur- 
face 
convection heat flux 
evaporation heat flux 
dimensionless heat transfer 
coefficient = H,X/k 
dimensionless distance = 
x/X 
temperature 
- boiling point of water 


H, = 


H, 
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t; = felt surface temperature 


V = velocity of sheet in direction 
Z 

Wr = dimensionless evapordtion 
quantity = ad w/X kt, 

w = quantity evaporated 

X = thickness of sheet 

x = distance through thickness of 
sheet 

y = coordinate direction or dis- 
tance in cross direction 

Yu = mole fraction water vapor in 
air 

,Y: = mole fraction water vapor in 
air saturated at surface tem- 
perature of sheet 

4 = distance in direction of sheet 


travel 


Greek Letters 


a = thermal diffusivity = k/pe 

0 = time 

d = latent heat of evaporation 

T = dimensionless time parameter 
= ab/X* 

p = density 

Subscripts 

a = air 

s = cylinder surface 

f = felt 
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Second Virial Coefficients of the 
Acetonitrile-Acetaldehyde System 


J. M. PRAUSNITZ and W. B. CARTER 


The low-pressure compressibilities of acetonitrile, acetaldehyde, and their mixtures were 
measured in the temperature range 40° to 100°C. From these data second virial coefficients 
were determined for the pure components and for the mixture. The absolute value of the 
coefficient Bis, characteristic of interaction between dissimilar molecules, was considerably 
larger than that for B:: or Bx, which are characteristic of interactions between similar mole- 
cules. As a result it was not possible to predict the properties of the mixture with only data 
for the pure components. Calculations based on the Stockmayer potential and with conventional 
mixing rules gave seriously incorrect results for the second virial coefficient Bu». 

The data were interpreted with the aid of an association theory. Dimerization equilibrium 
constants and enthalpies and entropies of formation were computed for the pure-component 
dimers and for the complex. The heat of formation for the complex was significantly larger 
than that for the dimers; comparison with energy terms calculated from electrostatic theory 
suggest that the structure of the complex is different from that of the pure-component dimers. 


Volumetric properties of gases and 
gas mixtures are of practical interest, 
since they provide the basic data re- 
quired for the calculation of thermo- 
dynamic functions such as may be 
required in separations or other chemi- 
cal engineering operations. In addition 
such properties are a valuable source 
of information in obtaining quantitative 
data on intermolecular forces. While 
many experimental studies have been 
made on the properties of nonpolar 
gases and their mixtures, limited infor- 
mation is available for polar gases, and 
studies on gas mixtures containing two 
or more polar components are very 
scarce. It is these mixtures however 
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which because of strong intermolecular 
forces exhibit very large deviations 
from ideal behavior. These deviations 
may be sufficiently high to invalidate 
seriously the ideal-gas assumption even 
at rather low pressures. In addition the 
nature of polar-polar interactions is 
often so specific that the forces be- 
tween two dissimilar molecules is no 
simple average of the forces acting 
between molecules of the same species; 
in polar gas mixtures therefore the 
Lewis fugacity rule is usually most un- 
reliable. As a contribution to under- 
standing the thermodynamic properties 
of polar substances this work presents 
results on the volumetric behavior of 
two highly polar gases and their mix- 
tures. Data are reported on the low- 
pressure compressibility of the acetoni- 
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Fig. 1. P-V-T-y apparatus: A = heater duct, 

B = circulation blower, C = 0.50000-in. U 

tube, D = standard meter bar, E — magnet, 

F = mixing chamber, G = hoke bellows valve, 

H = Kovar-pyrex graded glass seal, | = 

thermometer, J — 0.75000-in. U tube, K = 
thermistor. 
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TABLE 1. SECOND ViRIAL COEFFICIENTS FOR THE 
ACETONITRILE-ACETALDEHYDE SYSTEM 


ml./mole 
(Acetonitrile) —Bzs( Acetaldehyde) —Biz 
40.0 5,250 + 100 944 + 20 8,710 + 150 
60.0 3,620 + 40 765 + 20 6,170 + 150 
80.1 2,610 + 40 633 + 20 3,450 + 150 
100.4 1,930 + 40 533 + 20 2,390 + 150 


trile-acetaldehyde system in the tem- 
perature range 40° to 100°C. 


EXPERIMENTAL 


The volumetric properties of the pure 
gases and their mixtures were measured 
in a thermostated PVT apparatus shown 
schematically in Figure 1. The essential 
parts of this apparatus are two U tubes 
(one for each gas) and a mixing chamber. 
The U tubes are partially filled with mer- 
cury; the sample is on one side of this tube 
and the other side is evacuated. The pres- 
sure and volume of the sample are changed 
isothermally by raising or lowering the 
mercury level. 

The two U tubes were made of Pyrex 
glass with inside diameters of 14 me % 
in. respectively. The diameters were not 
the same in order that the different sur- 
face-to-volume ratios of the two tubes 
might be used to detect possible adsorption 
of the polar gas molecules onto the glass. 
(No evidence of significant adsorption was 
found in this work.) In both cases the 
outside leg (containing the sample) was 
fabricated from precision-bore tubing to 
eliminate tedious volume calibrations by 
displacement with mercury. 

Ordinary glass, high-vacuum valves 
could not be used in the U tubes because 
of the contaminating effect of stopcock 
grease. Therefore metal valves were used 
for sealing off the upper end of the sample 
tubes and for allowing mercury to flow 
into the bottom of the U tubes. 

On top of the valves attached to the 
sample legs of the U tubes were glass 
seals leading to capillary tubing which in 
turn led to a common mixing chamber. 

For the gas mixture runs a known 
amount of each gas was displaced with 
mercury into the previously evacuated 
mixing chamber. Measurements of the 
pressure-volume relationships prior to and 
after the displacement enabled very ac- 


curate calculation of the gas-mixture com- 
position. 

Measurements of pressure and volume 
were made with a cathetometer. The pres- 
sure range investigated was 20 to 350 
mm. Hg. To obtain very accurate readings 
a meter bar (calibrated by the National 
Bureau of Standards) was placed inside 
the insulated box between the two U 
tubes; this bar was used for coarse read- 
ings, fine readings being taken with the 
vernier on the cathetometer. Details of 
the procedure and the apparatus are 
presented elsewhere (3). 

The apparatus was calibrated with ar- 
gon which has a virial coefficient of zero 
at 320°K. (5). 

Acetaldehyde and acetonitrile were ob- 
tained in spectroscopic grade. Traces of 
water were removed with previously ac- 
tivated Drierite. Both of the polar sub- 
stances were distilled under dry nitrogen, 
and the central cuts were transferred to 
sample tubes. Dissolved nitrogen was re- 
moved by alternate freezing and melting 
under vacuum. 


DATA REDUCTION 


Details of converting the mercury- 
height readings to pressure and volume 
data are presented elsewhere (3). In 
the calculations allowance was made 
for the temperature coefficients of ex- 
pansion of glass and mercury. 

The data were fitted graphically to 
the virial equation 


PV = nRT + nBP (1) 


At the prevailing experimental con- 
ditions virial coefficients higher than 
the second need not be included. By 
plotting the pressure-volume product 
at constant temperature against the 
pressure the number of moles in the 
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Fig. 2. Second virial coefficients for acetonitrile and acetalde- 


hyde. 
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sample is determined from the inter- 
cept and the second virial coefficient 
from the slope. 


RESULTS 


The second virial coefficients of the 
acetonitrile-acetaldehyde system are 
given in Table 1 which also includes 
an estimate of the errors. The second 
virial coefficients of the pure compo- 
nents compare very favorably with 
those reported by Alexander and Lam- 
bert (1) and by Lambert, Roberts, 
Rowlinson, and Wilkinson (7). A com- 
parison of new and previously pub- 
lished results for the pure components 
is given in Figure 2. 

Figure 3 presents the second virial 
coefficients as a function of composi- 
tion. The lines are computed parabolas 
(based on the values of By. as indi- 
cated) according to the theoretical 
equation 


B(mixture) = y, Bu + 
Ys Be (2) 


Equation (2) is a rigorous result (4, 
5, 8) from the statistical mechanics of 
real gases which interprets the second 
virial coefficient as being a term char- 
acteristic of the interaction betwee. 
two molecules. Thus B,,; is a term char- 
acterizing interactions between two 
molecules of species 1; B.. character- 
izes interactions between two molecules 
of species 2, and By is characteristic 
of interactions between the dissimilar 
molecules. Table 1 indicates that at 
any temperature the value for B,: is no 
simple function of B, and Ba. In fact 
the very large (absolute) values for By 
show that for the temperature range 
40° to 100°C. the interaction between 
two dissimilar molecules is always 
greater than that corresponding to the 
interaction of two similar molecules of 
either of the two species. Hence any 
simple mixing rule aiming to predict 
B,. from known values of B,, and Bz 
must fail for this system. 


PREDICTION BY STOCKMAYER 
POTENTIAL 


A theoretical method for computing 
second virial coefficients of polar gases 


TABLE 2. PREDICTION OF Biz WITH THE 
STOCKMAYER POTENTIAL* 


—Biz 
ml./mole 
OM Stockmayer Experimental 
40.0 2,000 8,705 
60.0 1,540 6,166 
80.1 1,272 3,452 
100.4 2,393 


® Parameters for pure components are taken 
from reference 5. Parameters for the mixture 
are obtained from Equations (3), (4), and (5). 


December, 1960 


has b 
16) \ 
of tw 
contr 
tion, 
sults 
secon 
reduc 
pole 

izing 
a col 
tic e 
terizi 
toniti 
have 
repor 
find 

inter 
aceta 
recon 


value: 


Vol. 


Us 
as 
7 and 
of B 
syste 
resul 
very 
value 
obse 
simil 
pred 
the i 
twee 
in 
from 
) this 
by 
idea 
- or 
THE 
Tl 
mole 
Larg 
and 
sugg 
idea 
) 
the 
A di 
) be 
| | 
the d 
Chem 
| altern 
ater 
|| 
| 


inter- 
efficient 


; of the 
m are 
includes 
second 
compo- 
ly with 
id Lam- 
Roberts, 
A com- 
ly pub- 


:ponents 


virial 
omposi- 
arabolas 
indi- 
eoretical 


j2B 12 


(2) 


sult (4, 
anics of 
second 
m char- 
betwee". 
‘m char- 
en two 
laracter- 
olecules 
cteristic 
issimilar 
that at 
is no 
In fact 
s for B,, 
e range 
between 
always 
x to the 
cules of 
nce any 
predict 
and B. 


nputing 
ar gases 


H THE 


rimental 


705 
166 
452 
393 
are taken 


> mixture 
and (5). 


1960 


has been presented by Stockmayer (13, 
16) who expresses the potential energy 
of two polar molecules by summing the 
contributions from dispersion, induc- 
tion, and polar forces. His method re- 
sults in the expression of a reduced 
second virial coefficient as a function of 
reduced temperature and reduced di- 
pole moment; the necessary character- 
izing parameters are the dipole mement, 
a collision diameter, and a char: 2teris- 
tic energy. These parameters _-harac- 
terizing the interactions for pure ace- 
tonitrile and for pure acetaldehyde 
have been computed from previously 
reported second virial coefficient data 
(1, 7) for the pure components. To 
fnd characterizing parameters for the 
interaction between acetonitrile and 
acetaldehyde the following commonly 
recommended mixing rules were used: 


= (5) 
V8 12 


Using the characterizing parameters 
as computed by Equations (3), (4), 
and (5) one could then calculate values 
of B for the acetonitrile-acetaldehyde 
system by the Stockmayer method. The 
results, shown in Table 2, compare 
very poorly with the experimental 
values; at all temperatures studied the 
observed interaction between the dis- 
similar molecules is much larger than 
predicted.* This result indicates that 
the intermolecular forces operating be- 
tween acetonitrile and acetaldehyde are 
in some sense qualitatively different 
from those operating in either pure 
component. A possible explanation of 
this qualitative difference is provided 
by interpreting the deviations from 
ideal behavior in terms of dimerization, 
or complex formation. 


THERMODYNAMICS OF DIMERIZATION 


The second virial coefficients of polar 
molecules tend to be significantly lower 
than those for nonpolar molecules. 
Large negative second virial coefficients 
are due to strong forces of attraction, 
and it therefore has been frequently 
suggested that the large deviations from 
ideal behavior of polar gases are due 
to the formation of dimers. Consider 
the dimerization equilibrium 2A = A.. 
A dimerization equilibrium constant can 


be defined by 


Ag 


Kyau 


Pa 


*Barker and Smith have recently re-evaluated 
the data for acetonitrile and have arrived at an 
Chem., 13, 171 (1960)]. The new parameters 
altemate set of Stockmeyer parameters [Aust. J. 
owever do not significantly change the computed 
values for Bis. 
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Fig. 3. Second virial coefficients for the ace- 


tonitrile-acetaldehyde system. 


It is possible to relate the dimeriza- 
tion equilibrium constant to the excess 
second virial coefficient, that is to that 
part of the observed second virial co- 
efficient which is in excess of what the 
second virial coefficient would be in 
the absence of polar forces. The ob- 
served second virial coefficient is di- 
vided into two parts: one corresponding 
to the contribution of nonpolar forces 
and the other corresponding to the 
contribution of polar (dimerization) 
forces. Thus 


Bas (observed ) Bin + (6) 


The nonpolar contribution may be 
found from the properties of the polar 
molecule’s homomorpk (2) as estimated 
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Fig. 4. Equilibrium constant vs. reciprocal 


temperature. 
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from reliable correlations for second 
virial coefficients of nonpolar substances 
(10, 11, 12); the polar contribution is 
then found by difference from Equa- 
tion (6). It can be shown (7, 14) that 
provided the degree of dimerization is 
small the dimerization equilibrium 
constant is given by 


Bras = —RT (7) 


Similarly for the dimerization of 
component B 


Bis RT (8) 
and for the formation of a complex AB 
RT Kyuss) (9) 


There is some arbitrariness in the 
calculation of B”*. Lambert uses the 
Berthelot equation, but in view of the 
results of Pitzer and Curl (11) show- 
ing the important effect of the acentric 
factor on second virial coefficients 
(especially at low reduced tempera- 
ture) it appears to be better to use the 
more recent correlations (11, 12). The 
homomorph for acetonitrile and for 
acetaldehyde is propane. 

Calculated values of B", B’, and K, 
are shown in Table 3. Also shown are 
the enthalpy and entropy of dimer 
formation in the standard state; these 
were computed from the equation 


° 


T 


— 


+RInK, (10) 

Figure 4 shows the variation of the 
logarithm of the equilibrium constant 
with reciprocal temperature. Good 
straight lines are obtained with the ex- 
ception of the point corresponding to 
the complex at 40°C. This is not sur- 
prising since at 40°C. the degree of 
complex formation (K, = 0.4153) is 
so large that about 10% of all the 
molecules are in the associated state. 
Under these conditions Equation (9) 
is no longer strictly valid, since inter- 
actions between dimers and monomers 
[which are neglected in Equations (7). 
(8), and (9)] are no longer negligible. 

The absolute value of the enthalpy 
of formation of the complex is signifi- 
cantly higher than that of either of the 
pure-component dimers. This can be 
explained in terms of possible struc- 
tures of the two dimers and of the 
complex. The observed values of the 
enthalpy of dimer (or complex) forma- 
tion may be compared with calcula- 
tions based on electrostatic theory. A 
dimer (or complex) between two polar 
molecules may be formed in either of 
two ways; the two molecules may line 
up parallel to one another or be joined 
end to end. The energies of formation 
for these two structures are AU = — 
w2/r and AU = — 2u°/r* respectively. 

© The equilibrium constant used by Lambert 


(7) is that for dimer decomposition and hence is 
the reciprocal of that used in this work. 
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TABLE 3. THERMODYNAMIC PROPERTIES OF THE 
ACETONITRILE-ACETALDEHYDE SYSTEM 


—AS°, 
K,, —AH°,  cal./mole, 
Substance T,°C.  ml./mole ml./mole atm.~* cal./mole °K 
Acetonitrile 40.0 747 4503 0.2306 5110 19.25 
60.0 641 2975 0.1433 
80.1 461 2049 0.09308 
100.4 497 1428 0.06139 
Acetaldehyde 40.0 485 459 0.02351 3960 20.07 
60.0 424 341 0.01642 
80.1 373 260 0.01181 
100.4 333 200 0.008598 
Mixture 40.0 596 8109 0.4153 7250 24.3 
(complex ) 60.0 516 5650 0.2721 
80.1 454 2998 0.1568 
100.4 403 1990 0.08555 
TABLE 4. CALCULATED AND OBSERVED HEATS OF FORMATION 
Parameters in electrostatic equations 
m r Heats of formation, cal./mole 
Dimer or complex Debyes Angstroms Calc’d Cale’d Observed 
parallel end-to-end 
Acetonitrile- 
acetonitrile 3.5 3.10 —5280” —10560 —5110 
Acetaldehyde- 
acetaldehyde 2.7 3.20 —3380 —6760 —3960 
Acetonitrile- 
acetaldehyde 3.08 3.15 —4125 —8250 —7250 


+ This value was misprinted in Lambert’s article; the value calculated from his data is —5280, 


not — 6280. 


24 is the geometric mean and r is the arithmetic mean of the pure-component values. 


Values of r can be calculated from 
van der Waals radii of atoms and bond 
angles as given by Pauling (9). Table 
4 shows the calculated and observed 
values of the enthalpy (or energy) of 
formation. (In these calculations there 
is no significant difference between AU 
and AH®.) Since the calculated values 
of AU are based on formulas corre- 
sponding to ideal dipoles, the numbers 
in Table 4 should not be taken too seri- 
ously; however, they strongly suggest 
that both acetonitrile and acetaldehyde 
form dimers of the first type rather 
than the second. The observed value 
for the complex however appears to 
lie closer to that corresponding to the 
second, suggesting that the structure of 
the complex may be qualitatively dif- 
ferent from that of the pure-component 
dimers. 

An _ alternate interpretation is that 
the complex is formed by hydrogen 
bonding between the active hydrogen 
in the aldehyde and the nitrogen in 
the nitrile. Hydrogen bonding may 
also account for dimerization in the 
nitrile. Unfortunately no data are avail- 
able on the strength of the nitrile- 
hydrogen bond. The data in Table 4 
however suggest that this bond is con- 
siderably stronger than the carbonyl 
oxygen-hydrogen bond which is found 
in the acetaldehyde dimer. 

The dimerization interpretation offers 
a suitable framework for correlating 
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the volumetric properties of polar gases . 


and their mixtures. To be useful how- 
ever it is necessary that the structure of 
the complex as well as that of the 
dimers must be known to enable a 
quantitative prediction of the energy 
of interaction. In addition it is neces- 
sary to make an estimate of the entropy 
of association; a rough model for mak- 
ing this estimate has been proposed by 
Rowlinson (13), but there is good 
reason to believe (15) that the entropy 


and enthalpy of dimerization are closely © 


related and it appears (6) that these 
two quantities may be related empiri- 
cally. As more experimental informa- 
tion on the thermodynamics of dimer 
(and complex) formation becomes 
available, it should become possible to 
make good estimates of the second 
virial coefficients of polar gases and 
their mixtures. 
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NOTATION 
B = second virial coefficient 
B" = nonpolar (homomorph) con- 
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tribution to second virial co- 
efficient 
B? = polar (dimerization) contr- 
bution to second virial coeff- 
cient 
AH°® = standard enthalpy of forma- 
tion 
= Boltzmann constant 
x = equilibrium constant 
= number of moles 
partial pressure 
total pressure 
= distance of separation be- 
tween two molecules 
R = gas constant 
AS° = standard entropy of forma- 
tion 
t° = reduced dipole moment = 
w?/\/8 
= temperature 
AU = energy of formation 
V = total volume 
y = mole fraction 
€ = characteristic energy param- 
eter 
= dipole moment 
o = characteristic distance param- 
eter 
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Formation of Interfacial Area in Immiscible 


Liquids by Orifice Mixers 


J. A. McDONOUGH, W. J. TOMME, and C. D. HOLLAND 


Agricultural and Mechanical College of Texas, College Station, Texas 


The interfacial areas formed in various immiscible liquid pairs by an orifice mixer were 
measured by a photoelectric method, which had been calibrated photographically. In addition 
to the variation of the liquid pair, total flow rate, volume fraction of the dispersed phase, and 
the orifice diameter, the pipe diameter of the mixing orifice was also varied. It was found that 
the formation of interfacial area could be correlated as a function of the change in kinetic energy 
across the mixing orifice, the energy required to overcome the viscous forces within the dispersed 
phase, and the volume fraction of the dispersed phase. 


Further experiments concerned with 
the formation of interfacial area in im- 
miscible liquids by orifice mixers have 
been performed. These constitute an 
extension of the investigation reported 
by Scott et al. (7) who determined the 
interfacial area in the liquid pair, water 
dispersed in kerosene, when mixed 
with an orifice mixer. The volume frac- 
tion of the dispersed phase, the diame- 
ter of the orifice, and the total flow 
rate were varied, while the diameter 
of the pipe was held constant at 1 in. 
The degree of mixing for four addi- 
tional liquid pairs was examined in the 
same manner as described by Scott et 
al. (7). It was found that in addition 
to the change in kinetic energy across 
the orifice the interfacial area formed 
is also a function of the work required 
to overcome the viscous forces involved 
when a bubble is separated by shearing 
forces. The effect of pipe diameter on 
the formation of interfacial area in ori- 
fice mixers was also determined. With 
water dispersed in kerosene as_ the 
liquid pair it was found within the 
limits of experimental accuracy that 
the formation of interfacial area is a 
function of the ratio of the pipe to the 
orifice diameter and independent of the 
individual diameters. 

This project was undertaken because 
of the frequent use of orifice mixers 
and the need for experimentally estab- 
lished relationships between the varia- 
bles involved. The use of orifice mixers 
and their applications in petroleum re- 
fining was discussed several years ago 
by Morrel and Bergman (3). Recently 
a number of articles dealing with mix- 
ing have appeared (4, 5, 6). Rushton 
and Oldshue (6) discussed application 
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of fluid-mechanics principles to the 
mixing of fluids. Production of inter- 
facial area by turbine impellers has 
been described by Rodger, Trice, and 
Rushton (4), who measured surface 
area by the photoelectric method de- 
scribed by Trice and Rodger (9). 
Vermeulen et al. (10) also used this 
method for measuring the interfacial 
area of dispersed liquid-liquid systems. 


EXPERIMENTAL EQUIPMENT AND 
PROCEDURE 


The equipment and the general opera- 
tional procedure, the photographic and the 
photoelectric methods employed for the 
determination of the interfacial areas were 
the same as those described by Scott et al. 
(7) except as noted below. 

In both of the investigations described 
herein the pen lamp used previously in the 
photoelectric procedure was replaced by 
a source of collimated light. This source 
consisted of 6-v. sealed beam lamp with 
a parabolic reflector and a clear glass lens. 
By use of a variable-voltage transformer 
the intensity of the light was maintained at 
80% of the maximum available which 
gave a relatively small rate of deterioration 
of the filament in the light. 

In the investigation of the four addi- 
tional liquid pairs, denoted as II, III, IV, 
V and identified in Table 1, the 1P41 
phototube was calibrated photographically 
for each pair. For liquid pairs I, Il, and 
IV the intensity of the light passing 
through the dispersion was independent of 
the volume fraction of the dispersed 
phase, whereas for liquid pairs III and V 
it was a function of the volume fraction of 
the dispersed phase. In these experiments 
the window section shown previously (7) 
was employed in the photographic and 
photoelectric procedures. This section, 
cast from aluminum, was tapered from 
each end from a circular to a rectangular 
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cross section. The cross-sectional area of 
the section did not vary throughout the 
length of the section. The appropriate 
light source and either the camera or the 
phototube were mounted oppositely at the 
windows of the section. Photographs were 
obtained in which it was possible to dis- 
tinguish between bubbles as small as 0.01 
mm. in diameter. In the course of the in- 
vestigation orifice diameters ranging from 
0.375 to 0.75 in., total volumetric flow 
rates from 2 to 16 gal./min., and volume 
fractions of the dispersed phase of 0.02, 
0.05, 0.1, and 0.2 were employed while 
the pipe diameter was held constant at 1 
in. A total of 262 observations were made. 
These data are given in reference 2 and 
elsewhere.* Reproducibility of the com- 
bination of the photographic and opera- 
tional methods was about +10%. The re- 
producibility of the combination of the 
photographic, photoelectric, and opera- 
tional methods was 12%. This was ob- 
tained by the calculation of the absolute 
value of the deviation of all points from 
the best lines through them. 

Physical properties of the liquids (tech- 
nical grade) used in the investigations 
were determined experimentally. These 
data are given in Table 2. 

In the experiments concerned with the 
effect of pipe diameter on the formation 
of interfacial area four pipe sizes were 
used, 1/2, 1, 1-1/2, and 2 in. (Schedule 
40). Five orifices ranging from 0.125 to 
0.6875 in. were employed in the investiga- 
tion. In this entire set of experiments the 
system, water dispersed in kerosene, was 
used. Volume fractions of water dispersed 
in kerosene ranging from 0.02 to 0.20 
were used. Flow rates ranged from 1 to 18 
gal./min. For the 1-1/2- and 2-in. pipes it 


® The original data upon which this paper is 
based has been deposited as document 6423 with 
the American Documentation Institute, Photo- 
duplication Service, Library of Congress, Wash- 
ington 25, D. .. and may be obtained for 
$3.75 for photoprints or $2.00 for 35-mm micro- 
film. 
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FL 


TABLE |, IDENTIFICATION 


OF THE Ligump Pairs 


Number Dispersed Continuous 
of pair phase phase 
I water kerosene 
I heptanol water 
Ill trichloroethylene water 
IV sucrose in water kerosene 
20% (by weight ) 
Vv sucrose in water kerosene 


35% (by weight ) 


was necessary to introduce the water into 
the center of the pipe by use of a 
small tube as shown in Figure 1 in order 
to prevent the slug flow of water through 
the orifice. The diameter of the tube 
was selected so that when the two 
streams merged their relative velocity was 
as close to zero as practicable. Slug flow 
was to be avoided because it gave pro- 
nounced fluctuations in the formation of 
interfacial area during any given experi- 
ment. At the outset of the experiments 
concerned with the effect of pipe diame- 
ter a measurement difficulty was encoun- 
tered. When the same geometry for the 
window section is retained for pipes of 
larger diameter, the length of the light 
path between the source and the photo- 
tube is increased proportionately. For the 
longer light paths it was found that even 
with the relatively high-intensity light 
source most of the light was scattered by 
relatively small interfacial areas before 
reaching the phototube. If the length of 
the light path is held constant as the pipe 
diameter is increased, geometric similarity 
is not retained. Furthermore the relatively 
large size of the 1P41 gas-filled phototube 
ruled out the possibility of decreasing the 
length of the light path by the projection of 
the phototube into the stream because of the 
possibility of interruption of the flow pat- 
tern. The 1P42 vacuum phototube was 
about 1/4 in. in diameter, and it was 
adopted because it could be projected into 
the stream without disturbing the flow to 
any appreciable extent. The 1P42 photo- 
tube was calibrated photographically for 
the water-kerosene pair. It was located in 
the same position in the window section 
as had been occupied previously by a 
camera. Runs were repeated for which the 
interfacial areas had been determined 
photographically by Scott et al. (7), and 
the reduction in the intensity of the light 
reaching the phototube was measured by 
a galvanometer. A total of 372 experi- 
ments were performed in the investigation 
of the effect of pipe diameter on the for- 
mation of interfacial area. 


INTERPRETATION OF EXPERIMENTAL 
RESULTS 


The formation of interfacial area was 
determined as a function of the follow- 
ing variables: flow rate, orifice size, 
pipe diameter, interfacial tension, vis- 
cosity, density, and volume fraction of 
the dispersed phase. The calibration 
curves as well as all of the correlations 
were based on the mean volume-sur- 
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face diameter (1). Also as shown in 
reference (1) the volume-surface area 
per unit volume of the mixture, A, is 


given by 
(1) 


In the experiments dealing with the 
effect of pipe diameter considerable 
deviation of the interfacial area with 
respect to downstream distance was 
found. Although the results for any 
particular experiment were reproduci- 
ble, the distribution of interfacial area 
as a function of downstream distance 
(within the first 24 in. below the ori- 
fice) did not follow a very definite pat- 
tern. It appeared that the small vac- 
uum phototube tended to give more 
nearly a point value for the interfacial 
area than the gas filled tube. For each 
set of operating conditions the inter- 
facial area was measured at each of 
the following approximate locations: 2, 
7, 12, and 25 in. below the mixing ori- 
fice. From these data a mean area 
(which was weighted with respect to 
length over the first 12 in. below the 
orifice) was obtained. These areas are 
tabulated with the experimental results 
for this set of experiments. Use of these 
areas reduced the observations for cor- 
relation purposes from 372 to 102. 


CORRELATION OF THE 
EXPERIMENTAL RESULTS 


In the following analysis of the for- 
mation of interfacial area by an orifice 
mixer consideration is given to the ener- 
gies involved. Admittedly the final ex- 
pression, Equation (11), is based on 
several empirical relationships; how- 
ever it does represent the data ade- 
quately. Furthermore the development 
of this expression gives some insight 
into the process of the formation of in- 
terfacial area. 

When one follows the approach of 
Scott et al. (7) the surface energy con- 
tained by the average unit of volume of 
the mixture is given by Ac. This is also 
the energy required to form the inter- 
facial area possessed by the unit vol- 
ume when the process of formation is 
carried out at essentially zero velocity 
so that viscous forces are not involved. 
Upon passage through the orifice the 
mixture contains kinetic energy which 
is available for the formation of inter- 
facial area. It is reasonable to postulate 
that the energy converted to surface 
energy by an orifice mixer is a function 
of the change in kinetic energy (per 
unit volume of the mixture) across the 
mixing orifice; that is 


Ao « AK.E. pn (2) 


The conversion of kinetic energy to 
surface energy is possible only if two 
or more immiscible liquids are present. 
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Thus it is postulated that the formation 
of interfacial area is proportional to 
some function, denoted by f(¢), of the 
volume fraction of the dispersed phase. 

In the separation of a given drop, 
energy must be supplied in order to 
overcome the viscous forces within it. 


KEROSENE 


WATER 


COPPER 
TUBING 


Fig. 1. Introduction of water into the kerosene 
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Fig. 2. Comparison of the experimental and 
calculated values of the areas for liquid pair |. 
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Fig. 3. Comparison of the experimental and 
calculated values of the areas for liquid pair II. 
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Fig. 6. Comparison of the experimental and 
calculated values of the areas for liquid pair V. 


In general one would expect the inter- 
facial area to decrease with an increase 
in the viscosity of the dispersed phase. 
This was taken into account by use of 
an expression for the amount of energy 
which would be required to separate 
a drop of diameter d,, along a plane 
through its geometrical center, when 
viscous forces alone involved. 
Namely it was postulated that 
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TABLE 2, PHysiIcAL PROPERTIES OF THE LiQuiIp Pairs 


Viscosities, 
[ (Ib. ) (£t.) (sec. at 83°F. ] 
Number Dispersed Continuous 
of pair phase phase 
I 0.000562 0.000956 
Il 0.00203 , 0.000562 
Ill 0.000387 0.000562 
IV 0.00106 0.000956 
V 0.00217 0.000956 


(3) 


Multiplication of 7 by the shearing area, 
(zd*,,)/4, gives the shearing force. 
The shearing energy per drop is taken 
equal to the product of the shearing 
force and the distance d,,. N is related 
to the other variables of the system in 
the following manner: 


(4) 


( ) 
Pm 6 


When this relationship is substituted in 
Equation (3), the following result is 
obtained: 

3rd 


Ao x (5) 
The preceding postulates are summar- 


ized by 


Ao = F| (aK.E-pn) 
(6) 
It was found that the experimental re- 
sults could be represented by taking F 
to be a power function of the three 
terms involved as follows: 


Ao = K, (AK.E.pn)* 7’ (7) 


The shearing force was approximated 
by 
Cppu” 


2g. 


(8) 


and the drag coefficient was taken to 
be inversely proportional to a Reynolds 
number based on the diameter, density, 
and viscosity of the drop: 


k, k,A 


(9) 


It remains to develop an appropriate 
expression for the shearing velocity 
which appears in Equations (8) and 
(9). Since u, and u, were the only 
velocities known within the system, the 
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Densities, Interfacial 
[ (Ib. ) (ft.)~* at 83°F. ] tension, 
Dispersed Continuous [(ft.) (Ib.) (ft.)~ 


phase phase at 83°F.] 
62.15 50.6 0.00267 
49.4 62.15 0.00048 
89.4 62.15 0.001845 
67.3 50.6 0.00247 
71.6 50.6 0.00230 


natural approach was to relate u em- 
pirically to these quantities. Satisfac- 
tory results were obtained by taking u 
proportional to the product of the pipe 
velocity and the change in kinetic en- 
ergy across the orifice (per unit of 
kinetic energy possessed by the fluid 


before entering the orifice) as follows: 


u,—u, 
u=k,u, | ——— 


Uy 


= k,u, (= ) | (10) 


When Equations (8), (9), and (10) 
are substituted in Equation (7), the 
interfacial area is obtained in both sides 
of the resulting equation, which may 
be solved for A to give 


BU, 
Ao = K,(AK.E. pal” (= ) 
og. 


an 


The constant and powers in this 
equation were determined by the 
method of least squares. A digital 
computer was used to make the com- 
putations. The data for the four liquid 
pairs investigated by McDonough (2) 
as well as those for the water-kerosene 
pair were used. Approximately equal 
weight was given to the data for each 
liquid pair. A total of 433 experimental 
observations were used. The expression 


Ao = 0.189 (AK.E. p»)°™ 


(= ( D, ) 1 
og. D, 


(12) 


was obtained. The correlation coeffi- 
cient was 0.9846, and the average of 
the absolute deviation of the experi- 
mental values of the areas from the 
corresponding ones calculated by use 
of Equation (12) was 14.15%. When 
the constant and powers of Equation 
(11) were determined separately for 
each of the liquid pairs I through V, 
the following absolute deviations were 
obtained: 8.17, 6.81, 7.11, 10.48, and 
6.5%, respectively. Thus the value of 
14.15%, obtained on the basis of all 
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the data, indicates that the consistency 
of the correlation and the data for all 
pairs is nearly as good as that for each 
of the pairs. Graphs of the experi- 
mental values of A vs. the values cal- 
culated by Equation (12) for each 
liquid pair are shown in Figures 2 
through 6. Equation (12) fits the data 
for each liquid pair about equally 
well. The average-net deviation of the 
areas obtained experimentally from 
those calculated by Equation (12) for 
liquid pairs I through V were —5.93, 
3.38, 9.84, —10.64, and —3.67%, re- 
spectively. The difference in the devia- 
tions between liquid pairs is attributed 
primarily to experimental inaccuracies 
which were characteristic of each pair. 

Since the pressure drop across the 
orifice is frequently a more convenient 
variable from an operational point of 
view, Equation (12) is readily rear- 
ranged to the following form: 


Ao = 0.179 (C,” AP)*™ 


( -0,158 


This expression is in good agreement 
with the results of Scott et al. (7), 
who measured both interfacial area and 
pressure drop for each run. 

The results of the experiments per- 
formed by Tomme (8), who varied 
the pipe diameter, indicate that the ef- 
fect of pipe diameter upon the forma- 
tion of interfacial area is adequately 
represented by Equations (12) and 
(18). Because of the difference in the 
methods of measurement, as discussed 
previously, the areas obtained by 
Tomme (8) were not consistent with 
those of Scott (7) and McDonough 
(2) who held the pipe diameter con- 
stant. In view of this the results ob- 
tained by Tomme (8) were not used 
in the determination of the constant 
and powers in Equation (12). Al- 
though the areas obtained for various 
pipe diameters were fairly consistent 
among themselves, they were not as 
consistent as those where the pipe 
diameter was held constant. In order 
to investigate the effect of pipe diame- 
ter on the formation of interfacial 
area Tomme’s data were examined 
separately. In addition to Equation 
(11) use of the following expression, 
obtained by dimensional analysis, for 
the correlation of the data was also 
investigated: 


RA” 
AD, = K:(Nwe)” (Nze)” 
(14) 


It is to be observed that Equation (14) 
implies that the interfacial area is a 
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function of D,, whereas in Equation 
(11) only the ratio of D, to D, appears 
in the functional relationship. By use 
of the results of Tomme the constant 
and powers of Equation (11) and 
(14) were determined by the method 
of least squares. The average of the 
absolute deviations of the experimental 
values of A from the values calculated 
by the correlations [Equations (11) 
and '(14)] were 21 and 19% respec- 
tively. In view of the problems (dis- 
cussed in a previous section) associated 
with the measurement of the interfacial 
area when the pipe diameter was 
varied the small apparent improvement 
of Equation (14) over (11) was not 
regarded as significant. Since Equation 
(14) contains the term AD, while 
Equation (11) contains only the ratio 
of D, to D,, one would expect better 
results to be obtained by Equation 
(14) when the method of measure- 
ment gives errors which are in any way 
related to the pipe diameter. The con- 
clusion reached here is consistent with 
the fact that the only length dimension 
involved in a general force balance on 
an individual droplet is the diameter 
of the droplet. 


CONCLUSIONS 


For the liquid pairs considered it 
can be concluded that the formation of 
interfacial area is a function of the 
change in kinetic energy across the 
mixing orifice, the energy required to 
overcome the viscous forces within the 
dispersed phase, and the volume frac- 
tion of the dispersed phase. With re- 
gard to the geometry of an orifice 
mixer the formation of interfacial area 
is a function of the ratio of the pipe 
to the orifice diameter. 
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NOTATION 

A = interfacial area of dispersed 
phase, measured at a given 
distance downstream from 


mixing orifice, (sq.ft.) (ft.)~* 


Cp = drag coefficient; defined by 
Equation (8), dimensionless 

OF = coefficient of discharge, di- 
mensionless 

= mean volume-surface diame- 
ter, (ft.) 

D, = diameter of orifice, (ft.) 

D, = internal diameter of the pipe, 
(ft.) 

f(¢) = function of volume fraction 
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F = function defined by Equation 
(2) 
Ze = standard gravitational con- 


stant, (ft.) (sec.)~ 

ki, Ko, Ki, = constants 

AK.E. = change in the kinetic energy 
of the mixture across the 


orifice, (ft.) (Ib.) (Ib.)~ 


N = number of drops per pound 
of fluid flowing, (Ib.)~ 

Nz. = Reynolds number, 

Nwe |= Webers number, D,uy'pm/ og. 

AP = = pressure drop across the ori- 
fice, (Ib.) (ft.)~ 

Un = linear velocity at which mix- 


ture passes through the ori- 
fice, (ft.) (sec.)* 

Uy = linear velocity at which mix- 
ture passes through the pipe, 
(ft.) (sec.)™ 

u = shearing velocity, related to 
u, and u, by Equation (10), 
(ft.) (sec).~ 


Greek Letters 
a, B, y, 8 = powers in Equation (11) 


nm = viscosity of the dispersed 
phase, (Ib.) (ft.)~ (sec.)~ 

T = 3.1416 radians 

p = density of the dispersed 
phase, (Ib.) (ft.)~ 

= density of the continuous 
phase, (Ib.) (ft.)~ 

Pm = density of the mixture; pn = 
(1 — ¢$) pe + gp, (Ib.) (ft.)* 

o = interfacial tension at the in- 


terface of dispersed and con- 


tinuous phases, (lb.)  (ft.) 
T = shearing force per unit of 
shearing area, (Ib.) (ft.)~ 
= volume of the dispersed 
phase per unit volume of the 
mixture 
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The Effect of Plate Wetting Characteristics 


on Pulse Column Extraction Efficiency 


R. H. SOBOTIK and D. M. HIMMELBLAU 


Liquid-liquid extraction of acetic acid from the methyl isobutyl ketone-water system was 
studied as a function of plate wetting characteristics and other variables in a pulsed perforated- 


plate extraction column. 


Various combinations of stainless steel plates and polyethylene plates were used with 
different directions of solute transfer at a constant throughput of 82.6 Ib. total flow/(min.) 
(sq. ft. column area) and with other operating variables in the following range: 


frequency 
amplitude 


— 16 to 117.1 ¢./min. 
— 0.492 and 0.973 in. 


W/K flow ratio — 0.46 to 2.8 Ib. water/Ib. ketone 


The plate wetting characteristics were found to affect the column extraction efficiency when 
the solute transfer was from the continuous ketone phase to water. An all polyethylene plate 
arrangement provided the best efficiency (H. T. U.,. = 4.1 in.) while an all stainless steel plate 
arrangement was less efficient (H. T. U... = 6.1 in.) under the most favorable operating 
conditions. A combination of these two arrangements in the column produced efficiencies 
midway between the all-plastic plate arrangement and the all-stainless steel plate arrangement. 

Within the column flooding limits the extraction efficiency did not seem to be affected by the 
plate wetting characteristics when the solute transfer was from water to the continuous ketone 


phase. 


Usage of liquid-liquid extraction pulse 
columns by industry has been on the 
upswing in recent years, especially in 
those connections related to the proc- 
essing of nuclear fuels. Heretofore most 
of the information that has appeared 
in the literature on the pulsed extrac- 
tion column has been concerned _pri- 
marily with the evaluation of the col- 
umn operating variables, such as flow 
rates, nature of continuous phase, pulse 
frequency, pulse amplitude, plate spac- 
ing, and plate geometry. It has been 
observed (1, 10, 11, 21) that the mu- 
tual wetting characteristics of the plates 
and column liquids have an effect on 
the extraction efficiency. Two articles 
have appeared (5, 8) in which the 
magnitude of this result was determined 
for the pulsed extraction column. Some- 
what more information is available in 
the literature concerning wetting char- 
acteristics in packed or perforated plate 
nonpulsed extraction columns (5, 10, 
11, 14,15). 

Since the two phases in liquid-liq- 
uid extraction possess different physical 
properties, it is feasible that the wetting 
characterisitcs of the plate would affect 
droplet formation. The frequent re- 
formation of droplets of the dispersed 
phase in a pulse column emphasizes the 
significance of the relationship between 
drop formation and extraction efficiency. 
The importance of good droplet forma- 
tion is significant because of the work 
of Sherwood, Evans, and Lorgcor (19); 
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Licht and Conway (13); and West 
(23). Sherwood and co-workers showed 
that up to 40% of the extraction by 
water of acetic acid from benzene drops 
occurred during the formation of the 
drop, although this amount of extrac- 
tion has been shown to depend on many 
factors. Licht and Conway reported 
that the amount of acetic acid extracted 
during drop formation by use of hexone 
as solvent was 17%, and the values re- 
ported by West ranged from 14 to 20%. 
Even with the lower range of values 
the importance of drop size and forma- 
tion is apparent. 

Several attempts have been made to 
avoid large blobs and promote uniform 
droplet formation by some alteration of 
the plate construction or by coating the 
plates. The more apparent method is 
presented in a patent (5) by Burns 
and Johnson in which the plate con- 
sists of two layers of different materials, 
each material possessing different wet- 
ting characteristics. This principle along 
with the use of metal and plastic plates 
was included by Sege and Wedgefield 
(18) in their work on _pulse-column 
variables. Their results indicated the 
effect of the wetting characteristics of a 
plate on extraction efficiency is depend- 
ent upon the direction of mass trans- 
fer, the choice of the continuous phase, 
and/or the ratio of the organic to the 
aqueous flow rates. 

Garner, Ellis, and Hill (9, 10, 11) 
studied the wetting characteristics and 
performance of a nonpulsed perforated 
plate extraction column and found that 
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the character of the surface of the plate 
influences the performance of the col- 
umn. They concluded that the best effi- 
ciency was obtained when the continu- 
ous phase wetted the plate and the 
dispersed phase did not wet the plate. 
Thus when the water phase is dispersed, 
it was concluded that the plate should 
be hydrophobic in nature. 

Buchanan (3) in his qualitative 
study of drop formation from wetted 
orifices concluded that strongly hydro- 
phobic material cannot be used to dis- 
perse a hydrophobic liquid nor strongly 
hydrophilic materials a hydrophilic liq- 
uid. 

Based upon the results of these in- 
vestigators concerning the effect of 
plate wetting characteristics it seemed 
desirable to investigate more thoroughly 
the effect of the use of plates with dif- 
ferent wetting characteristics in a pulse 
column, and especially the effect of 
combinations of these two types of 
plates in the column. If the results of ~ 
Buchanan could be applied to the per- 
forated plate pulsed extraction column, 
then the possibility existed of inter- 
changing the discontinuous and con- 
tinuous phases within the column at 
various heights without local flooding 
by using various combinations of plates 
having hydrophobic or hydrophilic sur- 
faces. 

The possibility also existed that if the 
plate with the best wetting character- 
istics could be located at a particular 
place within the column, such as at a 
pinch zone, it might permit the use of 
other plates in the rest of the column. 
This could be very advantageous if the 
cost of the plates were different or if 
an entire column of a particular type 
of plate could not be used because of 
structural strength, radiation damage, 
or similar design problems. 

Based on this background informa- 
tion the objectives of this investigation 
were to determine the following: What 
is the magnitude of the effect of stain- 
less steel vs. plastic plates under differ- 
ent operating conditions on extraction 
efficiency? What is the effect of com- 
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bining these two plate materials in vari- 
ous arrangements within the column? 


EXPERIMENTAL APPARATUS 


To accomplish the two objectives it was 
necessary to reduce the number of vari- 
ables to a reasonable number. The factors 
which have been noted by various workers 
to affect the extraction efficiency of a 
pulsed column are geometry factors: plate 
hole diameter, percent free plate area, 
column diameter, plate spacing; pulse fac- 
tors: amplitude, frequency, pulse shape or 
form; other factors: flow rates, ratio of flow 
rates, physical properties of the system, 
choice of continuous phase, direction of 
mass transfer. 

The first three geometry factors were 
fixed at what seemed to be an optimum 
level based on information found in the 
literature by selecting plates 1.98 in. in 
diameter with forty-eight %-in. holes giv- 
ing a free area of 18.7%. The column 
itself was a standard 2-in. Pyrex pipe com- 
bined with 3-in. disengaging sections at 
top and bottom. A very limited investiga- 
tion indicated that small changes in plate 
spacing of about %-in. in range did not 
seem to affect the best height of a transfer 
unit value appreciably, and the plate spac- 
ing was subsequently held constant at 14- 
in. The pulse form used was approximately 
sinusoidal and consistent. To compensate 
somewhat for holding the plate spacing 
constant two levels of amplitude were used, 
¥% in. and 1 in. The frequency was varied 
to give a x f ratios from 10 to 70 and yet 
stay within the flooding limits. 

The total flow rate has been shown to 
have little effect on extraction efficiency 
and was held constant at values ranging 
between 1.73 to 1.81 lb./min. Only one 
system was studied, water-methyl isobutyl 
ketone-acetic acid. The other factors were 
varied, the ratio of flow rates being 
changed over sixfold. 

A schematic diagram of the extraction 
unit composed of a perforated-plate col- 
umn, rotameters, pumps, storage tanks, and 
other auxiliary equipment is shown in 
Figure 1. The position of the interface was 
maintained by adjusting the outlet water 
flow or inlet ketone rate. 


EXPERIMENTAL PROCEDURE 


Materials used were acetic acid, distilled 
water, and bulk methyl isobutyl ketone. 

The column was operated both as an 
extraction column to remove acetic acid 
from water with ketone as the solvent and 
also as a stripping column to remove the 
acetic acid from the ketone by using water 
as a stripping medium. Feed to the extrac- 
tion column was about 12 wt. % acetic 
acid in water, while the ketone stream leav- 
ing the top of the column contained about 
7% acetic acid. Some of the aqueous raf- 
finate from the extraction operation (con- 
taining about 2% acetic acid) was diluted 
with distilled water and used to strip 
acetic acid from the ketone. The aqueous 
extract, about 9% acetic acid, was collected 
and brought back up to strength to be used 
as feed for the next extraction run. This 
type of operation was selected to conserve 
acetic acid and also permit the evaluation 
of the effect of direction of mass transfer 
on extraction efficiency. 
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Fig. 1. Pulse-column diagram. 


During each run the interface was main- 
tained at the selected position in the col- 
umn (top of the column or bottom of the 
column, depending upon which phase was 
continuous) by adjusting the outlet water 
flow rate or the inlet ketone rate. Steady 
state operation was determined by taking 
repeated samples of the concentration of 
the outlet streams and noting when they 
reached their asymptotic values. The time 
to achieve steady state operation was about 
25 min., but runs of 1 hr. were made to 
insure that the steady state really had been 
achieved and was being maintained. Op- 
erating variables in the column were 
changed when one series of runs with one 
plate arrangement had been completed. 

Acid concentrations were determined by 
titration with standard aqueous sodium 
hydroxide and hydrochloric acid to a phe- 
nolphthalein pink end point. The error in 
the analysis was approximately 1% or less. 
Flow rates were determined by measuring 
the time required to collect approximately 
250 g. of the stream flowing. Although the 
pulsing effect on the flow rates may have 
introduced an error up to 5%, the flow 
rates were not used in determining the 
slope of the operating line, but only to 
check the material balance in the column. 

Equilibrium data for this system (Table 
1) were determined at the average tem- 
perature of the experiments (90°F.) by 
mixing together measured amounts of ace- 
tic acid, water, and ketone. The equilib- 
rium solubility data determined in_ this 
investigation were in agreement within 2% 
of that of references 2, 17a, and 19 but 
did not agree as well with the data re- 
corded at higher concentrations in refer- 
ence 16 or agree well at all with the data 
of reference 16a. 
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CALCULATION OF RESULTS 


The measure of extraction effective- 
ness for this investigation could have 
been expressed in terms of the height 
equivalent to a theoretical stage, the 
height of a transfer unit, or as an over- 
all mass transfer coefficient. The H.T.U. 
and Ka are derived to represent the 
actual extraction operation which is a 
more or less a true countercurrent 
operation. The H. E. T. S. is derived 
to represent a step-by-step operation 
in which most of the mass transfer oc- 
curs at equilibrium stages or plates, 
but if the number of theoretical plates 
is large and the concentration change 
per plate is small, then the H. E. T. S. 
is without too great an error applicable 
to a countercurrent extraction opera- 
tion. 

The pulsed extraction column tends 
to operate somewhere between the two 
conditions of continuous contact 
and step-by-step mass transfer. At the 
low pulse velocities the liquids coalesce 
between pulses, and most of the solute 
transfer probably occurs in the region 
near the plate during each pulse. How- 
ever at the higher pulse velocities the 
droplets do not coalesce between pulses 
and are in contact with the solvent be- 
tween plates, thus tending to approach 
countercurrent contact. 

Because for this experiment only the 
relative values of the extraction effi- 
ciencies were required, and_ because 
most of the previous articles in the liter- 
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TABLE 1. Data FOR THE 
METHYL-IsoBUTYL-KETONE, WATER, 
Acetic Actp System at 90°F. 


Weight ratio acid 


Y 
(in water) (in ketone) 

0.04209 0.02641 
0.06267 0.04062 
0.06417 0.04171 
0.07239 0.04757 
0.1093 0.07542 
0.1105 0.07660 
0.1356 0.09649 
0.1732 0.1276 


ature had employed the H. T. U., this 
same choice was adopted as the means 
of reporting the results of this investiga- 
tion, although some comparisons are 
made below among all three methods. 
The continuous phase was arbitrarily 
chosen as the basis for the H. T. U. and 
the Ka. 

Since the experiment was performed 
with relatively dilute concentrations, 
and the ketone and water were mutu- 
ally saturated before each run, the flow 
rates of both phases were assumed 
constant throughout the column, and 
consequently the operating line could 
be considered to be straight. From a 
material balance on the column the 
equation for the operating line is 


= (1) 


The theoretical background of the 
extraction efficiency calculations are 
well known (20,22). The H. E. T. S. 
and H. T. U. are calculated by divid- 
ing the effective column height by the 
number of theoretical plates or the 
number of transfer units respectively. 

Equations (2) and (3) are most 
commonly used for calculating the 
number of transfer units: 


N ra dY | 1+ 
tox = f ye 


(2) 


( Y,— mx, ) mK | 3 

Equation (2) is considered to be the 
rigorous method for determining N,, 
whereas Equation (3) is derived with 
the assumptions of a straight operating 
line, a straight equilibrium line, and di- 
lute solutions. 

For the system studied it was found 
that the equilibrium line was some- 
what curved (its slope varied from 0.62 
to 0.78) and that values of the H. T. U. 
calculated by the use of Equation (3) 
were in error by as much as 30% from 
the value found by graphically evalu- 
ating the integral in Equation (2). To 
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TABLE 2. PLATE ARRANGEMENT AND LOWEST VALUES OF H.T.U.0¢ 


Direction 
of solute 
Plate arrangement transfer 
All-stainless steel K>W 
W-K 
All-plastic K>W 
W-K 
Alternating sections K>W 
Half-plastic on top K>W 
Half-stainless steel on top K>W 


avoid the rather time-consuming calcu- 
lations involved in a graphical integra- 
tion for each run a graphical procedure 
was used to step off the number of 
theoretical stages, and this was used 
together with the column height to cal- 
culate the H. T. U.,. by using Equa- 
tion 4: 


(4) 


Although Equation (4) also includes 
the assumptions of a straight operating 
line, a straight equilibrium line, and 
dilute solutions, it was found by com- 
paring H. T. U.’s calculated by Equa- 
tion (2) with those calculated with 
Equation (4), that if the average slope 
of the equilibrium line was determined 
by the method of Pike (17), the 
H. T. U. values calculated in this way 
were within 3% of the values obtained 
by using Equation (2) as long as the 
W/K ratio was less than 1. For the 
W/K ratios larger than 1 the error was 
found by a similar procedure to be 
within 7%, which was accurate enough 
to define the effect of W/K on extrac- 
tion efficiency. 

The over-all mass transfer coefficient 
can be calculated by the use of Equa- 
tion (5): 


K,a 


5 
(5) 


The height of the column used in the 
above calculations was measured as the 
distance between the top plate and the 
interface at the bottom for runs when 
the ketone was continuous, or from the 
bottom plate to the top interface when 
the water phase was continuous. 


RESULTS AND DISCUSSION 


The experimental results* obtained 
from the operation of the column are 
presented graphically in Figures 2, 3, 
4, and 5. A summary of the lowest 
values of the H. T. U.,. experienced for 
each of the various plate arrangements 
and directions of solute transfer is 
shown in Table 2. 


* The original experimental data are available 
in reference 20a. 
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Ketone Water 
continuous continuous 
6.1 6.6 
5.6 _ 

4.1 5.8 
5.7 

5.0 6.3 
5.0 
5.1 


The accuracy of the results was eval- 
uated by comparing the calculated 
H. T. U.’s for several runs that were 
repeated. The deviation between the 
repeated runs at identical conditions 
(including the net effect of errors in 
analysis, in equilibrium line slopes, and 
in measured column heights) varied 
from 0.14 to 0.31 in., the average devi- 
ation being 0.24 in. The estimated aver- 
age over-all error in the H. T. U. val- 
ues, including the errors just mentioned 
plus the calculational errors discussed 
in the previous section, was 0.38 in. 
(about 10%). The experimental re- 
sults will now be discussed in terms of 
the effect of the different variables on 
the pulse column extraction efficiency. 


Pulse Velocity 
The variation of the extraction effi- 
ciency as a function of the pulse veloc- 
ity (amplitude-frequency product) is 
shown in Figure 2 for the five various 
plate arrangements investigated. The 
water to ketone flow rates were main- 
tained at 0.75 Ib./Ib. for the extraction 
of acetic acid from ketone to water. 
The curves are consistent in shape 
and in general agreement with the © 
curves obtained by most of the previ- 
ous investigators in that the H. T. U. 
decreases (increasing extraction effi- 
ciency) as the pulse velocity is in- 
creased until the point is reached where 
a further increase in pulse velocity does 
not increase the efficiency, and in most 
cases actually decreases the efficiency. 
The most vigorous pulsing has been 
shown (8) to increase the amount of 
back mixing, approaching the operation 
of a baffled mixer with countercurrent 
flow superimposed on this concurrent 
mixing. The curves showing the varia- 
tion of H. T. U. as a function of the 
pulse velocity probably represent the 
sum of two opposing effects. The in- 
creased pulsation causes an increase in 
dispersion and turbulence, resulting in 
better extraction efficiency. This higher 
pulsation also increases the amount of 
back mixing which tends to decrease 
the extraction, thus resulting in the 
leveling off or slight increase of 
H. T. U. at the higher pulse velocity. 
Observation of the column operation 
indicated that at the lower pulse veloc- 
ities the column was operating in the 
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relatively inefficient mixer settler type 
of operation in which the phases tended 
to coalesce between pulses. As the fre- 
quency was increased, the dispersion of 
the liquids was gradually increased un- 
til a point was reached where the liq- 
uids were very finely dispersed. This 
point corresponds to the best efficiency. 
As the pulse velocity was increased fur- 
ther, the droplets seemed to be passing 
through the plates without being able 
to coalesce or be redispersed. Finally an 
emulsion would be formed that would 
take as long as 30 sec. to break after 
the apparatus was stopped. 

The method of measuring the column 
height probably contributed somewhat 
to the apparent increase in H. T. U. at 
the higher pulse velocities. For most of 
the runs when the ketone was continu- 
ous, the interface was about 3 in. below 
the bottom plate, and the effective 
heights of the column were similar for 
each run. However for a few runs at 
the higher pulse velocities, an emulsion 
or near emulsion would build up below 
the bottom plate; to prevent the emul- 
sion volume from rising into the per- 
forated-plate section the interface was 
lowered, sometimes to as much as 15 
in. below the bottom plate, and hence a 
longer effective column height would 
be reported. Although this extra height 
should certainly have contributed to 
mass transfer, It was probably not as 
effective as an equal length of column 
filled with plates. Thus in a few cases 
the column height reported was too 
large by an undetermined amount and 
caused the calculated extraction effi- 
ciencies to be lower than might be de- 
termined for the same type of extrac- 
tion from a long column in which the 
end effects were minimized. This minor 
uncertainty in no way alters the con- 
clusions drawn in the discussion below. 


Plate Arrangement 

The plate arrangement with the all- 
plastic plates was the most efficient ar- 
rangement used. The arrangement with 
half-plastic plates and_half-stainless 
steel plates (including the alternating 
sections) each had about the same ef- 
ficiency and were intermediate between 
the all-plastic arrangement and the all- 
stainless steel arrangement, which was 
the most inefficient. The best H. T. U.’s 
obtained with the various arrangements 
are summarized in Table 2. The runs 
with the water phase continuous were 
found to be more inefficient at the same 
(axf) values than with the ketone 
phase continuous. Therefore most of 
the runs were made with the ketone 
phase continuous. 

One possible reason the combination 
of plate materials did not give better 
H. T. U. values than for the all-plastic 
plates is that the stainless steel plates 
did not appear to be as easily wetted 
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Fig. 2. Effect of plate arrangement on extrac- 

tion efficiency, direction of solute transfer— 

ketone to water: W/K ratio: 0.75 0-ketone 
continuous, /A\-water continuous. 


by water as the plastic plates were 
wetted by the ketone. The plastic 
plates were wetted by the ketone so 
well that a layer of ketone adhered to 
them even under conditions of high 
pulsation and with the water phase con- 
tinuous. Thus the phase not wetting the 
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Fig. 3. Effect of W/K ratio on extraction effi- 

ciency for polyethylene plates, direction of 

solute transfer: ketone to water— continuous 

phase: ketone A-W/K = 0.47, 0-W/K = 
0.76, (]-W/K = 2.80. 
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plate only contacted the wetted phase 
and not the plate itself. 


Flow-Rate Ratio 

The flow ratio was varied to find out 
how it might affect the extraction effi- 
ciency for the different plate arrange- 
ments. The total throughput was held 
constant, and the water and ketone flow 
rates were changed. The trend as 
shown in Figures 3 and 4 was the same 
for the two arrangements on which the 
ratio was varied, and it was concluded 
that the extraction efficiency could be 
expected to vary in the same way with 
changes in flow ratio for the other 
plate arrangements. 

To illustrate that the method of 
presentation of results does not affect 
the conclusions reached so far, the re- 
sults presented in Figures 3 and 4 were 
calculated in terms of H. E. T. S., 
H. T. U. based on the continuous 
phase, and the over-all mass transfer 
coefficient. Each of these methods (for 
different plate arrangements) indicated 
the same trends of extraction efficiency 
as the pulse velocity was varied. Of 
course the results presented here con- 
cerning plate arrangement depend upon 
the system used and are not neces- 
sarily applicable to a different system. 

It should be noted that the effect of 
the W/K ratio on the H. T. U. is de- 
pendent upon whether the H. T. U. is 
based on the continuous or discontinu- 
ous phase. For the runs shown in Fig- 
ures 3 and 4 (ketone-phase continuous ) 
the H. T. U.,, and H. T. U.,» are re- 
lated by Equation (6): 


H. T. U-ew = H.T.U.. (6) 


m 


If the results had been reported as 
H. T. U.,., the curve for W/K of 2.8 
would have had the highest H. T. U., 
and the inverse of the reported trend of 
W/K on extraction efficiency would 
have been described. 

The H. E. T. S., which is not based 
upon a single phase, tends to indi- 
cate an over-all change for both phases 
together, and the magnitude of the 
H. E. T. S. roughly corresponds to the 
average of the H. T. U.,, and H. T. U.oa 
values for a given run. The Ka is based 
on an individual phase, and it exhibits 
the same trends as the H. E. T. S. since 
the Ka value is adjusted somewhat for 
changes in flow rates, as shown by 
Equation (5). 


Phase Reversal 

Phase reversal within the column was 
not obtained for the plate arrangements 
and operating conditions investigated. 
The flow ratio was varied in an at- 
tempt to cause phase reversal of the 
continuous phase, but even at very high 
or low water to ketone flow ratios there 
was little, if any, tendency for the con- 
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tinuous phase to reverse. If a plate with 
a more hydrophilic surface had been 
used, it might have been possible to re- 
verse the phases, but it was not possi- 
ble with the stainless steel-plastic plate 
combinations. It is doubtful if any ad- 
vantage could accrue even if the phase 
reversal had been accomplished, since 
the runs with the water phase continu- 
ous gave high values of H. T. U. as 
compared with the runs where the ke- 
tone was continuous (at the same levels 
of pulsation). 


Direction of Mass Transfer 

As may be seen from Figure 5 the 
direction of mass transfer had a very 
pronounced effect on the H. T. U., 
especially for the same pulse velocity. 
The best H. T. U. for the stainless 
steel plates did not change appreciably 
with direction of solute transfer, al- 
though much more energy was required 
to obtain the same H. T. U. for the 
water to ketone runs. 

This is in accordance with the ex- 
planation (13) that hydrogen bonding 
between the carboxyl groups of the sol- 
ute molecules and the hydroxyl group 
of the water molecule may cause a dif- 
ference in extraction efficiency, depend- 
ing upon the direction of solute trans- 
fer. When the acetic acid is dissolved in 
the ketone, the surface molecules have 
no special orientation, and as the acid 
is extracted from the ketone into water, 
the water exerts a dissolving action on 
the acid molceules because of the for- 
mation of hydrogen bonds with the car- 
boxyl group of the acid molecules. 

In the case of extraction of acetic 
acid from water the opposite effect 
exists in which these forces of adhesion 
caused by hydrogen bonding must be 
overcome. This was indicated by the 
higher pulse velocity required to de- 
crease the H. T. U. to the range ob- 
tained for the extraction of acid from 
ketone to water. For each type of plate 
arrangement when the transfer was 
from water to ketone the column 
flooded before enough energy could be 
supplied to reach the minimum H. T. U. 
value. 

There was also an obvious difference 
in droplet formation depending upon 
the nature of the continuous phase. The 
ketone drops coalesced very quickly in 
the water phase when the water was 
continuous, while the water in the ke- 
tone did not coalesce as rapidly and, in 
fact, the drops would often not coalesce 
at all until they reached the interface. 
In the case of the water the drops 
were very small and tended to remain 
dispersed until they had settled to the 
interface where they then coalesced. A 
difference in the tendency to coalesce 
was also noted between the dilute and 
concentrated ends of the column. 

The total acid content in the column 
was not appreciably different for the 
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Fig. 4. Effect of W/K ratio on extraction 
efficiency for alternating sections, direction of 
solute transfer: ketone to water continuous 
phase: ketone A-W/K = 0.46, 0-W/K = 
0.75, e-W/K = 1.5, (-W/K = 28. 


water to ketone or ketone to water runs, 
although the concentration was natu- 
rally different between the ends of the 
column. It has been noted that the 
efficiency increases with an increase of 
acid concentration (12, 13), most likely 
caused by the fact that the addition of 
acid lowers the interfacial tension be- 
tween the phases (6), thus permitting 
better dispersion of the liquids. 
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Comparison of Results 

Only two articles were found which 
used the system employed in this work 
in a pulsed column. Even then the op- 
erating conditions and design variables 
were different and did not afford a com- 
mon basis for comparing results. Belaga 
and Bigelow (2) obtained H. T. U. 
values based on the continuous ketone 
phase with solute transfer from the 
ketone to water but with a different 
plate geometry, plate spacing, and col- 
umn size. Their range of H. T. U... was 
2.2 to 6.3 in. for a W/K ratio of 1.0. 
Burkhart and Fahien (4), in their study 
of five pulse column variables, pre- 
sented two combination of variables 
which were similar to the design vari- 
ables and operating conditions used in 
this work. For a W/K ratio of 1.0 and 
the water phase continuous they ob- 
tained H. T. U.,,. values of 6.0 to 8.0 
in., which is in the range of the 
H. T. U. obtained this work with 
water as the continuous phase. 
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NOTATION 


a = pulse amplitude, in. 

f = pulse frequency, min. 
H.E.T.S. = height equivalent to a 
theoretical state, in. 

H.T.U., = over-all height of a trans- 
fer unit based on the phase 
indicated by the subscript, in. 

H.T.U.’, = over-all height of a trans- 
fer unit based on the phase 
indicated by the subscript, ft. 


k = total ketone flow rate, Ib./ 
min. 

K = solute-free ketone flow rate, 
Ib./min. 

Ka = over-all mass transfer coeffi- 


cient based on the phase in- 
dicated by the subscript, hr.* 


EF = phase flow, Ib./hr.-sq. ft. 

EY = solute-free flow rate of phase 
i, Ib./hr.-sq. ft. 

In = natural logarithm 

m = slope of the equilibrium-dis- 
tribution curve = dY*/dX 
= d¥/dx* 

N, = number of theoretical plates, 
dimensionless 

N, = over-all number of transfer 


units based on the phase in- 


dicated by the subscripts, 
dimensionless 

r = molecular weight nonsolute/ 
molecular weight solute 

Ww = solute-free water flow rate, 
Ib./min. 

X = concentration of solute in 
water phase, Ib. solute/Ib. 
nonsolute 

¥ = concentration of solute in ke- 


Page 623 


| 
(6) 
as 
2.8 
U., 
ndi- 
the 8 
6 
ised 
ibits 15 —, | | | | | B. 
ince | | | | | 
9 4 4 + } 
8 
was 
ents 
ted. 
at- 
the 
rere 
| 


tone phase, lb.  solute/Ib. 


nonsolute 


Z = effective column height, in. 

pi = density of liquid i, Ib./cu. ft. 

Subscripts 

Cc = continuous phase 

d = dispersed phase 

i = indicates either phase can be 
used throughout the equation 
where i appears 

k = ketone phase 

w = water phase 

1 = bottom of the column 

2 = top of the column 

Superscript 


= equilibrium concentration 
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22. 


Effects of Solids 


on Turbulence in a Fluid 


HISAO KADA and THOMAS J. HANRATTY 


The effect of solid particles on fluid turbulence was studied for fully developed flows of slurries 
in a vertical 3-in. pipe for solids concentrations ranging from 0.13 to 2.5 volume %. Point source 
turbulent diffusion data in the slurry flows were compared with data for flows without solids 
present. The solids do not appear to have a large effect on the diffusion rate unless there is an 
appreciable average slip velocity between the solids and the fluid and unless the solids concen- 


tration is high enough. 


A theoretical treatment of turbulent 
flow involving the suspension of solids 
in a fluid would use information on 
turbulent flow of single-phase systems 
as a starting point. The question arises 
whether the presence of the solids af- 
fects the fluid turbulence. Very little 
information is available in the literature 
on the interaction of solid particles 
with a turbulent field; therefore this 
study was undertaken to gain some in- 
sight regarding the conditions under 
which the presence of solid particles 
would change the fluid turbulence. In 
particular the effect of solids on the 
rate of diffusion in a fluid was studied 
by comparing data on point source tur- 
bulent diffusion with and without solids 
in the field. The technique is similar to 
that used in a previous study of turbu- 
lent diffusion in fluidized beds (4). 


Hisao Kada is now with Monsanto-Kasei Chem- 
ical Co. Ltd., Tokyo, Japan. 
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Water and_ solid-water suspensions 
were circulated through a 3-in. vertical 
pipe. A IN solution of potassium chlo- 
ride was injected through a small tube 
in the center of the pipe at a sufficient 
distance from the pipe inlet such that 
the flow was fully developed. Samples 
were withdrawn from the flow over a 
period of time, long compared with the 
time scale of the turbulence. The sam- 
ples were taken across diameters at 
several distances from the plane of the 
injector. The spread of the material at 
a plane downstream from the injector 
could be measured by the mean square 
of the x-component of the displacement 
of the diffusing particles, X°. The vari- 
ation of X* with distance from the in- 
jector is a measure of the rate of diffu- 
sion. The variation of X° at large times 
measures the gross properties of the 
turbulent mixing process and is influ- 
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enced by the largest eddies. The effect 
of the presence of solid particles on 
such measurements reflects the inter- 
action of the particles with the large 
scale fluid eddies. 

During the course of this investiga- 
tion Soo (11) reported results on a 
similar study. He carried out measure- 
ment in a horizontal pipe on the diffu- 
sion of helium gas in air and in sus- 
pensions which contained 0.0005 to 
(0.0030 volume % glass spheres of di- 
ameter less than 0.01 in. He found that 
the presence of the solids did not af- 
fect the diffusion in the fluid phase. 
The volume percent and the type of 
solids which Soo could investigate were 
limited by fall out of the particles from 
the flow stream. By carrying out experi- 
ments in a vertical pipe larger solids 
concentrations and larger particle dens- 
ities can be investigated. For flow in a 
vertical pipe a region far from the entry 


December, 1960 


Ve 


is. re 
of | 
in tl 
velo 
sam 
fluic 
age 
aver 
the 
are 
they 
dire 
out 
the 
tion 
witl 
be 
dic: 
ala 
fluic 
turk 
For 
ap 
eve 
an 
syst 
ap 
rect 
mat 
per 
ar 
| of 
bas 
to 
fro 
abc 
nor 
ma 
bul 
) be 
dil 
- vel 
in 
EFF 
SLI 
HO 
for 
in 
rel; 
the 
) sio 
wr 
tio 
) def 
pre 
the 
spl 
| 


and E, 
1240 


y Com- 
51). 
rr, Ind. 


Chem. 


and J. 
1, 1144 


i gford, 
cGraw- 


Univ. 
m., 34, 


ations,” 


59; te- 
accepted 


ATTY 


effect 
les on 
inter- 


» large 


estiga- 

on a 
>asure- 
diffu- 
in sus- 
105 to 
of di- 
that 
af- 
phase. 
ype of 
e were 
s from 
experi- 
solids 
» dens- 
wina 
> entry 


1960 


is reached in which the concentration 
of particles does not vary with height 
in the pipe. In this region the average 
velocity of the particles could be the 
same or less than the velocity of the 
fluid. The difference between the aver- 
age velocity of the particles and the 
average velocity of the fluid is called 
the slip velocity. Although the particles 
are falling with reference to the fluid, 
they still have a net velocity in the 
direction of flow and are transported 
out of the pipe. For horizontal flows 
the average fluid velocity in the direc- 
tion of slip is zero. Therefore particles 
with appreciable slip velocity. cannot 
be supported in a horizontal pipe flow. 

The results of this investigation in- 
dicate that only the solids which have 
a large free-fall velocity in the stagnant 
fluid appreciably affect the large-scale 
turbulence responsible for diffusion. 
For a suspension flowing turbulently in 
a pipe the slip velocity might be differ- 
ent from the free-fall velocity. How- 
ever some recent experiments by Wolfe 
and Murphy (13) indicate that for the 
systems studied in this research the 
free-fall velocity is probably a close 
approximation to the slip velocity. Di- 
rect measurements of particle velocities 
by a_ photographic technique were 
made for the flow of very dilute sus- 
pensions in a vertical 1.5-in. pipe over 
a range of particle Reynolds numbers 
of 7.5 to 127 and Reynolds numbers 
based on the tube diameter of 5,600 
to 32,200. Slip velocities calculated 
from these measurements agree within 
about 10% of the settling velocity in 
nonturbulent systems. An exact mathe- 
matical treatment of the effect of tur- 
bulence on the slip velocity does not 
exist. A discussion of the problem will 
be presented below for the case of 
dilute suspension in a homogeneous 
flow field. Some ways by which the slip 
velocity could affect turbulent diffusion 
in the fluid will also be discussed. 


EFFECT OF TURBULENCE ON THE 
SLIP VELOCITY FOR A 
HOMOGENEOUS FLOW FIELD 


An exact expression may be written 
for the equation of motion of a particle 
in a fluid for the case in which the 
relative velocity between the solid and 
the fluid is small (8). An exact expres- 
sion for the general case cannot be 
written because the effect of accelera- 
tion on the drag coefficient cannot be 
defined. On the basis of a discussion 
presented by Hughes and Gilliland (5) 
the equation of motion for a small solid 
spherical particle in a fluid may be 
written as follows: 


4 2 ( 
— = — (p, — 
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dt 
(1) 


The left side of the equation is the 
product of the particle mass and the 
particle acceleration. The first term on 
the right side of the equation is the 
force of gravity on the particle minus 
the buoyancy effect of the fluid. The 
second term is the resistance of the 
fluid to the motion of the particle. The 
third term is the force on the particle 
due to pressure gradients in the fluid 
other than those due to hydrostatic 
head. The fourth term is an assumed 
virtual mass effect which represents the 
acceleration of the particle with refer- 
ence to the fluid. For a perfect fluid the 
coefficient m is given as one half (12). 
It can be shown that m also is one half 
for a viscous fluid in which the relative 
motion between the particle and fluid 
is small (8). It will be assumed that 
the effect of acceleration of the particle 
will be taken into account in the term 
containing the virtual mass and there- 
fore that the drag coefficient c. will be 
a function only of a particle Reynolds 
number equal to 2ap|w|/p. 

If the flow is upward and if one con- 
siders only the particle motion in the 
direction of the tube axis, Equation 
(1) takes the following form: 


4 


Ca 


4 op 4 du, 


Equation (2) will be applied to a sus- 
pension dilute enough that the particles 
behave independently of one another 
and at a distance far enough from the 
entry that the flow is fully developed. 
The flow field will be assumed homo- 
geneous. The velocities of the particles 
and the fluid they contact may be de- 
fined in terms of an average and fluc- 
tuating component: V. = V. + V.’, and 
= + If these expressions are 
substituted into Equation (3) and the 
entire equation is averaged, the follow- 
ing equation results: 


dv. 4 
7a — 

3 dt 3 
a’ |w| (V. — uz) 
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Since the time derivatives in the above 
equation are taken along the particle 


path 


dV. av. OV; 
ax 
eA 
+ V,— + V.— (4) 
oy 0z 
dw; Ow. Ow. 
dot ax 
V, + V: 5 
+V, + (5) 


For a homogeneous flow field and for 
a fully developed flow of a suspension 
the above two terms are zero. Likewise 
for the experiments reported in this 
paper Op/az may be neglected, and 
Equation (3) reduces to the following 
expression: 


(6) 


For cases in which Stoke’s law is ap- 


plicable 
2ap |w| 
Ca = 24.0 — 
(7) 
and Equation (6) becomes 
See 
—w.=——(p—p)g (8) 
9 p 


If a slip velocity w, is defined as 


= V. (9) 


then for the Stoke’s law region 


(10) 


—w, = 


©| to 


—(ps—p)g 


This result shows that for a homogene- 
ous flow the slip velocity is not affected 
by turbulence as long as Stoke’s law is 
applicable. However for slip velocities 
large enough such that Stoke’s law is 
not applicable the effect of the turbu- 
lence is reflected in the term Cz |w|w.. 
No expression which relates this term 
to measurable turbulence quantities is 
evident to the authors. However if Ca 
and |w| are defined as 


K 
(11) 
|w|" 
|w| = [(V. —u.)*? + 
+ (V,—u,)*y” (12) 
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the following equation results: 


8 
3 p WwW, 


olds numbers calculated from these slip 


The correction for the effect of turbu- 
lence is contained in the terms in the 
brackets. If the term in the brackets is 
expanded in terms of (V’,—w’.), (V’y 
—u’,), and (V’, —w’.), before averag- 
ing 

a g=—Ku., 

3 p 


1-n 


w,| 


+ terms involving higher 
order correlations 


(14) 


It can be seen that the effect of turbu- 
lence depends on the slip arising from 
the fluctuations in the fluid and parti- 
cle velocities. The magnitude of these 
correction terms will depend on the 
magnitude of the turbulence intensity 
and on the lag of the particles in fol- 
lowing fluctuations in the velocity of 
the fluid. For a homogeneous isotropic 


(V'.—u'.\ 
fluid (3, 11) the terms eee : 


eel , and — will 
Ww, Ws 


vary between zero and u’,’, For a non- 
homogeneous field in which there ex- 
ists gradients in the velocity it is diffi- 
cult to put any limits on these quanti- 
ties. 

In all of the results presented in this 
paper the slip velocity w, has been 
calculated on the assumption that 
turbulence has no effect. Values of the 
slip velocities and the particle Reyn- 


+ 
w, w, 


(13) 


velocities are tabulated in Table I. In 
all cases the particle Reynolds number 
is larger than that which would be re- 
quired for Stoke’s law to be valid. It 
is likely therefore that the calculated 
slip velocities are subject to some error. 
In order to use Equation (14) to 
obtain an estimate of the magnitude 
of the error due to neglecting the 
effect of turbulence it was assumed 


u’, 


that the magnitudes of ( 


u’, 2 u’y 2 
 ]}, and are 
Uw, 40, 


small enough such that higher-order 
correlations may be neglected and that 
these mean square slip velocities are of 
the magnitude of the turbulent inten- 
sity. With turbulence measurements of 
Sandborn used, slip velocities calcu- 
lated from Equation (14) for the large 
glass spheres and for the copper shot 
are tabulated in Table I. These calcu- 
lations indicate that the turbulence 
would exert a small influence on the 
slip velocity. 


ENERGY INPUT TO THE FLUID 
DUE TO PARTICLE SLIP 


If there is an average slip between 
the particles and the fluid, mechanical 
energy is being fed to the fluid by 
the force of gravity acting upon the 
particles. This energy input can be cal- 
culated for the fully developed flow of 
a suspension by applying the laws of 
conservation 
energy to the section of the flow field 
shown in Figure 1. The law of conser- 
vation of momentum states that the net 
rate of flow of momentum out of the 
control volume is equal to the force act- 
ing on it. Since a fully developed flow 
is being considered, the net flow of 
momentum out is zero and the force 
will result from the force of gravity, 


TABLE 1. CALCULATED SLIP VELOCITIES 


Solids D>, ps — Pp, |w,|*, 
(in. ) (g./cc.) (in./sec.) 
Glass 0.00394 1.20 0.26 
Glass 0.01488 1.20 1.91 
Copper 0.00788 7.92 3.55 


|w.| [Equa- |w.| [Equa- 
Dp|w.|p tion (14)] tion (14) ] 
Nae = 20,300, = 50,550, 
(in./sec. ) (in./sec. ) 
0.66 
18.3 1.85 1.5 
18.1 3.5 3.4 


* Free-fall velocity of the solid particle in a static fluid. 
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of momentum and of 


2, 


Fig. 1. Control volume in the fully developed 
flow region. 


the pressure drop, and the drag at the 


wall: 
Net force = 0 
(p:— pr) S—S (Z,—Z,) Cp. 
g—S (Z—Z:)(1—e)pg 
— tw» (Z,—Z,) = 0 


(15) 


(16) 
(pi— = ¢ (Z,—Z:) g (ps — p) 


D 
+ (Ze —Z) pe + (Z,—Z,) 
(17) 


If a quantity U is defined as the in- 
ternal energy of the slurry mixture per 
unit mass of mixture, an energy bal- 
ance may be written for the volume 
shown in Figure 1. This energy balance 
will yield an expression for the rate of 
dissipation of energy per pound of 
fluid, signified by ¢« and having the 
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a | e term gives the energy input 
1-NO SOLIDS RUN 8 p (Ps — ps) (18) to the fluid due to the fall out of the 
Nige = 20,300 a solids. The solids act as mixers, and the 
228 INCHES 1.55 VOL. % RUN 29 The rate at which ‘mechanical energy force of gravity does work on the sys- 
re Le is dissipated per unit mass of fluid may tem by pulling the solids through the 
l \ : be defined as follows: fluid at an average velocity w, relative 
am 4 to the fluid. The second term is the 
4 = ee a energy input into the fluid by the pump 
= 7 ! S(1—c) p (Z,—Z,) to overcome the resisting force at the 
wall. 
\ q D(Z, — Z,) (19) For c = 0, an expression for the 
Ps ae. S(1—c) p (Z.—Z,) energy input to the fluid for the case 
, of no solids is obtained: 
a & NY Using Equation (18) and the assump- 
tion of a fully developed flow one gets 
0.6 0.4 a2 0.2 0.4 06 (W, W)g = D (25) 
S(1—c)p 
Fig. 3. Concentration profile demonstrating The Fanning friction coefficient is de- 
large effect of solids on diffusion data. 18 W. (ps— pr) fined as 
p»S(1 — c)p(Z, — Z,) f= (26) 
eloped 1/2 
units square feet divided by seconds < W (ps — pr) (20) ee 
mbed. The law of conservation of en- pS(1—c)(Z.—Z,) When one uses this expression, the 
ergy states that the net flow of energy ith 
at the | out of the volume will equal the rate of From the definition of the slip velocity pred sae oe ae 
heat flow through the walls minus the 
(15) rate at which the fluid in the volume is _ 27 
doing work on the surroundings. The S 9 (27) 
= +,) Sep, (21) 
v energy terms included in the balance 
are an internal energy, a_ potential W = pu, S(1—c) (22) 
energy due to the movement through EFFECT OF SOLIDS SLIP ON 
(16) | the gravitational field, and the kinetic W, = a om |sep POINT-SOURCE DIFFUSION 
ae, ies . the solids and the fluid. pS(1—c) The presence of solids in a turbu- 
p t is assumed uniform and (23) lently flowing fluid can affect the rate 
if W. and V — the weight flow of If the abov ” ‘ of diffusion in the fluid by changing 
Z:) solids and of fluid the shove expressions for W. sad W the character of the fluid turbulence or 
are substituted into Equation (20), 
17 (W, + W)(U.—U,) + (W, + W) and if Equation (17) is substituted for by: 
(17) thie from the relative motion of the solids 
+ W ( V: VY ) is oP "and the fluid. The solids should affect 
he in- the fiuid turbulence if they are larger 
re pe be than the smallest eddies or if there is a 
( th ) D e=— o( Je Ww, relative motion between the solids and 
the fluid. This relative motion can result 
= w from the velocity fluctuations of the 
rate 0 sai vu. solids and fluid being out of phase. The 
+ u- (24) quantities (V’. — (Ve 
8 (l1—c)pD and (V’,—w’,)> would be measures 
scutes TABLE 2. SuMMaARY OF RESULTS 
2 GLASS SPHERES 24=0.01488 1.73 VOL % 
RUN 47 
Solids = E, 
System volume % Re Ue (in.*/sec.) B Remarks 
METER | 
7 | No particles 20,300 0.0397 
| Glass 1.5 20,300 0.021 0.41 0.0407 — _ Negligible effect 
Dp = 0.00394 in. (1.2-1.6) 
! | 25 20,300 0.021 0.68 0.0515 49 Moderate effect 
\ a a Glass 0.5 20,300 0.15 1.00 0.0363 — Negligible effect 
Dr = 0.01488 in. —(0.25-0.82) 
Lsowrion | 15 20,300 0.15 3.00 0.1020 28 Large effect 
DLD TANK (1.3-2.2) 
2.5 20,300 0.15 5.00 0.1103 23 Large effect 
(1.9-3.2) 
oa Copper 0.13 20,300 0.29 3.20 0.0490 37 Moderate effect 
ie Dp = 0.00788 in. 
age Glass 1.7 50,550 0.062 0.24 0.0744 — Negligible effect 
Fig. 4. Concentration profile demonstrating Dp = 0.01488 in. 
negligible effect of solids on diffusion data. o3 50,550 0.062 0.40 0.0833 8 Moderate effect 
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| 
Nre= 20,300 
Z=2 INCHES 


| | 
GLASS SPHERES 
2a=0.01488 
2.74 VOL. % 
RUN 32 


004 


Fig. 5. Non-Gaussian profile indicated by non- 


r 
linear plot of log C/C, vs. (=). 


of this effect. It can also be due 
to an average slip velocity resulting 
from the force of gravity acting upon 
the solids. This slip velocity results in 
an additional energy input to the fluid 
over that which would be dissipated by 
the fluid in the absence of the solids. 
Some of this additional energy might 
first be used to increase the intensity 
of the turbulence before being dissi- 
pated into heat. A measure of the mag- 
nitude of this effect would be the ratio 
of the energy input due to the gravi- 
tational pull on the solids to the energy 
input in the absence of solids. From 
Equations (24) and (27) this ratio is 


(28) 


of ue 


The presence of the solids could also 
change the energy input by affecting 


0.09, T T 
FINE GLASS SPHERES) 
Nee = 20,300 
| a 
I | | a 
004}- 
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e-NO SOLIDS , 
4-12-16 VOL % 
0.01 -+— 4-24 VOL % 
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Fig. 7. Effect of solids on x” ys. t data. 


the wall shear stress. In cases in which 
there is appreciable slip velocity this 
effect will probably be small compared 
with the increase of energy input due 
to solids fall out. 

The mechanical mixing due to the 
presence of solids results from the dis- 
placement of fluid masses caused by 
the relative velocity between the solids 
and the fluid and by the rate of change 
of this relative velocity. For cases in 
which w, is large the mechanical mix- 
ing might be described in the same 
manner as in a fixed bed (1, 7). As- 
sume that, on an average, the fluid in 
passing a particle undergoes a_ dis- 
placement which is some multiple of 
the particle radius 


Ba (29) 

The particles in falling through the 

fluid with a slip velocity will on an 
average sweep out a volume of fluid 

Q, =n, |w,| 


(30) 


The volumetric throughput of fluid is 


0.12—— COARSE GLASS SPHERES 
Nag = 20,300 
| e-NO SOLIDS) 
-025-082 voL % ) | T T 
4 -1.32-2.22 VOL % }2a=001488 IN 
©-194-321 VOL %J) | 
0.08} ———- 


A ~ Q00786 IN. DIA. 
COPPER SPHERES 
Q127 VOL. % 


x2 -1NCHES@ 
° 


0.04;— 


1 


with solid particles is proportional to 
the ratio of Q,/Q 


Now n, may be related to the volume 
per cent of solids: 


=crRz 


— 7a’ n, 
3 


By eliminating n, from Equation (32) 
one obtains 


The total fluid displacement due to all 
solid particle encounters is 


== K — — —— 
4 u, (l—c) a 

(34) 


A diffusion coefficient may be defined 
as 


If it is assumed that the number of en- Assuming K = 1, one gets 
counters which a particle of fluid has 
3 
E = — f' |w,| a (36) 
8 
COARSE GLASS _| ] 
SPHERES | 
Nre= 50,550 | 
0.05] — 
T | 
0.04 
— 
w —— 
0.03 a — 
1 
@- NO SOLIDS 
-1.7-1.8 VOL %) 
| 
al 0.2 03 


it 
03 0.4 as 


06 
TIME, SECONDS 


Fig. 6. Effect of solids on x" ys. t data. 
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Fig. 8. Effect of solids on x’ vs. t data. 
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Fig. 9. Effect of solids concentration on the 
turbulent diffusion coefficient. 


For a packed bed the coefficient 6 has 
a value of about 0.6. Owing to the side- 
ways motion of the particles it would 
be expected that 8 could be larger for 
the turbulent flow of a suspension. 


EXPERIMENTAL 


The mass diffusion experiments were 
conducted in a 3-in. I.D. Pyrex pipe 
through which dimineralized water or a 
slurry of solids in demineralized water was 
circulated. The solids were glass spheres 
of average diameter 0.01488 and 0.00394 
in, and a few runs were made with copper 
spheres of average diameter 0.00788 in. 
The concentration of solids ranged from 
0.5 to 2.5 volume %. The specific gravity 
of the glass particles was 2.20, and the 
specific gravity of the copper particles was 
8.92. One normal potassium chloride solu- 
tion was injected into the water through a 
small tube which was centrally located in 
the pipe. Samples were removed from the 
flow stream at different locations along a 
diameter by a stainless steel tube which 
was driven by a micrometer screw. A 
settling chamber was attached to the 
sampling probe to catch solid particles 
before collecting the sample. The distance 
between the plane of the injector and the 
plane from which samples were withdrawn 
was varied by changing the injector posi- 
tion. The water samples were analyzed for 
potassium chloride content by measuring 
their electroconductivity. A schematic 
drawing of the apparatus is shown in 
Figure 2. The glass pipe was 25 ft. long 
to allow for the full development of the 
turbulent flow field. The test section was 
19 to 20 ft. from the inlet to the column. 
A detailed description of the equipment 
and the experimental techniques is pre- 
sented in another article (2) and in a 
thesis by one of the authors (6). 


TREATMENT OF DATA 


All of the concentration profiles ex- 
cept those obtained with systems in 
which the solids were affecting the dif- 
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fusion appreciably were Gaussian. For 
Gaussian profiles 
r= 


Qdt 


C 22 rdrdz = e dr 


(37) 
Substituting 


a 
dt 


Us 


(38) 


and 


Q = @ Cay (39) 


one obtains 1 the following equation, 
from which X* can be calculated: 


C 
= e 


Ce Qu, X? 


(40) 


For non-Gaussian profiles was ob- 
tained by graphical integration: 


f* 2ar’Cdr 


Values of X? calculated from meas- 
ured profiles were plotted vs. time, 
defined as 


$= (42) 


Ue 
A turbulent diffusion coefficient was 
defined from the limiting slope of the 


vs. t curve: 


RESULTS 


Measurements were made at Reyn- 
olds numbers of 20,300 and 50,550 
with slurries of the particles described 


| 2=8 INCHES 


fh 
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O RUN 35 24=0.0!488 IN. Nag=20,300 
RUN 55 2a=0.00394 IN. Nag=20,300 


Vv RUN 49 24=001468 IN. Nae= 50,500 - 
c.0 
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Fig. 10. Distribution of solid particles. 
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Fig. 11. Solid particle concentration profile on 
the axis of the injector. 


in Table 1 over a concentration range 
of 0.13 to 2.5 volume %. The effect of 
the solids upon mass diffusion for the 
different systems investigated is char- 
acterized as large, moderate, or negli- 
gible in Table 2. The solids concen- 
trations shown in Table 2 are averages. 
The actual concentrations ranged over 
the values indicated inside the paren- 
theses. A comparison of concentration 
profiles of the diffusing potassium 
chloride solution in a slurry with empty 
tube data is shown in Figure 3 for a 
run in which a large effect was noted 
and in Figure 4 for a run in which a 
negligible effect was noted. The con- 
centration profiles were Gaussian error 
curves in all cases except those in 
which large effects were noted. In 
these experiments a flaring of the pro- 
files as shown in Figure 5 was ob- 
tained. The magnitude of this flaring 
decreased with increasing distance from 
the plane of the injector. Mean- 


squared displacements X* calculated 
from measured concentration profiles 
are shown in Figures 6, 7, and 8. A 
marked difference from the data with 
no solids is obtained for the runs with 
0.01488-in. glass spheres at solids con- 
centrations of 1.5 and 2.5 volume % 
Values of E were calculated from the 
slopes of the X’ vs. ¢ curves at large 
values of t. These are presented in 
Table 2 and are plotted in Figure 9. 
Only two profiles were used to calcu- 
late E for the copper shot and for the 
runs at a Reynolds number of 50,550 
with 2.5 volume % of glass spheres. 
The concentration of solids in the 
sampling stream was measured for a 
number of runs with the glass spheres. 
Some of these data are presented in 
Figures 10 and 11. The data indicated 
that the solids were uniformly dis- 
persed in the pipe. However, as shown 
in Figure 11, the solids concentration 
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10} 
| 
volume F 1 
2 Cdr (41) 
| 
| 
| _ 
1 ( (43) 
“tg dt | 
a— | | 
Cc) a 
(34) 
(35) | 
| 
A d 


was low right above the tip of the in- 
jector. 


DISCUSSION 


If it can be assumed that the turbu- 
lence is not appreciably affecting the 
slip velocity, then the results of this re- 
search indicate that the effect of the 
solids on the rate of diffusion in the 
fluid depends on the solids concentra- 
tion and on the ratio of the average 
slip velocity to the fluid velocity. Thus 
1.5% of glass spheres for which w,/u, 
= 0.15 produces a 2.5-fold increase in 
the turbulent diffusion, while a 1.5% 
slurry for which w,/u, = 0.021 gives 
approximately the same diffusion co- 
efficient as a flow without solids. Like- 
wise only 0.13% of copper particles 
for which w,/u, = 0.29 gives approxi- 
mately the same effect as 2.5% of glass 
spheres for which w,/u, = 0.021. The 
energy input to the fluid by gravity 
acting upon the solids was calculated 
for the systems studied in this research, 
and the results of these calculations are 
presented in Table 2. For the cases in 
which the solids had a large effect on 
the mass diffusion the energy input to 
the fluid was 3 to 5 times as large as 
the energy dissipated by the fluid in 
absence of solids. 

An increase in the Reynolds number 
decreases the effect of the solids on 
the fluid turbulence. At Re = 20,300, 
a 2.5- to 2.8-fold increase in the diffu- 
sion coefficient was obtained for 1.5 to 
2.5 volume % of 0.01488-in. glass 
spheres. At Re = 50,550, the diffusion 
coefficient was 1 to 1.1 times the dif- 
fusion coefficient without spheres for 
the same solids concentrations. This 
effect can be explained in terms of the 
decrease of w,/u, and e€,/€. 

Two aspects of these results are sur- 
prising. First it is possible to have con- 
centrations of solids as high as 1.5% 
without greatly affecting the fluid tur- 
hulence responsible for turbulent dif- 
fusion. The second is the sudden in- 
crease in eddy diffusion coefficient 
illustrated in Figure 9. This suggests a 
marked change in the properties of the 
system. This was somewhat borne out 
by visual observations. It was noted 
that the character of the solids motion 
changed as the concentration increased. 
At low concentrations the solids moved 
independently of one another and had 
very small velocity fluctuations in the 
radial direction. Their motion was es- 
sentially linear. As the concentration 
increased groups of particles tended to 
move in unison, the particle velocities 
in the radial direction increased, and 
there were large fluctuations in the 
concentration of the solids. 


Values of 8 defined by Equation . 


(36) on the assumption that K = 1 
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have been calculated from the differ- 
ence of the measured diffusion coeffi- 
cient and the diffusion coefficient for 
an empty tube. The magnitudes of the 
calculated £’s seem too large for the 
displacement mechanism of turbulent 
diffusion described in Equation (36) 
to account for all of the observed in- 
crease in the diffusion rate. 

The non-Gaussian concentration pro- 
files obtained in some runs might be 
explained by the smaller concentration 
of solids in the vicinity of the injector. 
For runs in which the solids were 
greatly influencing the diffusion rate the 
material would spread slower directly 
over the injector than at positions 
farther away. 
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NOTATION 

a = radius of a particle 


volume fraction of solids 

drag coefficient 

concentration of 

material 

= mixed average concentration 

= diameter of the pipe 

= particle diameter 

eddy diffusion coefficient 

= Fanning friction factor 

= acceleration of gravity 

= proportionality constant 

= constant used to describe the 
magnitude of the virtual mass 

= number of particles 

= number of encounters 

= pressure 

= heat flow per unit area of 

pipe wall 

volume of fluid swept out 

= radial position 

= radius of the pipe 

= cross-sectional area 

pipe 

time of diffusion, equal to 

= fluid velocity 

fluctuating fluid velocity 

fluid velocity in the z-direc- 

tion 

- fluid velocity at the pipe 
center 

= mixed average fluid velocity 

= internal energy per unit 

weight of suspension 

particle velocity 

fluctuating particle velocity 

particle velocity in the z- 

direction 

weight flow of fluid 

weight flow of solids 


Ca = 


diffusing 


of the 
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wo = relative velocity between the 

particle and the fluid = V 
> 

w, = slip velocity = V. — u, 

= effective displacement per 
particle encounter 

X? = x-component of the mean 


squared displacement of the 
diffusing material 
brackets signify 
value 

distance between the plane 
of the injector and the plane 
of sampling 


absolute 


Greek Letters 


B = coefficient defined by Equa- 
tion (26) 

€ = rate of energy dissipation per 
unit mass of fluid 

és = energy dissipation due to the 
average slippage of the parti- 
cles 

€ = energy dissipation for a flow 
without solids 

pb = viscosity 

p = fluid density 

Ds = particle density 

Tw = wall shear stress 
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Heat and Momentum Transport 


Characteristics of Non-Newtonian Aqueous 


Thorium Oxide Suspensions 


D. G. THOMAS 


Oak Ridge National Laboratory, Oak Ridge, Tennessee 


Heat transfer and pressure-drop measurements were made with non-Newtonian aqueous thor- 
ium oxide suspensions. A comparison of the results of the two different kinds of measurement 
allowed the general features of non-Newtonian thorium oxide suspension heat transfer to be 


readily identified, thus leading to a clear understanding of lies observed in previous sus- 
pension heat transfer studies. 
Data were obtained ut suspension concentrations up to 0.10 volume fraction solids, (1,000 g. of 


thorium/kg. of water) in systems having tube diameters of 0.318 and 1.030 in. !n addition laminar- 
flow data were taken with a capillary-tube viscometer with a tube diameter of Y in. and an 
L/D of 1,000. It was shown that laminar flow physical properties determined with the % in. 
diameter tube were satisfactory for correlating data taken with tubes up to 1.030 in. in 
diameter. 

Until the present study information was not available which would permit a choice between 
two different viscosities for use in correlating non-Newtonian turbulent heat transfer and flow 
data. The limiting viscosity at very high shear rates is shown to give a unique correlation of 
turbulent data for tube diameters from 0.124 to 1.030 in., whereas the use of the effective vis- 
cosity (that is the viscosity evaluated at the point value of the wall shear stress corresponding 
to each given flow condition) gives a pronounced diameter effect in turbulent-flow correlations. 

The data show that the onset of turbulence for both the pressure-drop and heat transfer 
measurements occurs at the same Reynolds number and is approximated by the value predicted by 
the Hedstrom criterion (//). The heat transfer transition region extends to Reynolds numbers a 
factor of four times greater than the critical, as is also the case with Newtonian materials. Heat 
transfer to thorium oxide slurries in fully developed turbulent flow is the same as that predicted 
by the usual correlations for Newtonian fluids to within the precision of the experimental data, 
provided that the Reynolds and Prandtl numbers are calculated with the limiting viscosity at 
high rates of shear, 1;, for this viscosity. An approximate form of Martinelli’s momentum heat 


transfer analogy correlates the experimental results within +17 and —36%. 


The form of thorium for use in an 
aqueous homogeneous power reactor is 
largely restricted to suspensions of 
thorium oxide in water (slurries) be- 
cause of solubility, radiation and ther- 
mal stability, and nuclear cross-section 
considerations (13). Economic studies 
show that optimum thorium oxide con- 
centrations should be 0.01 to 0.03 vol- 
ume fraction solids in core and 0.075 
to 0.125 volume fraction solids in 
blanket regions in such reactors. Since 
exploratory heat transfer measurements 
(16) with thorium oxide slurries in 
those concentration ranges showed 
marked deviations from usual Newton- 
ian-fluid correlations at Reynolds num- 
bers as large as 10°, studies were init- 
iated to determine the heat transfer 
and fluid-flow properties of thorium 
oxide slurries under turbulent-flow con- 
ditions. 

It was the object of this investigation 
to: 

1. Verify the suitability of the Sieder- 
Tate equation for correlating non-New- 
tonian suspension heat transfer coeff- 
cients at the higher Reynolds number. 
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2. Determine the nature of the de- 
viations from the predicted j factors at 
the lower values of the Reynolds num- 
ber. 

3. Determine the most suitable ex- 
perimental viscosity to use in the cor- 
relations. 

4. Determine isothermal turbulent 
flow friction factors in the same equip- 
ment used to measure heat transfer co- 
efficients. 

5. Test applicability of heat and 
momentum transfer analogies for use 
with suspension data. 


FLOW CHARACTERISTICS OF 
SUSPENSIONS 


Although non-Newtonian technology 
has been thoroughly covered in several 
different review articles (1, 15, 19,30), 
a brief discussion of some factors im- 
portant in the laminar flow of non- 
Newtonian fluids will be given as back- 
ground for the experimental results. 
Particular attention will be given to the 
definition of several different non-New- 
tonian viscosity terms: 
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1. The apparent viscosity is the vis- 
cosity at any given value of the rate of 
shearing strain [Eq. (1) ]. 

2. The effective viscosity is the vis- 
cosity corresponding to the particular 
value of the wall shear stress under a 
given flow condition. The effective vis- 
cosity and apparent viscosity are equal 
for Newtonian fluids and are related 
by the Mooney-Rabinowitsch equation 
(19) when the fluids are non-Newto- 
nian. 

3. The limiting viscosity at high 
rates of shear is the asymptotic value 
of the viscosity below which the effec- 
tive viscosity can never be reduced, a 
value always greater than the viscosity 
of the suspending medium. T his defi- 
nition applies to a large class of mate- 
rials, including thorium oxide-water 
suspensions, which become more fluid 
as the shear rate is increased. 

Aqueous thorium oxide slurries often 
have non-Newtonian laminar flow char- 
acteristics distinguished by a noncon- 
stant relationship between the rate of 
shearing strain, du/dr, and the shear 
stress. Typical data are represented as 
a true shear diagram by the curve 
ABCDEF in Figure 1. At high rates of 
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Fig. 1. Typical laminar flow shear diagram for 
thorium oxide suspension. 


shear the slurry curve (region AB) ap- 
proaches but never crosses the curve 
for the suspending medium. At lower 
rates of shear the slurry curve (region 
BCD) deviates markedly from the 
curve for the suspending medium. At 
very low rates of shear the slurry data 
are observed in the region DEF with 
the data usually being closer to curve 
DE than to curve DF. 

Although the determination of the 
relation between the laminar flow rate 
and pressure drop for flow in circular 
conduits is straightforward (1, 4, 15, 
19, 30), an immediate difficulty in at- 
tempting to correlate nonlaminar flow 
non-Newtonian data is the need for a 
definition of the viscosity coefficient in 
Reynolds number. This is because the 
apparent viscosity 


du/dr (1) 


= 


decreases from a large value at low 
rates of shear to a limiting value (region 
AB of Figure 1) at high rates of shear. 
Oldroyd (24) has proposed that the 
only viscosity coefficient which need 
be considered in turbulent flow (and 
in the laminar sublayer at the wall 
when the mainstream is turbulent) is 
the limiting value at high rates of 
shear. On the other hand it has also 
been suggested (19) that a suitable 
viscosity for use in calculation of the 
turbulent Reynolds number is the ap- 
parent viscosity determined at the par- 
ticular value of the wall shear stress 
for each different flow condition. Al- 
though Equation (1) would give suit- 
able values, it requires data for the 
shear stress as a function of the rate 
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Fig. 2. Pseudo-shear diagram for thorium oxide 
slurry showing agreement of data taken in the 
laminar range with tubes of different diameters. 


of shearing strain. However it is pos- 
sible, by a redefinition of terms, to use 
capillary tube data directly (19). 
Laminar data taken with round tubes 
(1, 15, 19) are commonly plotted as 
8V/g-D vs. tw. The resultant plot is 
called a pseudo-shear diagram, and the 
term “effective” will be used to distin- 
guish viscosities calculated from 
pseudo-shear diagrams from the ap- 
parent values calculated from true- 
shear diagrams; that is 


Dap/4L 
8V/g.D  8V/g.D 


A difficulty that arises in the practical 
application of Equation (2) for the 
determination of viscosities for use 
with turbulent flow data is that laminar 
flow must be obtained over the com- 
plete range of shear rates of interest. 
This can only be done with a viscom- 
eter having a tube diameter smaller 
than the tube diameter of the experi- 
mental equipment in which the turbu- 
lent flow data were taken. In fact the 
maximum value of the laminar shear 
rate which can be achieved with any 
given non-Newtonian fluid is roughly 
inversely proportional to the tube 
diameter. This introduces a complica- 
tion in attempting to achieve high 
shear rates, particularly in dealing with 
suspensions, since several investigators 
(17, 23) have presented experimental 
evidence for a pronounced wall effect 
with small diameter capillary tubes. 
This effect is believed to be due to a 
layer of pure suspending medium ad- 
jacent to the wall which becomes signi- 
ficant as the diameter of the tube de- 
creases toward the value of the effective 
particle diameter. This wall effect 
causes an underestimate to be made of 
the effective viscosity. In the present 
study it will be shown that there was 
no distinguishable wall effect with 
tubes having diameters from 0.124 to 
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Fig. 3. Laminar heat transfer characteristics of 
thorium oxide slurries compared with theoreti- 
cal equation. 


1.030 in. for the thorium oxide sus- 
pensions used in the heat transfer 
studies. However a pronounced wall 
effect has been observed (9) with 
similar thorium oxide suspensions when 
the viscometer-tube diameter was 0.046 
in. These results are consistent with 
previous experimental data (17, 23). 

For convenience in comparing the 
effectiveness of different methods of 
correlation it is desirable to choose a 
rheological flow model to fit the lami- 
nar flow data. A suitable flow model 
should meet the following require- 
ments: 

1. It should fit the data sufficiently 
well at high shear rates so that accur- 
ate apparent viscosities can be calcu- 
lated from the experimentally deter- 
mined flow parameters. 

2. It should extrapolate to give a 
limiting value of the viscosity at high 
rates of shear, that is greater than the 
viscosity of the suspending medium. 

The model which was chosen in this 
investigation is the Bingham plastic 
model (2): 


d 
— ty) for > ty 
dr n 

(3) 
for = ty 
dr 


It is recognized that there are some 
doubts as to the existence of a true 
yield stress as required by the Bingham 
plastic model and no claim is made 
that thorium oxide suspensions are 
Bingham plastics. However if Equation 


(3) fits the data adequately at the 


high shear rates observed at the wall in 
the present investigation, the problem 
of the existence of a true yield stress 
is relatively unimportant (19); that is 
the existence of an unsheared plug in 
the central region of the pipe as re- 
quired by Equation (3) is unimport- 
ant as long as the laminar velocity pro- 
file is blunt and the velocity gradient 
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TABLE 1. PHysicAL PROPERTY VARIATION OF THORIUM OXIDE diameters of 0.318 and 1.030 in. Periodic 
SturriEs Usep IN HEAT TRANSFER TESTS examination of the interior surface of the 
heat showed that there was 
Number Coeffi- no adhering film of slurry and that the 
of heat Slurry Gent tubes were bright and aay. Measurements 
ony transfer density, of rigid- Yield of isothermal laminar and turbulent flow 
(ey tests dur- g. Ib. ity,y, Ib. mass n stress, pressure drop were made with the same 
ing Temperature, t, in the heat transfer measure- 
ate terval °C. °F, ce. cu.ft. poises ft. sec. lb./sq. ft. e static pressure taps were 
located 28 and 18 L/D downstream from 
| Aug. 1, the mixing pots of the %- and 1%-in. 
+ 23 76 81 1.69 105 | 0.0021 3.6 0.068 tubes. 
| Sept.19 104. 83.50.0034. 410.009 was obteined 
50 122 167 4104 29 0.0020 5.3 0.091 in the 
80 176 167 4104 20 0.0013 5.6 0.090 and from the 
Jan. 17 7 211 132 82 0.005 92 0.49 
54 129 2.03 127 57 0.0038 il 0.50 slurry side heat transfer coefficient was 
istics of | Feb. 6 65 80 31) 192 54 00008 63 O80 the overell host wanes 
heoreti- 56 133 2.08 130 45 0.0030 9.0 0.54 coefficient with the steam-and tube-wall 
74 165 2.05 128 40 0.0027 10.4 0.55 from series 
Mar. 11 14 223 73 201 125 52 0.003 56 0.42 gx 
50 122 200 125 46 0.0031 84 0.42 
7 158 201 125 31 0.0021 76 051 unction of beet capecitics of the 
‘ansfer materials. The thermal conductivity of the 
1 wall slurry was calculated from the values for 
with at the tube wall is predicted accurately. viscosity with the Bingham plastic the pure material by the use of Maxwell’s 
when In order to use the Bingham plastic model used is simply 7. equation (18) 
0.046 model to calculate effective viscosities “ os 43 7 
- with Equation (3) must be integrated (3, (6) 
23). 15) for circular geometry, giving +  (ku20 — krnoz) 
ig the EQUIPMENT, PROCEDURE, AND which is in good agreement with experi- 
ds of 8V/g-D = 1/4 [tw — (4/3) ty CALIBRATION mental data oxide 
/ 12). The thermal conductivit 18) of 
+ (1/3) 70°] (4) Laminar flow rheological properties were oxide is 8.2 and 7.0 ft. 
, : J a determined with a horizontal tube viscom- °F. and the specific heat (18) is 0.056 
model The effective viscosity for conditions eter made of stainless steel and a tube “aa 0.060 B.t.u./Ib. °F. at 30° and 100°C. 
quire- where Tw is large compared with Ty can with 0.124-in. LD. with L/D = 1,000. Typical wulane yr slurry thermal conduc- 
i be obtained from Equation (4) by Measurements of laminar and turbulent _ tivity at 50°C. are 0.45 and 0.50 B.t.u./hr. 
riently neglecting the last term on the right; flow heat transfer and isothermal pressure ft, °F. for slurries having volume fraction 
accur- the result is drop were made in a system in which the solids of 0.075 and 0.115, respectively. 
calcn- slurry was circulated with a pump, and the Typical values of slurry specific heat at 
deter- Be = Ll + (ge ty D/6nV)] (5) flow rate was measured with a weigh tank. 50°C. are 0.58 and 0.47 B.t.u./Ib. °F. for 


f P a The horizontal-tube heat exchange section slurries having volume fraction solids of 
For high rates of shear the limiting consisted of two copper tubes with inside 0,075 and 0.115, respectively. 
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Fig. 6. Heat transfer and fluid flow characteristics of thorium 
oxide slurries showing an apparent diameter effect when one 
uses the effective viscosity to calculate Reynolds and Prandtl 


numbers. 


+10% of the line given by the Nikuradse 
equation (14) 


1/\/f = 4.0 log (Nre \/f) — 0.40 (7) 


over the Reynolds number range of 3,000 
to 10°, and there was no apparent trend 
with tube diameter. Laminar flow data 
taken with the smallest diameter tube 
agree to better than 5% with the laminar 
flow equation 
= 16/Nr- (8) 
Heat-Transfer Calibration Tests with 
Water. Turbulent flow heat transfer data 
taken with water in the two different tubes 
in the heat transfer system were in good 
agreement with the Sieder-Tate relation- 


ship (29) 


Cy 


= 0.027 Nox (9) 


with a mean deviation of +10%. There 
appeared to be no trend with either tube 
diameter or L/D; however there was a 
tendency for the data to scatter slightly 
below the line. Heat balances, expressed as 
the ratio of q from condensate to q from 
axial temperature rise, averaged 0.992 for 
fifty-seven water-calibration tests, and 95% 
of the values were within +5% of the 
average over a Reynolds number range 
from 10‘ to 6 « 10°. The heat balance for 
189 slurry tests averaged 1.01; 95% of the 
tests in which there was fully developed 
turbulent flow had heat balances falling 
within +11% of the average, and heat 
balances for all 189 tests were within 
+24% of the average. 


LAMINAR FLOW THORIUM OXIDE 
SUSPENSION PROPERTIES 


Comparison of laminar flow slurry 
pressure-drop measurements made with 
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different systems is shown in Figure 2. 
The good agreement of laminar flow 
data taken with tubes having diame- 
ters of 0.124, 0.138, and 1.030 in. 
proves that wall effects are not impor- 
tant for the suspensions used in this 
study. The curves branching off from 
laminar into nonlaminar flow show the 
characteristic decrease in critical value 
of 8V/g.D as the tube diameter in- 
creases. The laminar data for the three 
tubes are in good agreement internally 
and, except for the lowest values, fol- 
low a straight line relationship over the 
entire range in accord with the Buck- 
ingham equation [Equation (4) ], giv- 
ing a yield stress of 0.075 Ib./sq. ft. 
and a coefficient of rigidity of 2.9 centi- 
poises. Therefore the physical proper- 
ties determined with the capillary-tube 


Ove 
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Fig. 7. Heat transfer and fluid flow characteristics of thorium 
oxide slurries with the limiting viscosity at high rates of shear 
used to calculate the Reynolds and Prandtl numbers. 


viscometer were considered to be sat- 
isfactory and were used in all of the 
following correlations. Flow properties 
as a function of temperature, deter- 
mined through the course of the heat 
transfer tests, are given in Table 1. 
Both the yield stress and coefficient of 
rigidity varied during the tests in a 
more or less random manner. This 
variation of physical properties with 
time was partially taken into account 
by assuming a linear variation of co- 
efficient of rigidity with time and using 
a mean value in Reynolds and Prandtl 
number calculations. No attempt was 
made to correct for variation of yield 
stress with time. 


LAMINAR FLOW SUSPENSION 
HEAT TRANSFER 


The present data are the first non- 
Newtonian — suspension laminar flow 


TABLE 2. OF EFFECTIVE Viscosity [ (EQUATION 5)] To Limirinc Viscosity 
AT HicH RATEs OF SHEAR FOR RANGE OF FLow ConpiTIons ATTAINED IN HEAT 
TRANSFER STUDY WITH THORIUM OXIDE SLURRY; 


ty = 0.075 lb./sq. ft.; n = 0.00195 Ib./ (ft. ) (sec. ) 


Tube 

dia., 

in. 

1. Lowest flow rate attained in 0.318 
heat transfer experiment 1.030 

2. Transition from laminar flow® 0.318 
1.030 

3. (DVp/n) = 4(DVp/n) 0.318 
1.030 

4. Highest flow rate attained in 0.318 
heat transfer experiment 1.030 


® Values taken from smoothed curves of data. 
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Reynolds number 


DVp DVp Me 

Velocity, 

ft./sec. Me n 
0.25 10° 387x110? 22.2 
0.26 0.13x 10? 1.04 10° 80.0 
3.9 2.28 x 10° 5.50 x 10° 2.41 
3.7 2.76 x 10° 1.60 x 10' 5.80 
15.6 1.60 x 10‘ 2.20 x 10° 1.35 
14.8 2.90 x 10' 6.40 x 10° 2.20 
47.0 6.16 x 10°, 6.85 x 10* 1.11 
30.9 9.3 10' 1.58 x 10° 1.70 
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heat transfer data that have been pub- 
lished which afford a check of theoreti- 
cal equations. Hirai (10) has presented 
a theoretical analysis of laminar heat 
transfer of a Bingham plastic fluid and 
has shown that the equation 


ty/ te 
1 — (47,/3r0) + 


DVp \-** 
1.615( ) 


is a valid approximation provided the 
Nusselt number, (hD/k), is greater 
than 8.1. 

Laminar flow heat transfer data for 
two different thorium oxide slurries 
having volume fraction solids of 0.075 
and 0.12 in two different tubes with 
heated length L/D ratios from 87 to 
378 are plotted in Figure 3. The agree- 
ment of the data with the theoretical 
expression is quite satisfactory, the 
mean value for the data is 11% above 
the theoretical line, and 95% of the 
data fall within a band of +15% over 
a Reynolds number (DV,/n) range 
from 400 to 18,000. The point at 
Reynolds number 387 had a Nusselt 
number of. 5.9; all other data had 
Nusselt numbers greater than 8.3, thus 
meeting the requirement given by 
Hairi for the use of Equation (10). 
The value of the Sieder-Tate (29) cor- 
rection factor was always 
greater than 0.88. The difference in 
value of the Sieder-Tate correction 
with the two viscosities, ». [Equation 
(5)] and yn, at the same flow condi- 
tions was never more than 8%; there- 
fore the more convenient limiting vis- 
cosity at high rates of shear was 
chosen for use in subsequent correla- 
tions. 


(10) 


HEAT TRANSFER AND FLOW 
CHARACTERISTICS OF SUSPENSIONS 
IN THE TRANSITION AND 
TURBULENT FLOW REGION 


Friction-factor and heat _ transfer 
data taken with the same slurry are 
shown in Figures 4 and 5 as a function 
of Reynolds number. The Reynolds 
numbers were calculated by using the 
effective viscosity, [Equation (5) ], 
and the limiting viscosity at very high 
shear, » respectively. There is a very 
good agreement in both figures be- 
tween the laminar flow pressure-drop 
data for both the 0.318- and 1.030-in. 
diameter tubes and the theoretical 
laminar curves. The fact that two lami- 
nar flow curves are observed in Figure 
5 results from the diameter term in the 
Hedstrom number (11), thus giving 
two different curves even though only 
one set of slurry properties is involved. 
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TABLE 3. RATIO OF EFFECTIVE Viscosity [EQUATION (5)] To Viscosity 
AT HicH RaATEs OF SHEAR FOR RANGE OF FLow ConpiTIONs ATTAINED IN HEAT 
TRANSFER STUDY WITH THORIUM OXIDE SLURRY; 

Ty = 0.46 lb./sq. ft.; = 0.0055 Ib./ (ft. ) (sec. ) 


Tube 

dia., 

in. 

1. Lowest flow rate attained in 0.318 

heat transfer experiment 1.030 

2. Transition from laminar flow* 0.318 

1.030 

. DVp DVp 0.318 

3. =4 4 1.030 
crit. 

4. Highest flow rate attained in 0.318 

heat transfer experiment 1.030 


* Values taken from smoothed curves of data. 


Since the laminar flow properties used 
in the calculation of the Reynolds and 
Hedstrom numbers for the 0.318- and 
1.030-in. diameter tube were deter- 
mined from data taken with the 0.124- 
in. diameter tube, the good agreement 
of the data with the theoretical laminar 
flow lines in Figures 4 and 5 substan- 
tiates the observation that there is no 
significant laminar wall effect with 
thorium oxide slurries for flow in tubes 
in the diameter range 0.124 to 1.030 
in. 

Examination of the transition and 
turbulent flow data for heat transfer 
and fluid flow plotted in Figure 4, in 
which the effective viscosity was used 
in the calculation of the Reynolds and 
Prandtl numbers, shows that the transi- 
tion from laminar flow occurs in the 
Reynolds number range 2,000 to 3,000, 


Reynolds number 

DVp DVp He 

Velocity, — 

ft./sec. Me 
127 0.84 x 10° 15.90 
4.50 10° 8.56 9.89 
10.4 20 x< 6.0 
29.0 34 x10 1.7 
23.0 19 80 x 4.3 
43.1 3.02 x 10° 4.51 x 10° 1.49 
32.7 3.39 « 10* 1.37 x 10° 4.04 


as expected (19). However both the 
heat transfer and the fluid flow data 
show a pronounced diameter effect in 
the turbulent region. This is a direct 
result of the fact that the effective vis- 
cosity is a function of tube diameter. 
(This is true for any model chosen to 
represent the laminar flow data and is 
not a characteristic of the particuler 
model chosen for this study.) This is 
shown in Table 2 which gives the ratio 
of the effective viscosity [Equation 
(5) ] to limiting viscosity at high rates 
of shear for the range of flow condi- 
tions attained in the heat transfer 
study. The ratio of effective viscosities 
for different tube diameters under simi- 
lar flow conditions decreases from 2.45 
at a value of DV,/yu, of 3 X 10° to 1.70 
at a value of DV,/u. of 6 X 10*. Hence 
although the effective viscosity is suit- 
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Fig. 8. Friction factor-Reynolds number plot for aqueous thorium oxide slurries showing agree- 
ment of data taken in the turbulent range with tubes of different diameters. 
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Fig. 9. Friction factor-Reynolds number plot for aqueous thorium oxide slurries showing 
agreement of data taken in the turbulent range with tubes of different diameter. 


able for transposing the data to give 
a critical Reynolds number in the 
range 2,000 to 3,000, it does not ap- 
pear to meet the additional require- 
ment of uniquely correlating the data 
for a particular suspension, independent 
of tube diameter. 

This table also shows that, depend- 
ing on the tube diameter, the ratio of 
effective to limiting viscosity was re- 
duced from 80 to 1.7 in going from 
the lowest to the highest flow rates, 
and even at the highest flow rates at- 
tained the effective viscosity was 10 to 
70% greater than the limiting viscosity 
at high rates of shear provided that 
the coefficient of rigidity adequately 
represents the limiting viscosity. Hence 
even at the high flow rates the slurry 
possessed appreciable non-Newtonian 
characteristics. 

It is of interest to note from Table 
2 that the critical velocity for transition 
from laminar flow is almost independ- 
ent of tube diameter. It has been 
pointed out previously that the critical 


velocity for materials approximated by 
the Bingham plastic relation is pri- 
marily a function of yield stress and 
is only a very weak function of the 
tube diameter and coefficient of rigid- 
ity (31). 

Examination of the data plotted in 
Figure 5, in which the limiting viscos- 
ity at high shear rates is used in the 
calculation of the Reynolds and Prandtl 
numbers, shows the characteristic dis- 
placement of the laminar data with 
tube diameter corresponding to the 
different values of the Hedstrom num- 
ber (11). The heat transfer and the 
fluid flow data having the same Hed- 
strom number show the transition from 
laminar flow at the same Reynolds 
number. The heat transfer data for 
both tube diameters are correlated by 
the conventional Newtonian line given 
by Equation (9), provided that the 
Reynolds number is 3 to 5 times the 
critical value for the onset of nonlami- 
nar flow. The nonlaminar friction 
factor data for both tube diameters 


TABLE 4. FLow Properties OF THORIUM OxIDE SLURRIES 


Laminar Flow Constants 


Slurry Coefficient of 
density, rigidity, 7, Yield stress, 
g. Ib. Blasius constants 
centi- ‘Uys f = 
ce. cu. ft. poise ft. sec. Ib./sq. ft. B, b 
1 1.25 95 2.3 0.0015 0.013 0.0497 0.211 
Ae 2.08 130 Me f 0.0018 0.018 0.057 0.220 
3 1.67 104 9.9 0.0020 0.075 0.0398 0.192 
4 2:02 - 126 5.2 0.0035 0.34 0.0327 0.180 
5 2.14 133 8.2 0.0055 0.46 0.0239 0.164 


* Sodium silicate added to slurry 5 to decrease non-Newtonian characteristics. 
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are correlated by a single line. The 
slurry friction factors are below the 
smooth-tube line for Newtonian fluids, 
given by Equation (7), but tend to 
approach this line at higher Reynolds 
numbers. 

Friction factor and heat transfer 
data taken with a more concentrated 
(and hence more non-Newtonian) sus- 
pension are shown in Figures 6 and 7 
and Table 3. These results are com- 
pletely consistent with the data and 
discussion given above. Additional 
tests in which the L/D ratios of the 
heated sections were 126 and 252 for 
the 34-in. tube and 87 for the 1-%-in. 
tube were also in good agreement with 
these data. 

The experimental results given in 
Figures 5 and 7 show that, for the 
range of variables covered, turbulent 
heat transfer and pressure-drop data 
for a given suspension can be corre- 
lated uniquely, independent of tube 
diameter, provided the experimentally 
determined limiting viscosity at high 
shear rates is used in calculating the 
Reynolds and Prandtl numbers. In ad- 
dition it is apparent that the deviations 
observed at lower Reynolds numbers 
in previous studies were associated 
with the transition from turbulent to 
laminar flow. The slurry heat transfer 
transition data cover a range of Reyn- 
olds numbers from 3 to 5 times the 
value of the critical Reynolds number 
for the laminar-nonlaminar transition. 
This corresponds very closely to the 
range covered by Newtonian fluids, 
and in fact, except for the displace- 
ment in critical Reynolds numbers due 
to the non-Newtonian laminar charac- 
teristics of the slurry, the thorium ox- 
ide suspension heat transfer data are 
very similar in appearance to New- 
tonian heat transfer data. 


TURBULENT FLOW CHARACTERISTICS 
OF SUSPENSIONS 

In order to determine whether the 
deviation of the turbulent flow data 
from the Newtonian curve was due 
merely to the suspended solids or to 
the non-Newtonian characteristics of 
the mixture, sodium silicate was added 
to the suspension to reduce the yield 
stress, and the flow characteristics were 
redetermined with the 0.124-in. diame- 
ter viscometer tube. The results are 
shown on Figures 8 and 9, and _ the 
before and after data (slurry 5 and 2) 
are included in Table 4. As can be 
seen, the addition of silicate reduced 
the non-Newtonian characteristics, and 
at the same time the turbulent flow 
friction factors were increased toward 
the smooth-tube Newtonian friction- 
factor curve. Although this is not con- 
clusive proof, it indicates that the flow 
deviations are truly the result of the 
non-Newtonian characteristics. 
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HHH 
6 
SLURRY TUBE Ty, Nn 
lb/cu. tt. in. (ttsec) 
2 125 1.030 0.0035 0.34 8.3x10° [7] 
125 0.318 0.0035 0.34 7.9.x 10% | | 
125 0.124 0.0035 0.34---4.2x10% | | 
-4 
410 
° HH 
8 T ry TT T T 
< 7 + 
« 3 
° 
= 2 
z 
= 1074} 
9 
8 
5 
4 
| log ) - 0.40 
vt 
| 
1073 
2 5 2 3 45678 6 


REYNOLDS NUMBER, 


Fig. 10. Friction factor-Reynolds number plot for aqueous thorium oxide slurries showing 


agreement of data taken in the turbulent 


The data for concentrated slurries, 
shown in Figures 8 to 10, were ob- 
tained with tubes having diameters 
from 0.124 to 1.030 in. For any par- 
ticular slurry the turbulent flow data 
obtained with the three different tubes 
are correlated by a single straight line. 
As a result it is concluded that there is 
no turbulent flow tube-diameter effect 
with thorium oxide suspensions for 
tubes having diameters in the range 
0.124 to 1.030 in. provided the limit- 
ing viscosity at high rates of shear is 
used in the Reynolds number calcula- 
tion. 

The turbulent flow data for both 
treated and untreated slurries may be 
correlated with the Blasius (14) rela- 
tionship 


f = B,N;.° (11) 


provided that the coefficients are given 
as functions of the laminar non-New- 
tonian characteristics. The values of 
the coefficient and exponent for the 
different slurries are given in Table 4. 
These data are fitted by the expressions 


B, = 0.079 ey (12) 
and 


b = 0.25 (4) (13) 


which reduce to the usual Newtonian 
values as the coefficient of rigidity be- 
comes equal to the coefficient of vis- 
cosity of the suspending medium. 
Although no velocity profiles were 


measured, it may be instructive to cal- 
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range with tubes of different diameters. 


culate velocity profiles following argu- 
ments (22) proposed independently 
by Prandtl and von Karman (32). 
They suggested a method of relating 
an empirical equation for the velocity 


distribution 
u ( y 


to Blasius’ law for friction loss [Equa- 
tion (11)] and obtained an expression 
for the value of the velocity-distribu- 
tion exponent in terms of the exponent 
on the Reynolds number in the friction- 
factor equation 


(14) 


2—b 


2 


(15) 


m= 


A log-log plot of the velocity-distribu- 
tion exponent and the yield stress ob- 
tained from the data of Table 2 gives 


a straight line. Yield stresses corres- 
ponding to different power-law expo- 
nents obtained from this line are 


Ty 
[See Equation (14) ] (Ib./sq. ft.) 
1/7 0.003 
1/8 0.015 
1/9 0.055 
1/10 0.200 
1/11 0.55 


For Newtonian fluids (14) the 1/7 
power law gives good agreement with 
experimentally measured velocity pro- 
files for Reynolds numbers up to 10°. 

The increase of bluntness of the vel- 
ocity profile as the non-Newtonian 
characteristics are increased has been 
predicted previously (7) and is con- 
sistent with a damping effect of the 
yield stress on the turbulent velocity 
fluctuations in the central regions of 
the pipe. The damping of the turbulent 
fluctuations would be expected to have 
little effect on wall processes such as 
heat transfer and friction loss but could 
be very important in processes where 
diffusion in the central region of the 
pipe is important. Thus additional 
measurements are needed not only to 
determine the velocity profile but also 
to determine the nature and extent of 
the turbulent velocity fluctuations in 
suspensions which have non-New- 
tonian laminar flow characteristics. The 
only turbulent velocity profile measure- 
ments (28) on non-Newtonian systems 
have been made with organic solutions 
which may have had elastic charac- 
teristics (7), thus obviating their ap- 
plication to suspensions. 


MOMENTUM HEAT TRANSFER 
ANALOGIES 


The good agreement observed for 
heat transfer and pressure-drop data in 
turbulent flow with tubes of different 
diameter with the limiting viscosity at 
high rates of shear used to calculate 


SLURRY PHYSICAL | 


TUBE 
Ap PROPERTIES 
03:68 378 635 +, "0.075 Ib/sq ft 
0.318 252 635 cp 0 ID/ (tt) (see) 
0318 126 635 Np, * 8.2 
O 1.030 175 196 
8 1.030 87 196 
@ os 378 635 tT, *0. 46 Ib/sq ft, Np, * 2 
1030 175 196 *8.2 cp*0.0055 (sec? 
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Fig. 11. Test of Martinelli’s heat and momentum transfer analogy. 
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the Reynolds and Prandtl number 
makes it desirable to test the usefulness 
of momentum heat transfer analogies 
(8, 14) for correlating aqueous tho- 
rium oxide suspension data. It must be 
recognized that although all analogies 
become identical at a Prandtl number 
of unity (16), none are completely 
satisfactory for the complete Prandtl 
number range from 0.01 to 1,000 or 
greater. Liquid metal suspensions 
would fall in the former category, 
while non-Newtonian organic solutions 
often are in the latter (20). Selection 
of the most suitable analogy depends 
on the value of the Prandtl number. 
Since the Prandtl number in the pres- 
ent investigation is about 10, little dif- 
ference would be expected in the ap- 
plication of the different analogies. 
The data for fully developed turbu- 
lent flow were in substantial agreement 
with the Colburn, Prandtl, von Kar- 
man, Friend and Metzner and Mar- 
tinelli analogies; the maximum devia- 
tion of the data from each of these 
analogies is given in Table 5. The best 
fit was observed with the Martinelli 
analogy, which was developed follow- 
ing von Karman’s assumption of a 
buffer layer between the laminar sub- 
layer and the turbulent core. Mar- 
tinelli’s analogy may be written as 


€ 
(Np,)** 
€y 2 w 


j= 


T. — 
T —T, 


TABLE 5. COMPARISON OF DIFFERENT HEAT MOMENTUM TRANSFER ANALOGIES 
WITH EXPERIMENTAL DATA . 


Analogy Reference 
Martinelli 14 
Friend and Metzner 8 
Prandtl 14 
Colburn 14 


as unity. With these values the Mar- 
tinelli equation reduces to 


— = 2.120 log Nx. Vf + 17.48 


(16a) 


for a Prandtl number of 8 and to 


Vf 
— = L715 log Nee Vf + 19.07 


(16b) 


for a Prandtl number of 11. The fric- 
tion-factor and the j-factor data for 
Reynolds numbers greater than 4 times 
the critical number from Figures 5 and 
7 are plotted in Figure 11 as \/f/j vs. 
log Nx \/f. The Martinelli lines for 
the two different Prandtl numbers, 
Equations (16a) and (16b), are also 


T. . 


5| | re Ne) + 0.5 F, In 


Values of F, have been tabulated (14) 
as a function of Reynolds and Peclet 
numbers, and for the present data F, 
values were between 0.99 and 1.00. 
Values of — T.)/(T~ — T,) have 
been tabulated as a function of Reyn- 
olds and Prandtl numbers and for the 
present data were between 0.958 and 
0.963. In the absence of experimental 
data the ratio €/ey is commonly taken 


(16) 


included. All the turbulent flow, heat 
transfer, and pressure-drop data are in- 
cluded on a single plot and show rea- 
sonably good agreement with the Mar- 
tinelli lines. 


DESIGN PROCEDURE 


The thorium oxide suspension heat 
transfer data shown in Figures 4 to 7 
show a dip region at Reynolds numbers 


Nue 


(D4p/4L) 
pV2/2G¢ 


3, 


FANNING FRICTION FACTOR,f = 


4.0 log - 0.40 


Nae '6 6 
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g. 12. Friction factor-Reynolds number 
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diagram for laminar flow of Bingham 


plastic materials in round pipes. 
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Deviation of data from predicted value, % 


Positive Negative 
17 36 
41 28 
53 22 

3 50 


extending from the critical value for 
the transition to about 4(Nz.).. A simi- 
lar dip region was first identified for 
Newtonian fluids by Colburn (5). 
Since the value of the critical velocity 
for the transition (4 to 10 ft./sec. for 
slurries with values of the yield stress 
from 0.075 to 0.5 lb./sq. ft.) is already 
approaching the range of velocities 
commonly used in heat exchanger de- 
sign, a graphical procedure similar to 
the one originally proposed by Colburn 
(5) appears to be the most suitable 
method for avoiding the ambiguities 
associated with design for this dip 
region. The design procedure recom- 
mended is: 

1. Calculate the value of the Hed- 
strom number, Nz. = g-p 7, D*/y’, and 
identify its location on a Fanning fric- 
tion factor—Reynolds number (DV,/n) 
plot containing the Hedstrom number 
grid as a parameter (Figure 12). 

2. Locate the turbulent flow friction 
factor line on the same plot by the use 
of Equations (11), (12), and (13). 

3. Calculate the laminar flow j-factor 
by the use of the value of the critical 
Reynolds number (Nz). determined 
from the intersection of the laminar 
and turbulent flow lines obtained in 
steps 1 and 2 above. Plot the value 
calculated above on a Newtonian j- 
factor—Reynolds number plot, and 
locate the laminar heat transfer line 
from this point with a slope of — 2/3. 

4. Connect the laminar  j-factor 
point at (Nz.). to the turbulent flow 
Newtonian j-factor curve at Ne = 
4(Nz.e)- with a smooth curve charac- 
teristic of the j-factor curve in the dip 
region. 

This procedure completely identifies 
a j-factor curve from which heat trans- 
fer coefficients can be obtained for any 
particular suspension in the laminar, 
transition, and fully developed turbu- 
lent flow region. This procedure has 
been verified only for slurry tempera- 
tures below 100°C. and care should be 
used in applying it to systems at higher 
temperatures. 


CONCLUSIONS 


The Sieder-Tate equation, or modi- 
fications thereof, has been shown to 
correlate non-Newtonian thorium oxide 
suspension heat transfer data satisfac- 
torily provided that the data are taken 
at Reynolds numbers four times the 
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value of the critical Reynolds number 
for the laminar transition. The limiting 
viscosity at high rates of shear has been 
identified. as the correct experimental 
viscosity term for use in calculating 
turbulent flow Reynolds and Prandtl 
numbers for use in conventional j- and 
f-factor correlations. Previously ob- 
served deviations of the j-factor below 
the predicted values at Reynolds num- 
bers as high as 20,000 to 100,000 were 
in all probability due to operation in 
the dip region, originally identified by 
Colburn as being associated with the 
laminar-transition region. 

Although the nature of the nonlami- 
nar flow of non-Newtonian slurries has 
not been unequivocally established, 
arguments based on heat and momen- 
tum transfer are consistent with the 
existence of fully developed turbulence 
at Reynolds numbers four times the 
critical Reynolds number. Nevertheless 
it is believed that the presence of par- 
ticulate matter having sufficient parti- 
cle-particle interaction to produce the 
observed yield stress makes a measure- 
ment of the extent of random velocity 
fluctuations necessary to demonstrate 
whether the observed nonlaminar re- 
sults are due to turbulence similar to 
that existing in Newtonian fluids or to 
entirely different flow phenomena. This 
is particularly true in the central re- 
gions of the pipe, where the yield 
stress is greater than the shear stress 
and would be expected to damp the 
turbulent fluctuations. 
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NOTATION 

a = coefficient of velocity distri- 
bution equation 

b = exponent of Blasius equation, 
dimensionless 

B, = coefficient on Blasius equa- 
tion, dimensionless 

= specific heat, B.t.u./(Ib.) 
(°F.) 

D == tube diameter, ft. 

f = Fanning friction factor, di- 
mensionless 

g = conversion factor, (lb. mass/ 
Ib. force) (ft./sec.’) 

Ge = mass flow rate, Ib./(hr.) (sq. 
ft.) 

h = film coefficient of heat trans- 
fer, B.t.u./ (hr.) (sq.ft.) (°F.) 

j = heat-transfer factor, dimen- 
sionless 

k = thermal conductivity, B.t.u./ 
(hr.) (sq. ft.) (°F./ft.) 

thermal conductivity of water, 
B.t.u./(hr.) (sq. ft.) (°F./ 
ft:) 
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jae = thermal conductivity of slur- 
ry, B.t.u./ (hr.) (sq. ft.) (°F./ 
ft.) 

keno. - thermal conductivity of tho- 


rium oxide, B.t.u./(hr.) (sq. 
ft.) (°F./ft.) 


L = length, ft. 

m = exponent in velocity-profile 
expression, dimensionless 

Nie = Hedstrom number,  g. pty 
D*/n’*, dimensionless 

Np, = Prandtl number, c, p/k, c, 
pe/k, or c, n/k, dimensionless 

Nee = Reynolds number, DV,/u, 
DV,/u., or DV,/n, dimen- 
sionless 

(Nxe). = critical Reynolds number for 
laminar transition, dimen- 
sionless 

q = rate of heat transfer 

R = tube radius, ft. 

u = local fluid velocity, ft./sec. 

U = maximum fluid velocity, ft./ 
sec. 

4 = mean fluid velocity, ft./sec. 


y = distance from pipe wall, ft. 
du/dr = velocity gradient, sec.” 


Ap = over-all pressure drop, Ib./sq. 
ft. 
At = difference between tempera- 


ture of pipe wall and any 
point y, °F. 


Atmax = difference between tempera- 
ture of pipe wall and center 
of pipe, °F. 

Greek Letters 

n = coefficient of rigidity, lb./ft. 
sec. 


I 


pb viscosity at bulk mean tem- 
perature, Ib./ft. sec. 
Ha = apparent viscosity, Equation 


(1), Ib./ft. sec. 


Me = effective viscosity, Equation 
(3), Ib./ft. sec. 

Me = viscosity at wall temperature, 
lb./ft. sec. 

p = fluid density, lb./cu. ft. 

T = shear stress, lb./sq. ft. 

Tw = wall shear stress, DAp/4L, 
Ib./sq. ft. 

Ty = yield stress, lb./sq. ft. 

= volume fraction solids, di- 
mensionless 
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Kinetics of Mixed-Bed Deionization: I 


NORMAN W. FRISCH and ROBERT KUNIN 
Rohm & Haas Company, Philadelphia, Pennsylvania 


Mixed-bed deionization of 0.0002 to 0.01N sodium chloride solutions at flow rates in the 
range of 3 to 70 gal./(min.) (sq. ft.) with bed depths of 0.25 to 3.2 ft. was investigated. The rate 
of ion exchange was found to be limited by a liquid-film mass transfer mechanism in the high 
purity water range (< 1 u« micromho/cm. effluent conductivity). ‘ 

The magnitude of the temperature effect in the range 15° to 45°C. is given. Methods for 
prediction of effect of both changes in particle size distribution and incomplete regeneration of 
the component ion exchange resins are presented. A tentative correlation is given which estimates 


the effect of solute and solvent species. 


Mixed-bed deionization, first devised 
by Kunin (7), serves as an economical 
and convenient means for the produc- 
tion of high purity water. In particular 
mixed-bed water of extraordinary qual- 
ity is routinely produced for boiler 
feed water, nuclear reactor water, for 
the electronic and chemical industries, 
and for a variety of other large-scale 
applications. Small space requirement, 
uniform quality of effluent in intermit- 
tent service, and maintenance of a 
neutral effluent are important additional 
advantages of this technique. In addi- 
tion to water many aqueous as well as 
nonaqueous solutions are rendered free 
of electrolyte in a simple operation. 

Present day use of mixed-bed deioni- 
zation for the above applications and in 
particular for the treatment of low 
level solids water (condensate)  re- 
quires realistic estimates of mixed-bed 
performance. The use of mixed-bed 
units on an emergency standby basis 
on naval vessels, on which floor space 
is at a premium, indicates that a com- 
plete definition of the performance of 
these units must be secured. A review 
of the literature on this subject reveals 
several general investigations (9, 10, 
11) but only one systematic study (1) 
of the variables involved in determin- 
ing leakage-capacity relationship. 

The latter work of Caddell and Moi- 
son (1) presented breakthrough curves 
for a mixed-bed unit of fixed bed depth 


Norman _W. Frisch is with Princeton Chemical 
Research, Incorporated, Princeton, New Jersey. 
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operated over 5 to 100 gal./(min.) (sq. 
ft.) flow rates and containing from 3 to 
192 p.p.m. of salt (principally alumi- 
num) content. Unfortunately these re- 
sults were not correlated in a rational 
fashion which might shed light on the 
mechanism of exchange or evolve a 
design expression. Furthermore the use 
of this salt system (aluminum nitrate 
with traces of the nitrate salts of mag- 
nesium, ferric, nickel, and chromium) 
presents the possibility of colloidal 
leakage. The high level of nitrate ion 
presents the possibility of incomplete 
regeneration of the anion resin, or at 
least nonreproducible regeneration in 
view of the variable nature of the load- 
ing cycle parameters. Despite this limi- 
tation this work is of value in pointing 
out the general applicability of mixed- 
bed deionization over a wide range of 
flow rates and concentrations. 

The present study was undertaken to 
gain an improved understanding of the 
kinetics of this ion exchange operation. 
In particular, knowledge of the effect 
on performance of influent concentra- 
tion, flow rate, bed depth, and tem- 
perature was desired. A need for a 
rational expression for the effect of 
particle size on mixed-bed performance 
was also evident. 


EXPERIMENTAL APPARATUS 
AND PROCEDURE 


Figure 1 is a diagram of the experimental 
equipment. It is composed of five sections: 
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a solution storage section, flow control and 
measurement devices, the deionization unit, 
temperature control equipment, and con- 
ductivity measurement and recording de- 
vices. 

The storage section, composed of poly- 
ethylene carboys, has a capacity of 525 
liter. The carboys were charged by filling 
with mixed-bed effluent (specific conduc- 
tivity <0.06 micromho/cm. ) after addition 
of the calculated quantity of analytical 
reagent grade sodium chloride to the car- 
boys. Each carboy was protected from 
atmospheric contamination by use of 
ascarite-containing guard tubes. Mixing of 
carboy solution was effected by circula- 
tion of the solution through the storage 
units. Complete homogenization was 
checked initially by conductivity measure- 
ment and verified by titration. 

Flow was controlled by use of a U pump 
equipped with Kel-F body and alumina 
ceramic ball checks and piston. Two pumps 
with different piston diameters and stroking 
speeds were used interchangeably and 
could cover the range of 2 to >100 (gal.)/ 
(min.) (sq. ft.). Each unit was fitted with 
an airdome which eased out pulsations. In 
order to maintain constancy of flow over 
long periods of time it was found necessary 
to control the suction level to the pump 
and also to use a back-pressure valve on 
the pump discharge side to overshadow 
any variations in pressure drop through 
the resin bed. The suction-level control 
utilized a polyethylene float and micro- 
switch arrangement which actuated an air- 
operated diaphragm valve which controlled 
the flow of feed to the lower carboys 
through rubber tubing. The back-pressure 
valve was constructed of Kel-F and utilized 
a spring loaded Teflon diaphragm. Inter- 
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JNIN 


Ivania 


. Polyethylene carboy 


. Reciprocating pump 
Rotameter 
Preheater 


. Liquid level control system 


lon exchange resin column 
. Water jacket 


LEGEND 

h. Conductivity cell 

i. Conductivity recorder 

j Circulating pump 

k. Constant temperature bath 

|. Condensing unit (Refrigeration) 
m. Thermometers 


b 
k 
Fig. 1. Schematic arrangement of experimental equipment. 
changeable rotameters with Pyrex or a strongly basic anion exchange resin. A 


sapphire floats permitted approximate set- 
ting of flow rate. Flow rate was periodically 
accurately measured by checking the 
effluent volume collected in a timed period. 
The flow rate was sufficiently accurate 
(<1%) that the effluent volume could be 
calculated on the basis of elapsed time and 
measured flow rate. 

The deionization unit consisted of a %-in. 
LD. Pyrex glass pipe cclumn, 48 in. long. 
A fritted glass disk of coarse porosity was 
sealed into the bottom of the column and 
served as a resin support. Feed lines to 
the unit from the pump were constructed 
of 4-in. Pyrex glass pipe with appropriate 
pressure stop cocks and fittings. Gaskets 
were of Teflon. A water jacket enclosed 
the deionization unit, and a preheater unit 
consisting of glass coil and jacket served 
to bring feed solution to appropriate tem- 
perature. 

A constant temperature bath was modi- 
fied by addition of a condensing unit. Close 
temperature control was obtained over a 
wide temperature range (5° to 60°C). 
Water from the bath was pumped to the 
water jacket surrounding the deionization 
column and thence to the preheater jacket, 
and returned to the bath. Temperature 
control in the jacket was maintained within 
+ 0.2°C. of desired temperature. 

Column effluent was monitored with a 
glass conductivity flow cell. The cell con- 
stant was periodically checked against 
standard potassium chloride solution. Con- 
ductivity readings were recorded on a 
recorder designed to permit accurate read- 
ings over a wide conductivity range. 

Concentration of salt solutions was de- 
termined by titration against standard 
0.02N silver nitrate with dichlorofluorescin 
used as an adsorption indicator. Titrations 
were performed in solutions 0.005N sodium 
chloride or higher in concentration. More 
dilute solutions were concentrated by 
evaporation in the presence of a nitrogen 
stream. The accuracy of this technique was 
found to be about 2 parts per thousand. 

The resin used in the study was a stand- 
ard production nuclear grade mixture of a 
strongly acidic cation exchange resin, and 
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weighed charge of resin was intermittently 
added to the ion exchange column con- 
taining a minimum quantity of water. After 
the bed was charged, it was homogenized 
by stirring with a rod. Water level was 
increased to 6 in. above top of bed. After 
temperature in the water jacket was 
brought to desired value, solution was 
pumped through preheater into column and 
exited through flow cell. Runs were con- 
tinued in all cases until effluent conduc- 
tivity increased to 1.0 micromho/cm. Hach 
run was made with a fresh sample of 
mixed-bed ion exchange resin obtained 
from a standard production batch. 

The conductance of the effluent solution 
was taken as the sum of the contributions 
of the salt and the solvent. The contribu- 
tion of the salt content was calculated by 
use of the equivalent conductance values 
of Gunning and Gordon (3). The conduc- 
tance of water at 25°C. was taken as 
0.055 micromho/cm. A conductivity end- 
point (at 25°C.) of 1.0 micromho/cm. was 
convenient and of practical significance 
for calculation of fractional leakage and 
utilization values necessary for the kinetic 
calculations. 

As noted it was convenient to weigh out 
sample charges of ion exchange resin for 
each run. Since the properties of the indi- 
vidual cation and anion exchange resins 
are generally referred to their standard 
ionic forms, Na* and Cl respectively, it is 
desirable to refer a weighed charge to a 
volume basis of the exhausted form under 
standard conditions (backwashed and 
drained). Capacity measurements were per- 
formed on samples of the resin mixture and 
used in the calculation of utilization values. 
For the purpose of surface-area estimation, 
a weighed charge of resin was screened and 
the total surface area of each resin was 
calculated from the particle size distribu- 
tion. Void fraction was calculated on the 
basis of the packing of the resin and the 
true density of the mixed-bed resin. 


THEORY 


Mixed-bed deionization is conceived 
as the simultaneous exchange of cations 
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and anions by an intimate mixture of 
cation and anion exchange resins in the 
hydrogen- and hydroxyl-ion forms re- 
spectively. The concept of simultaneous 
exchange arises from the vast differ- 
ence in exchange rates noted with a 
salt as compared with a nonneutral 
species (acid or base) in contact with 
a completely dissociated anion or cation 
exchange resin respectively. This dis- 
tinction in behavior is largely based on 
the differences in equilibria between 
the salt-splitting and the neutralization 
reaction. For this reason it is practical 
and convenient to conceive an equiva- 
lent exchange system consisting of a 
salt-removing resin, which releases in 
the process an equivalent quantity of 
water. In this system the solute, both in 
the liquid and resin phases, would be 
the salt itself, rather than the individual 
ions. Based on this model system a 
kinetic theory of mixed-bed deioniza- 
tion is evolved. 

Consider a fixed-bed deionization 
unit of constant cross-sectional area. 
Equivalent quantities of regenerated 
resins of the strongly dissociated (anion 
and cation) types, uniformly distributed 
throughout the column, are represented 
by particles of the salt-removing resin 
No assumption of uniform resin par- 
ticle size is made, although changes in 
particle size due to shrinkage during 
exhaustion are neglected. Initially the 
void liquid is pure solvent. Solution 
with a time-independent salt content is 
deionized by passage through the ion 
exchange resin bed at a constant flow 
rate. Uniform distribution of solution 
over the cross-sectional area is assumed. 
Isothermal operation is presumed. 

The conservation equation for the 
solute for a differential bed thickness 
indicates that the quantity of a com- 
ponent removed from solution must 
equal the gain of that component in 
the ion exchange resin and in the voids 
of the differential element. Longitudinal 
diffusion is neglected: 


st | =o (1) 


It is convenient to make a change in 
variable to use (V» -- vfz), the down- 
stream solution volume, instead of Vr: 


(2) 


The boundary conditions for this 
operation, expressed in terms of the 
solute, are 


(8a) 
q = 4o v=0 (8b) 
Q=q.>0 (3c) 
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IN RESIN PHASE 


EQUIVALENT FRACTION OF SOLUTE 


0.001 


10 10 10 


10° 10° 10 


10 10 10 1.0 


x, EQUIVALENT FRACTION OF SOLUTE IN LIQUID PHASE 


In a mixed-bed deionization process, 
generally limited to feed concentrations 
on the order of 0.01-0.02 N, the con- 
centration of solute is quickly reduced 
to extremely low values (< 10°N). 
Under these conditions it seems likely 
that diffusion across the liquid film 
surrounding each resin particle would 
be the rate controlling process in the 
ion exchange operation. One assumes 
that mixed-bed operation in this con- 
centration range with commercial resins 
of moderate cross linking is governed 
by a liquid-film mechanism. The rate 
equation expressing this mechanism is 

dq 
k,a(c—c* ) 

The equilibria which describes the 
mixed-bed deionization operation con- 
sists of three basic steps: 


(4) 


Fig. 2. Calculated mixed bed deionization equilibria. 


+ BY = + H’, K, (5a) 
R,OH- + = + OH", Ky (5b) 


librium with K, equal to Ky (= K) 
and taken independent of concentra- 
tion by the following expression: 

2 


H* + OH’ = H.O, Ky (5c) x*°= 
‘Ky e’.(1—x° Ke Ky 
y K y K K 
2c’. 
(6) 


Calculation of an exact isotherm re- 
sults from a knowledge of the three 
equilibrium constants and the principle 
of electrical neutrality. In general K, 
and K; are functions of the concentra- 
tion of B and A in the individual resin 
phases. Rather than reporting the com- 
plex result of the complete calculation, 
one represents the solution for the equi- 


TABLE 1 


Ion exchange resin characteristics 
Amberlite XE-150 
Batch #58-1918 


Ib. moist regenerated resin 


po = 52.5 


cu. ft. exhausted volume 


fe = 0.445 


Ib. equivalent 
Q = 8.96 (10) * ———————— (regenerated resin) 
lb. most resin 


Particle size distribution (regenerated resin) 


anion resin 


‘dz = 0.0630 cm. 
Cr = 122 
We = 0.582 


cation resin 


0.0760 cm. 
1.25 
0.418 


pr = 1.096 g./ml. anion resin, 1.208 g./ml. cation resin 


Specific surface area 


= 2 


ac = 13.7 


Ib. moist regenerated resin 
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The x* value requires definition. 
Under ordinary circumstances it repre- 
sents the equivalent fraction of a species 
in solution. In deionization studies the 
counterion is largely removed from 
participation in the ionic equilibrium 
by neutralization to form water. In this 
case the total ionic concentration of 
anion (or cation) is not constant. In 
this instance it is appropriate to define 
x* as the ratio of the equilibrium con- 
centration of the solute to its initial 
concentration value. 

Equation (6) indicates the deioni- 
zation equilibrium is strongly influenced 
by the feed concentration of salt. The 
isotherm represented by Equation (6) 
was calculated for 25°C. for c’, values 
of (10)~°, 2(10)~“, and (10)* N (Fig- 
ure 2). The latter concentration, equiv- 
alent to 0.5 p.p.m. (as calcium carbon- 
ate), is fairly typical of the lowest 
concentration commonly encountered 
as mixed-bed feed solution. It is ap- 
parent that although the isotherm is 
strongly concentration dependent, it is 
also strongly irreversible in all cases 
examined. Consequently the equilib- 
rium is herein described: 


=0 

c* >0 =@Q 

The solution to Equations (2), (3), 
(4), and (7) for liquid-phase concen- 


tration has been given by Drew, 
Spooner, and Douglas and was reported 
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by Klotz (6). It is based on the con- 
stant band-width concept which is more 
likely to apply as the degree of irre- 
versibility ot the exchange reaction in- 
creases: 


c.(Vr—vfs) 


In— = 
Co L 
L (8 

and 

Co L pov (Q—q.) 
(8b) 


L Co(Vr—vfe) L 


Equation (8a) defines the prelimi- 
nary constant composition period until 


¢,=0.001988 N 

U/S = 40.5 (gal.)/(min.)(sq. ft.) 
h= 2 ft 

t= 25°C. 


mho 
cm 


EFFLUENT SPECIFIC CONDUCTIVITY, 


0.055 mho 
cm 


0 10 20 


DOWNSTREAM VOLUME, V,- vf, , liters 


Fig. 3. Typical breakthrough curve (intermedi- 
ate feed concentration). 


the entrance face (v = 0) becomes 
saturated, t = (Q—q.)/(k,ac.). Equa- 
tio (8b) predicts leakage values at all 
subsequent values of time, up to the 
time at which c = c,. Complete lack of 
particle diffusional resistance is not 
necessary for Equations (8) to describe 
the breakthrough, since it can be readily 
shown, on the basis of a combined 
liquid-film and solid-shell particle rate 
equations, that in the low fractional 
endpoint leakage range involved in this 
study particle resistance influences only 
to a slight degree breakthrough char- 
acteristics. 

If the value of c/c, at the end point 
is small, say 0.05 or less, then the quan- 
tity c.(Vr—vfz)/pw(Q—q.) may be 
taken to denote the resin utilization of 
the regenerated ion exchange sites. A 
low level end point usually prevails in 
mixed-bed deionization operation, and 
consequently in subsequent develop- 
ment U will denote both this quantity 
and resin utilization. In operations in- 
volving higher values of c/c, at the end 
point it is rather simple to correct the 
U term for the loss of resin loading due 
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to ionic leakage. From (8b), for trace 
leakage end points 


U=1+ 


[1 +Inc/c,] (9) 


The significance of the grouping of 
variables in equation (9) may be inter- 
preted in various manners. The authors 
prefer to note that the loss in utiliza- 
tion due to the kinetic factor is pro- 
portional to the quantity L/ap,v, the 
flow rate per unit surface area, and in- 
versely proportional to the rate con- 
stant k, While the term ap,v depends 
upon resin properties and total resin 
charge, and L depends upon operating 
requirements, the mass transfer coeffi- 


h= 1.0 ft 


1.6 cy = 0.000218 N 
U/S = 36.3 (gal) /(min. sq. ft.) 
t= 25°C 


mho 
cm 


08 


EFFLUENT SPECIFIC CONDUCTIVITY, 


04 
predicted constant composition 
it 
° 20 40 60 80 100 


DOWNSTREAM VOLUME, liters 


Fig. 4. Typical breakthrough curve (lowest feed 


concentration). 


cient k, depends upon resin properties, 
solution properties, bed geometry, and 
operating requirements. 

The formulation of an expression re- 
lating k, to the pertinent variables is 
often approached from a dimensional 
analysis viewpoint, especially when 
complex geometrical flow patterns are 
involved. A suitable expression appears 
to be of the form 

k, d, 


D (10) 


Inasmuch as solvents of varying viscos- 
ity and solutes of different diffusivities 
were not used in the column study, it 
is not possible to completely define the 
constants in Equation (10), although a 
fair estimate may be made of their 
magnitude. 

The value of the pertinent a term in 
the combined constant k,a depends 
upon the particle size distribution of 
the ion exchange resin which possesses 
the smaller surface area (per unit mass 
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of mixed-bed resin). The value of a is 
readily calculated for a log normal 
distribution of particle size for the con- 
trolling resin. The latter distribution is 
selected on the basis of both empirical 
and theoretical significance (5): 


6 AW 


az = We 
Pr dz 


(11) 


and 


d(log dz) (12) 


| 


SPECIFIC 
CONDUCTANCE 
mho 
12 20.058 
fooss 
10 
0.086 


-(itin 


O1030N 

U/S =11.13 (gol.)/( min.) (ft) 
h= 2ft. 

t= 25°C. 


° 0.2 04 0.6 08 1.0 
Col Ve~ 

Pp, viQ-de) 


Fig. 5. Graphical test of assumed mechanism 
(highest feed concentration). 


The value of the definite integral in 
(12) was evaluated with the resulting 
value: 


log? cz 
6e 2 
az = Wz (13) 
pr dr 
that is dz jis the ef- 


fective particle size of a single resin 
which possesses a log normal distribu- 
tion. For most commercial resins the 
value of e(—te**z)/(2) may be shown 
to be within 10% of unity. Thus the 
geometrical mean particle size defines 
the surface area of the resin. 


CORRELATION OF EXPERIMENTAL 
RESULTS 


Table 1 summarizes the pertinent 
properties. 

Typical experimental breakthrough 
curves are shown in Figures 3 and 4, ex- 
pressed in terms of experimentally meas- 
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Co (Ve -vf_e) 
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Fig. 6. Graphical test of assumed mechanism 
(lowest feed concentration). 


ured quantities, specific conductance, 
and downstream volume. In many of 
the runs the constant composition phase 
of the cycles, predicted by Equation 
(8a), occurred with an effluent essen- 
tially free of salt (Figures 3). With 
excessively high mass flow rates, shal- 
low beds, and high influent concentra- 
tions a constant finite leakage was de- 
tected (Figure 4). This is in agreement 
with Equation (8a). 

While these figures present the ap- 
pearance of typical ion exchange leak- 
age curves, distinguishing features 
should be noted. The magnitude of the 
leakage is generally extraordinarily 
small compared with usual values ex- 
perienced in ion exchange operations. 
Furthermore the breakthrough is quite 
sharp, in spite of the high flow rates 
and shallow beds examined in the in- 
vestigation. Note that the maximum 
fractional leakage values represented 
in Figures 3 and 4 are only about 0.02 
and 0.05 respectively. It is apparent 
that the kinetics of deionization are 
quite favorable. 


OO1IO30N 
} 
| + 
| 
| 
2 4 6 8 10 20 40 60 60 100 


U/S / (min) (sa. 11) 


Fig. 7. Dependence of h(1-U:.o) on mass flow 
rate (highest feed concentration). 
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The kinetic interpretation of the 
leakage curves can, ideally, be based 
on either Equation (8a) or (8b). 
Clearly the use of (8b) is preferable 
on two bases. Firstly the basis for 
evaluating the rate constant, if Equa- 
tion (8a) is selected, depends upon 
measurement of either the leakage 
value c/c, in the constant composition 
range or upon the duration of this 
phase of the cycle. The former cannot 
be measured with sufficient accuracy 
because of the low absolute value of 
the leakage and the attendant possibil- 
ity of contamination. The latter value 
is poorly defined experimentally be- 
cause of the curvature of the break- 
through curve at the beginning of the 
ascending leakage period. A practical 
reason for the selection of the latter 
phase of the leakage curve for the basis 
of the interpretation is that it actually 
defines the performance range of inter- 
est in most industrial installations. 
(Only in occasional laboratory studies 
would one be interested in preparing 
completely deionized water, corre- 
sponding to the constant composition 
period. ) 

The basis of interpretation Equation 
(8b) also presents an approach in 
which more than one or two measure- 
ments may serve to define the pertinent 
rate constants. By rearrangement of 


Equation. (9) it is noted that the quar- 
tity —(1+Inc/c.) is proportion to 
(Q—q.). Figures 5 
and 6 are plots resulting from this test 
of the assumed mechanism. Linearity 
for these plots is good, although some 
curvature is noted as the effluent con- 
centration range below 10°N (02 
micromho/cm.) is examined. This mi- 
nor deficiency is of little significance 
owing to the extreme ease of contam- 
ination in this low leakage range. More 
important is the good proportionality 
noted in the range of practical exd 
points (1 to 0.2 micromho/cm.). For 
simplicity and practicality Table 2, 
which summarizes the performance at 
25°C. at the highest concentration 
level, tabulates the value of c.(V — 
vfz)/p.(Q = qo) that is U at a 10 
micromho/cm. end point. These and 
the corresponding values at other con- 
centrations are conveniently used for 
correlation purposes. 

Rearrangement of Equation (9) to 
the form 


h(1-U) = —(L/S) (1 + Inc/e.) 


k,a Po 


(14) 


and the usual assumption that k;, is 
primarily a function of mass flow rate 
in this system of fixed solute and sol- 
vent, operated at a constant tempera- 
ture 


TABLE 2. TyPICAL EXPERIMENTAL COLUMN DATA 


c’s = 0.01030N, t = 25°C. 


h, ft. L’/S, ( gal.) / (min. ) (sq. ft.) 
Bed depth Flow rate 

2.000 4.06 
0.500 4,26 
2.000 
2.000 11.13 
3.167 
3.167 16.24 
3.167 18.50 
2.000 19.05 
3.167 38.0 

3.167 46.0 

2.000 46.1 

3.167 53.8 
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Utilization h (1-U,.0), ft. 
0.773 0.454 
0.181 0.409 
0.699 0.602, 
0.693 0.614 f duplicate 
0.824 0.559 
0.764 0.746 
0.722 0.885 
0.555 0.890 
0.653 1.100 
0.617 1.212 
0.364 1.272 
0.589 1.300 
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k, = k, (L/S)™ (15) 


indicates a suitable graphical correla- 
tion technique is to plot log h (1—U) 
vs. log L/S. Figures 7, 8, and 9 are 
plots of this nature for the 25°C. runs, 
each plot corresponding to a constant 
influent concentration c,. The value of 
U and ¢ correspond to the 1 micro- 
mho/em. end point. Most of the data 
points are represented by circles with 
errors of + 3% of h (1—U); however 
several points, notably those pertaining 
to runs with high utilization values, are 
shown with the estimated larger errors. 
Rather well defined straight lines were 
drawn on each plot with a slope of 
(I—m) of 0.48. This constancy of the 
exponent over a 25-fold range in flow 
rate is not unexpected. Values of 
(k.a p») ranged from 83.6 at the high- 
est feed concentration down to 83.2 
for the low salt-level runs. This con- 
stancy is a remarkable verification of 
the suitability of the assumed mechan- 
ism and model system. 

Other support for the mechanism 
include the interrupted run depicted in 
Figure 3. With a particle diffusion 
mechanism a sharp decrease in effluent 
concentration would accompany start- 
up after an interruption. No such 
abrupt change in concentration is evi- 
dent in either plot. The test of the 
assumed mechanism, based on Equa- 
tion (8a), is shown on Figure 4. Both 
the predicted effluent concentration 
and downstream volume, which ac- 
cumulates during the constant compo- 
sition period, is shown by a dotted line. 
While the volume is in good agreement 
with the measured volume, there is a 
modest discrepancy in concentration 
value. The latter is not surprising in 
view of the absolute value of the salt 
leakage, about 1 (10)~°N. 

The derived value of the parameter 
ka p, is given by 

k,a pp = 83.4 (L/S)** (16) 
which when combined with Equation 
(9) results in an equation which de- 
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TABLE 3. SUMMARY OF EXPERIMENTAL COLUMN DATA 


Effect of temperature 


Co’ = 0.0103N 
15°C. 
h, ft. L’/S, (gal.)/(min.)(sq. ft.) Uno, 

Bed depth Flow rate Utilization h (1-U1.0), ft. 
0.833 5.80 0.308 0.577 
1.000 6.91 0.364 0.638 
2.000 9.12 0.620 0.760 
3.166 11.4 0.764 0.750 
2.000 20.2 0.524 0.950 
3.166 53.3 0.415 1.850 

t = 45°C. 
0.500 5.98 0.283 0.358 
3.166 10.1 0.892 0.342 
0.833 12.8 0.449 0.459 
1.000 20.3 0.381 0.618 
2.000 37.9 0.630 0.740 
2.000 52.1 0.557 0.875 


fines the performance of the mixed-bed 
resin at 25°C.: 
Ui.=1 
0.0332 (L’/S)°" 
h 


(1+Inc/c,) (17) 


Several runs were made at 15° and 
45°C., with a feed composition of c,’ = 
0.0103N. Table 3 summarizes these 
data, while Figure 10 is the correlating 
plot. Values of k,ap,, at c.” = 0.01030N, 
were 69.5 at 15°C., 83.4 at 25°C., and 
128.7 at 45°C. 

It is noted that k,ap,/(L/S)°” de- 
pends upon the absolute temperature 
approximately as the 6.2 power, a 
value comparable to other findings in 
the field of diffusion through liquid 
films. In order to make an estimate of 
the exponent of the Schmidt group and 
the proportionality constant a in Equa- 
tion (10) Figure 11 was prepared. 
Values of viscosity and density of the 
liquid phase were taken as that of pure 
water at the temperature under con- 
sideration, while diffusivity values are 
those for infinitely dilute sodium chlo- 


4 


ride solutions, as calculated from the 
Nernst equation. The temperature de- 
pendence of the limiting ionic mobili- 
ties necessary for the Nernst formula- 
tion was calculated from the data tabu- 
lated in the text of Harned and Owen 
(4). 

In order to formulate the complete 
expression indicated by Equation (10) 
several points require clarification, 
namely the definitions of d,, a, and 
Reynolds number. Effective particle 
diameter for both dimensionless groups 
was taken as the diameter of a particle 
whose surface area would be equal to 
the surface area of an equivalent mass 
of mixed-bed resin. Microscopic ex- 
amination revealed that the surface 
roughness of the cation resin was ap- 
preciably greater than that of the anion 
resin; on this basis the value of a 
was taken as that of the anion 
resin (calculated value a, = 25.4 sq. 
ft./Ib. mixed-bed resin, d¢ = 13.7 sq. 
ft./Ib. mixed-bed resin). Reynolds num- 
ber was defined in a manner which 
appears to be preferable for packed 
towers, namely 
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Fig. 9. Dependence of h(1-Ui.0) on mass flow rate (lowest feed 


concentration). 
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Fig. 10. Dependence of A(1-Ui.0) on mass flow rate at 15° 


and 45°C, 
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Fig. 12. Predicted performance of Amberlite XE-150 at 500 p.p.m. feed 


Fig. 11. Dependence of liquid-film coefficients on Schmidt 


group. 


R, -| (18) 


The tentative nature of this correla- 
tion must be realized; only a limited 
number of solute and solvents were 
investigated. Also the estimated nature 
of d, is apparent. The equation which 
is derived from Figure 11 is 


k,d, 


D 


pD 
(19) 
The form may be compared with the 
equation of Wilke and Hougen (12) 
derived from experiments involving 
transfer of water vapor from air flowing 
through beds of granular solids. In the 
authors’ notation their expression is 


k,S L -0.51 -0,67 
= 1.82| Es 
pD 


(20) 


By simple rearrangement and substitu- 
tion for fs, the following forms may be 
derived: 


L py 
4.65] 
D S 


0.33 
k d 0.52 
= 8,90| 
D S p 


| (Present work) (22) 
oD 


While the forms are nearly equivalent, 
the discrepancy in coefficient warrants 
discussion. Two factors contribute to 
the higher coefficient noted in this 
study. Surface roughness of the ion ex- 
change resin beads probably cause sur- 
face areas significantly higher than 
those calculated from the particle size 
distribution. Another important factor 
is that the diffusion constant in (19) is 
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probably not best represented by that 
for sodium chloride but by the equi- 
molal counter diffusion constant for 
chloride-hydroxide or sodium-hydrogen 
ion. This results in the liquid-film mass 
transfer coefficient being a function of 
composition; for the cation resin the form 
is (ky) xa (ky) (ky) wax + (ky) (1—x) J. 
The diffusivity of acid or base is about 
half a magnitude higher than that of 
the neutral salt. These factors contrib- 
ute to the increase in magnitude of the 
coefficient in Equation (19). 


DESIGN CONSIDERATIONS 


For the purpose of routine estimates 
of mixed-bed performance to a 1 
micromho/cm. conductivity end point, 
plots similar to Figure 12 may be pre- 
pared based on Equation (17). In the 
case of the low concentration feed solu- 
tions Equation (17) is not applicable, 
since end point fractional leakage is 
quite appreciable. The calculation in 
this instance must be corrected for finite 
leakage during the run. Extrapolation 
to low concentrations can be performed 
with confidence as the liquid film trans- 
fer rate decreases with decreased con- 
centration. 

In some instances performance esti- 
mates may be required for resins of 
different particle size distributions than 
these examined in this study. Similarly 
the effect of different solutes may be 
required. The effect of particle size on 
a is calculated from Equation (13), 
while the effect of k, is readily evalu- 
ated by Equation (19). The effect of 
solute diffusivity and solvent viscosity 
may also be predicted from Equation 
(19). Note that the influence of the 
latter variables on particle diffusivity 
may also require consideration. In par- 
ticular, when several effects are required 
simultaneously, it may be convenient to 
take advantage of the simple form of 
Equation (8b) and of the known ex- 
ponent in Equation (15). A single run 
under well-defined conditions will suf- 
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concentration. 


fice for the determination of (k.ap,). 
Generally utilization values of about 
0.5 or less should be aimed for in this 
test for high accuracy in determining 
the unknown parameter. 

Intermittent operation, common with 
some installations, presents little diff- 
culty in design estimates. Capacity is 
unaltered in this situation owing to the 
nature of the controlling transfer mech- 
anism. 

In practice, regeneration is generally 
restricted to economic values, permit- 
ting treatment of a large quantity of 
solution per unit quantity of regenerant. 
The quantity (solution treated/regen- 
erant consumed) is not maximized, 
since other (generally minor) costs 
must be considered. The practical re- 
generation level increases with decrease 
in influent concentration. In a particu- 
lar case it is possible ideally to derive 
the same utilization fraction of the re- 
generated capacity regardless of the 
absolute value of the regenerated 
capacity. This is a consequence of the 
uniform distribution of the regenerated 
resin throughout the column owing to 
air mixing after the regeneration, and 
also a result of the nature of the con- 
trolling mechanism and equilibrium. 
With a liquid-film mechanism and an 
irreversible isotherm the unregenerated 
sites act as inert material, neither in- 
fluencing the isotherm formulation nor 
the rate of transfer across the film. This 
approach is valid provided each resin 
particle in the bed is regenerated to 
finite degree during the regeneration 
operation. This limitation is necessary to 
preserve the constancy of the surface- 
area term in Equation (9). An estimate 
of the minimum regeneration level to 
achieve this limited degree of regenera- 
tion may be made by the equilibrium 
approach of Frisch (2); it is necessary 
to expend K, equivalents per equiva- 
lent of each ion exchange resin in the 
operation. 

In this study the authors operated 
with a small diameter column. This 
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was necessary so as not to exceed the 
limited salt solution storage capacity 
required in the case of dilute feed con- 
centrations and also to make use of 
relatively small capacity noncontami- 
nating pumps available commercially. 
In the range of normal voidage noted 
in ion exchange resin beds the frac- 
tional change in rate constant is only 
about one half that of the fractional 
change in void fraction causing this 
variation in rate constant. This is in 
agreement with the estimate of Leigh 
(8). With a ratio of average particle 
diameter to column diameter of about 
18 the increase in f, is small and prob- 
ably contributes less than several per- 
cent difference in rate constant from 
that experienced in large diameter 
beds. No correction is warranted in this 
situation. 


CONCLUSIONS 


Mixed-bed deionization with con- 
ventional ion exchange resins proceeds 
with a liquid-film mechanism control- 
ling the transfer rate. Performance in 
terms of effluent quality and through- 
put can be expressed in simple form. 
The effect of temperature was pre- 
sented in terms of experimentally de- 
termined rate constants. The effect of 
particle size is predictable by the indi- 
cated equations. A correlation is given 
which predicts the effect of change in 
solute and solvent system. Fair agree- 
ment is noted between this tentative 
correlation and a previously published 
mass transfer expression. 
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NOTATION 


a = specific surface area of con- 
trolling resin based on mass 
of mixture, sq. ft./Ib. moist 
mixed-bed resin 

44,0¢,dr = specific surface area of indi- 

cated resin based on mass of 

mixture, sq. ft./Ib. moist 
mixed-bed resin 
concentration of solute in 
liquid phase, Ib. equivalents/ 
cu. ft. 

= concentration of solute in 
feed solution to mixed bed, 
Ib. equivalent/cu. ft. 

C, = value of c, expressed in nor- 
mality, g. equivalent/liter 

c = value of liquid-phase concen- 
tration which would be in 
equilibrium with resin con- 
centration, Ib. equivalents/ 
cu. ft. 
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a,dc,dz= weight geometrical mean par- 
ticle diameter of single resin 
species, ft. 
= effective diameter of mixed- 
bed resin, based on equiva- 
lent surface area, ft. 
D = liquid-phase diffusivity of 
solute, sq. ft./min. 
fe = fractional void volume of 
bed, dimensionless 
h = height of mixed-bed resin, 
based on exhausted form, ft. 
k, = liquid-film mass transfer co- 
efficient, ft./min. 


I 


coefficient in Equation (15) 
chemical equilibrium con- 
stant for exchange reaction, 
dimensionless 
K, = chemical equilibrium  con- 
stant for exchange of solute 
salt with cation exchange 
resin, dimensionless 
Ku = chemical equilibrium con- 
stant for exchange of solute 
salt with anion exchange 
resin, dimensionless 
= equilibrium constant for re- 
generation operation 
Ky |= ion product for water, (g. 
moles )’/ (liter)? 
flow rate, lb./min. 
= flow rate, gal./min. 
m = exponent in Equation (10), 
dimensionless 
exponent in Equation (10), 
dimensionless 
Nz. = Reynolds number, dimension- 
less 
- Schmidt number, dimension- 
less 
concentration of solute in 
resin phase, Ib. equivalents/ 
Ib. moist mixed-bed resin 
concentration of solute in 
resin phase at time zero, lb. 
equivalents/lb. moist mixed- 
bed resin 
mixed-bed resin total capac- 
ity, lb. equivalents/Ib. moist 
mixed-bed resin 
anion exchange resin matrix 
cation exchange resin matrix 
= cross-sectional area of mixed- 
bed unit, sq. ft. 
= time, min. 
U = utilization of regenerated 
resin sites, dimensionless 
value of U at 1.0 micromho/ 
cm. conductivity end point, 
dimensionless 
v = bulk-packed volume of mixed 
bed, exhausted form, cu. ft. 
v’ = value of 1, liters 
V, = volume of loading solution 
fed to column, cu. ft. 
= value of V;, liters 
W.,W;,W, = weight fraction of indi- 
cated resin species in mixed- 
bed resin, moist basis dimen- 
sionless 


A 
I 


| 


| 


= 


q = 


qo 


U;.0 
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AW = weight fraction of single 
resin species within indicated 
particle size range, dimen- 
sionless 

x = equivalent fraction of solute 
in solution phase, based on 
initial concentration, dimen- 
sionless 

x = equilibrium equivalent frac- 
tion of solute in solution 
phase, based on initial con- 
centration, which corresponds 
to y, dimensionless 

y = equivalent fraction of solute 
in resin phase, dimensionless 


Greek Letters 


a = proportionality constant in 
Equation (10), dimension- 
less 

be = viscosity of liquid phase, lb./ 
(ft.) (min. ) 

p = solution density, lb./cu. ft. 


pa,Ppc,pr= particle density of indicated 
resin species, Ib. moist resin/ 
cu. ft. particle volume 

Po = bulk density of mixed-bed 
resin, Ib. moist mixed-bed 
resin/cu. ft. exhausted bulk 
volume 

o4, On, Or, = standard deviation of log 
normal distribution of a sin- 
gle resin particle size, di- 


mensionless 
Subscripts 
A = anion exchange resin 
C = cation exchange resin 
R = either species of ion exchange 


resin 
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Characteristics of the Mean Flow Patterns 
and Structure of Turbulence in Spiral Gas 


Streams 


W. R. SCHOWALTER and H. F. JOHNSTONE 


Measurements were made of the flow structures in two types of spiral flow fields. The first 
was a vortex tube in which air entered one end of an 8-in. pipe through an involute entry and 
left at the opposite end. The second was a conventional cyclone separator in which the same entry 
was used. 

The experimental results show that the mean and turbulent flow structures are not sensitive to 
changes in the flow rate, but they are greatly affected by the geometry of the system. In the 
vortex tube the angular velocity is nearly constant at radial distances less than one-half of the 
radius of the pipe. The flow patterns in the vortex tube and in the cyclone are not symmetrical 
with the pipe axis. The asymmetry can be explained by postulating a dynamic center line with 
helical shape. The longitudinal intensity of turbulence increases sharply near the center of 
the vortex tube. This is caused primarily by the abrupt decrease in mean velocity near 
the center. The radial intensity also increases near the center, but near the wall it decreases 
rapidly with distance from the center. The longitudinal intensity of turbulence in the cyclone is 
highest near the center and near the wall. The high intensity near the wall is caused both by the 


decrease in mean velocity and the increase in root-mean-square turbulent velocity. 


Spiral flow is used in pulverized coal 
burners, flash vaporizers, cyclone sep- 
arators, and other industrial equipment 
to promote mixing and to separate 
droplets and particles from gases. A 
better knowledge of the flow patterns 
and turbulence profiles in this type of 
flow should be useful in the design of 
industrial equipment. In this paper the 
mean flow patterns and components of 
the turbulence intensity and velocity 
products are reported for two types of 
spiral flow fields. 

A diagram of the flow system used is 
shown in Figure 1. The test section was 
an 8-in. pipe with the involute en- 
trance shown in Figure 2. In one design 
the end of the pipe next to the entrance 
was closed, and the opposite end was 
open. This will be referred to as a 
“vortex tube.” In the second design the 
end opposite the entrance was closed, 
and the exit piece shown in Figure 3 
was installed next to the entrance to 
form a conventional cyclone separator. 

At points along the test section 5/16- 
in. holes were drilled through the pipe 
for insertion of the instruments used 
to measure the flow characteristics. The 
holes that were not in use when the 
measurements were being made were 
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plugged with modeling clay so that 
the inside of the pipe had a smooth 
surface. The location of the holes rel- 
ative to the entrance is shown in Table 
1. 


MEASURING INSTRUMENTS 


The pressure probe shown in Figure 
4 was used with a hot-wire anemometer 
probe to find the direction of the mean 
velocity vector at points in the flow 
field. 

A constant-current hot-wire anemom- 
eter with a crossed-wire probe was 


used to measure U and the turbulent 
quantities (9, 10, 11, 13). The probe 
was made of 0.00014 in. tungsten 
wires supported on nickel-plated em- 
broidery needles. The probe was cali- 
brated in the potential cone of a stand- 
ard nozzle. 

The instruments were placed in the 
desired position in the test section by 
means of a traversing mechanism which 
could be moved in radial and vertical 
directions by means of a turning screw 
with small pitch. With this device the 
probes could be located within + 0.01 
in. of the desired position. A similar 
device was used in the calibration of 
the instruments. 
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COORDINATE SYSTEMS USED 
TO DESCRIBE FLOW 


Three sets of coordinate systems are 
used to describe the flow field. Their 
geometry and spatial relationship are 
shown in Figure 5. One is a set of 
coordinates fixed with respect to the 
main axis of the test section and shown 
in Figures 5a and 5b. The positive z- 
direction is towards the end of the pipe 
opposite the entrance section. The posi- 
tive ¢-direction is chosen in such a way 
that U, is always positive. The other 
two sets of coordinates are local sys- 


tems determined by the direction of U. 
As shown in Figure 5b, z, r, and ¢ are 


the axes of the fixed system, and U is 
the direction of the mean velocity vec- 
tor at a point. Transformation from the 
fixed axes to the first local system is 
made by specifying a rotation, 0, about 
the r-axis which determines the 7 é ¢ 
axes (Figure 5c). A second rotation, ¥, 
about the ¢-axis determines the x’ y’ 2’- 
axes. (Figure 5d). The x’-axis is in the 


direction of U. The é-axis is coincident 
with the r-axis, and the ¢-axis is coin- 
cident with the z’-axis. 


EXPERIMENTAL PROCEDURE 


Measurements were made when the 
temperature and mean velocity of the air 
stream were constant. The angle @ was 
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TABLE 1. LOCATION oF TEST 
STATIONS IN RELATION TO ENTRANCE 


Axial distance 
from upstream 
edge of inlet 
farthest from 


Station test station, in. 
1 6.9 
2 9.4 
3 11.9 
4 12.9 
5 14.9 
6 15.9 
7 16.9 
8 18.9 
9 19.9 

10 20.9 
}} 21.9 
12 22.9 
13 23.9 
14 24.9 
15 25.9 
16 26.9 
7 27.9 
18 29.0 
19 31.4 
20 32.4 
ZT 33.4 
22 36.5 
23 38.5 


found from the position of the pressure 
probe when there was no differential on 
an inclined manometer connected across 
the pressure probe taps. For measuring 
the mean velocity and turbulence quanti- 
ties the calibrated wires were placed at 
the desired position at the angle 0. In this 
way the axes of the wires were in the 


— 
same plane as the vector U. For measure- 
ments near the wall adjacent to the 
traversing mechanism the procedure was 
changed so that only a portion of the 
hot-wire assembly was inside of the duct 
and the intersection of the cross wires 
could be placed in a horizontal plane con- 
taining the pipe axis (13). 

The compensation necessary for each 
wire was determined by the method des- 
cribed by Kunstman (9). The wire tem- 
peratures were predetermined so that the 
compensator settings for the two wires 
were nearly the same. Then the resistances 
of the wires at the air temperature were 
measured, the wires were heated to their 
respective temperatures, and measurements 
of the mean current and voltage for each 
wire were made. After this measurements 
of e*,, (—e, —e,)*, and (—e, +¢e,)* 
were made. The relation of these measure- 
ments to flow structure is explained in 
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the Appendix.* Temperature and velocity 
of the air entering the test section were 
also recorded. 

The mean flow patterns in the vortex 
tube and in the cyclone were found from 


the velocity vector U measured at different 
points in the flow field. The velocity of 
the air entering the vortex tube was 100 
ft./sec., while that entering the cyclone 
was approximately 86 ft./sec. A few 
measurements were also made at inlet 
velocities of 62 and 87 ft./sec. in the 
vortex tube and 42 and 61 ft./sec. in the 
cyclone. All inlet velocities are average 
velocities based on the 2-x 4-in. rectan- 
gular entry. The turbulent intensities u’, 


and w’,, and the product 


UnUr 
—— were also 


measured. 

The influence of the pressure probe on 
the angle @ was investigated by changing 
the shape of the probe rod. The effect was 
less than + 1 deg. The effect of radial 
velocity on the measurements with the 
probe was less than + 1 deg. 

Similar tests were made to estimate the 
effect of the hot-wire probe rod on the 


— 
measurements of U and the _ turbulent 
quantities. The errors in U and y were 
negligible, but there was a small but 
significant effect on turbulence measure- 
ments. The error is believed to be no 
greater than 10%. 

The validity of the wire response equa- 
tions derived in the Appendix was checked 
by making measurements in the manner 
described above, calculating ¥, rotating 
the hot-wire probe by this angle, and 
repeating the measurements to see if y, 
as calculated in the new probe position, 
was zero. In only one case was the error 
in ¥ larger than 2 deg., and in most cases 
it was approximately 1 deg. The longitu- 
dinal and radial intensities of turbulence 
(u’, and uw’,, respectively) which were 
calculated from data obtained before the 
probe was rotated agreed within about 
10% of the values found when the probe 
was not rotated. The measured values of 


the velocity products, such as , were 


highly sensitive to errors in ¥, and errors 
as little as 2 deg. in this quantity caused 


* Appendix has been deposited as document 
6426 with the American Documentation Institute, 
Photoduplication Service, Library of Congress, 
Washington 25, D. C., and may be obtained for 
$1.25 for photoprints or 35 mm microfilm. 


appreciable errors in the turbulent velocity 
products (9). However the consistency of 
the trends shown by the products in- 
dicates that the relative values were 
significant. Tests showed that the small 
degree of roughness caused by the holes 
in the pipe wall did not affect the results 
significantly. 


MEAN FLOW PATTERN 


Figures 6 and 7 show the flow pat- 
tern of the lines of constant pitch angle, 
5 = (90 — ||). Negative distances 
from the center line denote positions 
on the side of the pipe axis opposite 
the side on which the entry is located 
and toward the side containing the 
traversing mechanism. The pitch angle 
is not sensitive to changes in the inlet 
velocity. This agrees with the results of 
Eckert and Hartnett (2). The pro- 
nounced asymmetry of the flow field 
is especially evident in the vortex tube. 
Asymmetrical spiral flow fields have 
also been reported by Iinoya (6). Fig- 
ure 6 shows that the flow near the wall 
is a spiral leading away from the entry 
section at a pitch angle that varies in 
a quasiperiodic manner but which in- 
creases slightly with increasing distance 
from the entrance. The undulations in 
the lines of constant pitch angle are 
present to a lesser degree in the cy- 
clone, as shown in Figure 7. 

Profiles of the tangential and axial 
velocity components in the vortex tube 
are shown in Figures 8 and 9. No data 
were taken within about 1 in. of the 
center line because of the relatively 
high disturbance of the flow caused by 
the probes in this region (2). Instead 
of flow with constant angular momen- 
tum expected in a true vortex the 
flow in the central portion of the vor- 
tex tube is one of nearly constant angu- 
lar velocity as shown in Figure 8; that 
is the eddy viscosity appears to be high 
in this region. The velocity profile ap- 
pears to be a result of a combination 
of this effect and the requirement of 
zero rotation at the wall. The shapes of 
the tangential velocity curves are sim- 
ilar to those given by Eckert and Hart- 
worked at inlet velocities 
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Fig. 1. Schematic diagram of the flow system. 
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near 500 ft./sec. The similarity is addi- 
tional evidence of the insensitivity of 
the flow pattern to changes in the inlet 
velocity. 

Figure 9 shows that the downstream 
axial flow takes place principally in a 
zone near the pipe wall. The width of 
this zone increases with distance from 
the inlet. 

The secondary flow in the vortex 
tube is shown in Figure 10. The arrows 
indicate the direction of the velocity 
vector compounded from the axial and 
radial velocity components (13). Sec- 
ondary flow exists in any curved 
bounded flow. In a curved pipe inward 
flow takes place near the pipe wall 
because the velocity in this region is 
lower than that near the axis and the 
fluid is not being acted upon by a 
centrifugal force which is equal to the 
force caused by the surrounding cen- 
tripetal pressure gradient. The second- 
ary flow in the vortex tube and in the 
cyclone is caused, at least in part, by 
a similar action at the boundaries of the 
flow. Consequently one would expect 
the geometry of the system to have a 
pronounced effect on the secondary 
flow pattern. This may explain the 
marked difference between the second- 
ary flow pattern obtained in the cy- 
clone, as shown in Figure 11, and that 
obtained in the vortex tube. It should 
be noted that the secondary flow pat- 
tern in the cyclone is quite different 
from the symmetrical profiles reported 
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by van Tongeren (19) and ter Linden 
(17). The fact that the cyclone used 
in the present work did not have a 
conical base may account to some ex- 
tent for the different secondary flow 
pattern. It is also possible that the re- 
sults of van Tongeren and ter Linden 
are based on data obtained on only one 
side of the cyclone axis. 

The asymmetry of the results indi- 
cates that the axis of rotation of the 
fluid is not on the center line of the 
pipe; rather it is on a curved line which 
follows the undulations in the lines of 
constant pitch angle and moves from 
one side of the z-axis to the other. This 
undulating, or dynamic, center line is 
shown by the curved center line in 
Figures 6 and 7. Undoubtedly the true 
center line is not in a singe plane, but 
it has the shape of a drawn out helix 
which makes only a few revolutions 
throughout the length of the tube. 
When the values of U, in Figure 8 
which are equidistant from the z-axis 
and within 2 in. of it are compared for 
opposite sides of the center line, they 
are seen to be nearly symmetrical with 
respect to the dynamic center line. 
Near the wall a different situation ex- 
ists. Figure 8 shows that, at a given 
station, a lower value of U, near the 
z-axis is accompanied by a higher ve- 
locity near the wall, compared with the 
velocity on the opposite side of the z- 
axis. The rate of increase of tangential 
velocity with radius is greater on the 
side of the z-axis containing the dy- 
namic center line because the area 
available for flow on this side is smaller 
than on the opposite side. This explains 
the asymmetry in U, near the wall. 

It is interesting to note that the 
secondary flow pattern shown in Figure 
10 can be divided into three different 
subpatterns and that the planes divid- 
ing these are at points where the dy- 
namic center line crosses the fixed cen- 
ter line of Figure 6. It is evident that 
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Fig. 5. Transformation of coordinates. 


the position of the dynamic center line 
is related to the secondary flow pattern. 

The asymmetry suggests that a spi- 
ral flow pattern cannot always be in- 
ferred from data obtained on one side 
of the pipe axis only. 

Figures 12 and 13 show the asym- 
metry in the tangential and axial veloc- 
ity profiles of the cyclone. Only for a 
small range of radial distance can the 
tangential velocity profiles be de- 
scribed accurately by one equation, as 
proposed by Shepherd and Lapple (15) 
or Broer (1). Previous workers (15, 
16, 21) have described the tangential 
velocity profiles in cyclones as those of 
a free vortex, with deviations caused 
by the viscosity of the fluid. The pres- 
ent profiles show a tendency toward 
leveling off 2 to 3 in. from the z-axis, or 
fixed center line. Since it is certain that 
the tangential velocity decreases rap- 
idly within a distance of about 0.7 in. 
of the center line (15, 16), the tan- 
gential velocity profile in the cyclone 
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agreement however is probably caused 
fortuitously by cancellation of errors 
rather than by applicability to cyclone 
flow fields of the assumptions made in 
solving the equations of motion. For 
example Equation (1) does not hold 
in the vortex tube. Yet reasonable val- 
ues for « can be obtained from the 
parameter A” in Figure 14. The valid- 
ity of Equation (2) is especially open 
to question. Various workers (4, 20) 
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Fig. 10. Secondary flow in the vortex tube. 
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have shown that the shear stress in 
two-dimensional curved flow does not 
vanish at points where 0/dr(U,/r) = 
0. This is not in agreement with Equa- 
tion (2). 


TURBULENCE MEASUREMENTS 


Figure 15 shows that the longitudinal 
component of turbulent intensity in the 
vortex tube tends to increase with de- 
creasing distance from the center line. 
The increase in intensity is caused more 
by the rapidly decreasing mean velocity 
than by the intensity in \u*,. The in- 
tensity profiles are affected by the posi- 
tion of the dynamic center line. For 
example near the inlet and at points 
near the z-axis there is a higher inten- 
sity on the positive side of the z-axis. 
This is consistent with the lower mean 
velocity that exists here for reasons al- 
ready given. 

Eskinazi and Yeh (4) have pre- 
sented the turbulent energy equations 

] 


—2U, 
(u, uy) + —— 
+ —— (ru’,) 
1 ap 
1 p or 
+v]|u, V?u,————u,— | (8) 
r r 
am — 8) 
r or or 
u, u’, 1 ap 
r pr 


2 
r 
for fully developed two-dimensional 
flow with mean flow in the ¢-direction 
only. These conditions are approxi- 
mated near the wall, and Equations (3) 
and (4) may be applicable in this re- 
gion. One other approximation is nec- 
essary, since 


+ Uy U, = U, Uy Sin — u, cos (5) 
No data are available for u,u;, but in 
all cases sin @ is close to unity and the 
contribution of the second term is 
probably not large. The unusual in- 
crease in wu’, on the positive side of 
the center line at Station 1 is in ac- 
cordance with the relatively large val- 
ues of u,u, which were found here as 
compared with the values at similar 
radial distances at other measuring sta- 
tions. The larger values of u, u, give 
larger negative values for the first term 
of Equation (4), which is indicative of 
a greater creation of u*, from the mean 
flow. A negative sign for the first term 
of Equations (3) and (4) represents 
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Fig. 11. Secondary flow in the cyclone. 


a production of turbulent energy and 

vice versa. Similarly the low values of 

Vu", near the wall opposite the entry, 

that is on the negative side of the cen- 

ter line, are consistent with the change 


in sign of u,u, which was found in 
this region since the sign of 0/dr 
(rU,) remains constant. The validity of 
the energy equations is highly ques- 
tionable in regions where the radial 
velocity component is appreciable. 


Changes in the sign of u,u, were 
found at points where the angular mo- 
mentum was not constant with chang- 
ing radius. This is a common occur- 
rence in curved flows (4, 20). 

The radial intensity of turbulence in 
the vortex tube is shown in Figure 16. 
The suppression of u’, near the wall 
agrees with results 6btained in other 
bounded shear flows, such as pipe flow. 
Again the marked increase of wu’, near 
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the center is due primarily to the low 
mean velocity in this region. 

Profiles of components of the turbu- 
lent intensity in the cyclone are shown 
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in Figures 17 and 18. As before many 
of the characteristics of these curves 
can be explained in terms of the mean 
velocity and the dynamic center line. 


A.1.Ch.E. Journal 


The fact that u’, is consistently higher 
on the positive side of the center line 
may be caused by the influence of the 
probe rod on the turbulence. 
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Fig. 17. Longitudinal intensity of turbulence in the cyclone. 


Figure 19 shows that the asymmetry 
of the turbulent intensity profiles of u’, 
is not caused by changes in U only 
but that the values of Vu. are also 
strongly affected by the distance from 
the center line. Equation (3) and val- 


ues of u,u, indicate that the asym- 


metry in Vw’, near the walls may be 
caused by the alternate suppression and 
generation of turbulence from the mean 
flow. 
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cyclone. 


PRACTICAL CONSEQUENCES OF THE 
FLOW PATTERNS 


Only the radial component of tur- 
bulence has an effect on the efficiency 
of collection of small particles by cy- 
clones. Quantitative calculation of this 
effect requires a more thorough know]- 
edge of the turbulent structure than is 
available from this study. However the 
values of the root mean square fluctuat- 
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turbulent velocity in the 


ing velocities in the radial direction in- 
dicate that the effect of turbulence on 
separation is likely to be of the same 
order of magnitude as the effect of 
secondary flow. 

The results also show that the high 
intensity of turbulence in the central 
core of a spiral flow field requires that 
a correction be applied to velocity 
measurements in this region when 
these measurements are made with a 
Pitot tube. 

The extreme differences in the flow 
patterns of the vortex tube and the cy- 
clone indicate one reason why the per- 
formance of a Ranque-Hilsch tube is 
dependent on the fraction of gas leav- 
ing at each end (18). 


CONCLUSIONS 


Tangential velocity profiles in the 
vortex tube show that the angular ve- 
locity of the flow is nearly constant 
at points where r <0.5 r,... Tangential 
velocity profiles in the cyclone can be 
described by a superposition of two 
concentric vortex tube profiles. 

The flow patterns in both the vortex 
tube and the cyclone are not sym- 
metrical with the pipe axis. Much of 
the asymmetry can be explained by 
postulating a dynamic center line which 
has the shape of a helix. 

The longitudinal intensity of turbu- 
lence w’,, increases sharply near the cen- 
ter of the vortex tube. This is caused 
primarily by the abrupt decrease in 
mean velocity near the center. 
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MEASURING SIALION 


The radial intensity u’, in the vortex 
tube shows a similar increase near the 
center. Near the wall it decreases rap- 
idly with distance from the center, as 
does wu’, in the cyclone. 

In the region studied the longitu- 
dinal turbulent intensity wu’, in the cy- 
clone has the highest values near the 
outer wall. The high intensity near the 
wall is caused both by the decrease in 
mean velocity and the increase in Vu, 

Some of the phenomena shown by 
the turbulent intensity profiles near the 
wall are consistent with a turbulent en- 
ergy balance based on fully developed 
two-dimensional curved flow. 

The shapes of the profiles of both 
the mean and turbulent quantities are 
not significantly affected by flow rate 
in the range studied. 
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NOTATION 
A = empirical constant 
A” = Q,/2al’(v+e) 
d (p 
( 0H ) ( aw ) 
B = empirical constant 
C = heat capacity 
E, = mean voltage across wire at 
F = Bv/sinB 
H = rate of heat loss from wire 
= current 
M = time constant of wire 
a = volumetric discharge rate 
through an exit of radius r, 
R.. = wire resistance at some base 
temperature T,, 
R, = wire resistance at T, 
R, = wire resistance at T,, 
Les = base temperature for com- 
puting wire resistance 
r, = temperature of air passing 
hot wire 
-, = temperature of heated wire 
U = magnitude of mean velocity 
U = mean velocity vector 
U, = mean velocity component 
normal to wire axis 
Us. = value of U, at r =r,, ne- 
glecting effect of boundary 
layer 
W = electric power supplied to 
wire and dissipated as heat 
e = e”’ + Mde"/dt 
” = fluctuating voltage across wire 
I = length of vortex field from 


point of discharge 
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P = fluctuating static pressure 
r = distance coordinate in radial 
direction 
ts = radius of exit tube 
t = time 
u = fluctuating velocity in the 
direction of U 
v = fluctuating velocity at right 
angles to U as defined in 
Figure 5 
x’ = distance coordinate in the 
direction of U 
x” = axis coincident with the axis 
of the calibration nozzle 
y’ = distance coordinate defined 
in Figure 5 
Zz = distance coordinate along axis 
of test section 
Zz = distance coordinate defined 
in Figure 5 
Greek Letters 
a = thermal coefficient of resist- 
ance 
Bi = angle between wire I and x’”- 
axis 
Bz = angle between wire II and 
x”-axis 
y = E,1/(R. (R.—R.) 
8 = pitch angle, = (90— |@}), 
deg. 
F, (Rui— R.)* 
= 2L,R. 
sin 
F, VU R.)? 
= 
sin 
€ = kinematic eddy viscosity 
c = distance cvordinate defined 
in Figure 5 
n = distance coordinate defined 
in Figure 5 
0 = angle between _ horizontal 
plane and a plane contain- 
ing U and the r-axis, defined 
in Figure 5 
v = kinematic viscosity 
é = distance coordinate defined 
in Figure 5 
p = average density 
= shear stress due to turbu- 
lence 
d = distance coordinate in the 
tangential direction with pos- 
itive direction taken in the 
direction of U, 
Ww = angle defined in Figure 5 
Subscripts 
c = value taken during wire cal- 
ibration 
r = component in r-direction 
w’ = value taken at wall of test 
section 
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x = component in x’-direction 
x” = component in x”-direction 
y’ = component in y’-direction 
z = component in z-direction 
2 = component in z’-direction 
= component in ¢-direction 
n = component in 7-direction 
é = component in é-direction 
= component in ¢-direction 
1 = value of wire I 

2 = value of wire II 
Superscripts 

ry = instantaneous value 


= when used with a fluctuating 
quantity it denotes the in- 
tensity of that quantity, for 


example u’, = V u’,/U 
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A Computational Model For Predicting 
and Correlating the Behavior of Fixed- 


Bed Reactors: 


|. Derivation of Model for Nonreactive Systems 


H. A. DEANS and LEON LAPIDUS 


A mathematical model is developed for predicting the mixing characteristics of fixed beds of 
spheres. The model is based on a two-dimensional network of perfectly stirred tanks. By means of 
the conventional partial differential equation description of flow in fixed beds, the predictions of 
the new model are compared with experimentally observed axial and radial mixing characteristics. 
The introduction of a capacitance effect is shown to enable the model to predict the abnormally 
low axial Peclet numbers observed in liquid-phase systems in the unsteady state. 

The mathematical model developed in the first part of this paper is extended to cover 
chemical reaction in a cylindrical fixed bed of porous catalyst spheres. The mathematical effect 
on the model of various controlling rate steps, nonconstant property values, and multiple, non- 
first-order reactions is discussed. After the general discussion a simplified system is chosen to 
indicate the practical advantages of the model. A single, first-order, irreversible, exothermic re- 
action is considered to proceed according to an effectively homogeneous rate expression, which 
varies exponentially with the inverse of absolute temperature. Both steady state and transient 
cases are calculated for a reactor, the walls of which are maintained at constant temperature. 


The fixed bed forms the fluid dy- 
namical environment for many proc- 
esses of immediate interest to the 
chemical engineer. Packed reactors and 
mass exchangers are examples of such 
processes in which the basic chemical 
or physical kinetic mechanisms are in- 
separable from the geometry of the flow 
system. 

Noteworthy experimental and theo- 
retical progress has been made _ in 
recent years in elucidating various phe- 
nomena which occur in fixed-bed sys- 
tems. The work of Wilhelm and co- 
workers (3, 7) on the nature of radial 
mixing in fixed beds is definitive in this 
particular area. Kramers and Alberda 
(6), McHenry and Wilhelm (8), and 
others (1, 4, 5) have investigated the 
mechanism of axial mixing and_pro- 
posed models for its description. Vol- 
uminous earlier work is available on 
the evaluation of heat transfer at the 
tube wali in packed beds and of heat 
and mass transfer between the pack- 
ing and the flowing fluid in a bed. Fur- 
thermore the factors which influence 
the course of reactions within a single 
(catalyst) particle have been the sub- 
ject of much effective research. 

Heretofore no practical mathematical 
model has been available for combin- 
ing the environmental and reaction phe- 
nomena. The difficulties arising from 
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coupling between material and heat 
sources in reactive systems were insur- 
mountable, either for purely analytical 
reasons or because interactions with the 
environment could not be adequately 
expressed within the framework of the 
model. 

The purpose of the present work is 
the development of a mathematical 
model which is consistent with the 
available knowledge of mechanistic 
phenomena. The suitability of the 
model in terms of available high-speed 
digital computers for evaluation of 
solutions is also considered. 

The first part of this paper is con- 
cerned mainly with evaluating the 
model as a primary representation of 
the packed bed environ; nonreactive 
fluids are thus considered. The model 
is tested by treating it as if it were an 
actual physical system and_ subjecting 
it to analysis of the type performed pre- 
viously (1, 3, 4, 5, 6, 7). The numerical 
computations are carried out using an 
IBM-704 digital computer. 

Once the model is established as a 
predictive as well as a correlative tool 
it is extended to cover the behavior of 
reactive systems. The second part of 
the paper contains an analysis of the 
mathematical implications of this ex- 
tension, along with a discussion of the 
numerical examples. By means of the 
latter the practical value of the model 
as a design tool is indicated. 
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DEFINITION OF THE PHYSICAL 
SYSTEM TO BE ANALYZED 


In this paper the term “packed bed” 
is restricted to mean a cylindrical vessel 
randomly packed with uniform spheres. 
Cylinder-to-sphere diameter ratio is as- 
sumed to be greater than 10. The fluid 
which flows among the packing is re- 
ferred to as the external field to differ- 
entiate it from the immobile fluid phase 
which may exist in the pore space of 
the packing. In part I of this paper the 
packing is taken to be nonporous. The 
external field is assumed to be a pseudo- 
binary mixture of unreactive compo- 
nents. A material balance is written 
for only one of these, designated the 
tracer component. 

The discussion to follow applies to 
an external field which is in developed 
turbulent flow, at least insofar as axial 
and radial mixing is concerned. Work 
of the authors cited earlier (3, 7, 8) 
indicates that this criterion is satisfied 
for N’,. greater than 100, where 


Upr ed, 

Since rigorous application of the 
equations of change to the external 
field is impossible, some approximate 
description of the turbulent mixing 
phenomena must be introduced. This 
step, along with the necessary simpli- 
fication of the boundary situation, re- 
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sults in a formulation which is funda- 
mentally macroscopic. In _ particular, 
functional variations over a_ length 
equal to packing sphere diameter are 
assumed to be small. This restriction 
will limit the discussion of part II to 
chemical reactions which are not too 


rapid. 
Other assumptions which are under- 
stood to apply (unless otherwise 


stated) are: 


1. Molar density and heat capacity 
of the external field are constant. 

2. Molecular-level fluxes are negli- 
gible when compared to the equivalent 
turbulent fluxes. 

3. Turbulent mass and thermal dif- 
fusivities are equal; that is the mech- 


} anism of transport is the same. Thermal 


conductivity of the packing is negligi- 
ble. 
4. The bed is axially symmetric. 


MATHEMATICAL MODELS OF THE 
EXTERNAL FIELD 


In this paper the term “model” re- 
fers to a primary mathematical repre- 
sentation of the behavior of the external 
field, that is a model is intended to be 
a mathematical tool for the prediction 
of temperature and/or concentration 
distributions in the external field. Dis- 
tinction should be drawn between 
mathematical models and physical mod- 
els on which they may be based. The 
mathematical formulations developed 
here have as foundations certain phys- 
ical observations concerning the macro- 
scopic behavior of fixed beds. These 
foundations are not considered to be 
restrictive; modifications in the formu- 
lations will be made to improve the 
agreement between prediction and ex- 
perimental results, although these mod- 
fications may not be immediately justi- 
fable from a physical standpoint. 

Solutions of model equations under 
boundary and initial conditions appro- 
priate to given design problems must 
be physically reasonable and complete. 
This in turn means that the model must 
account for all physical as well as chem- 
ical factors which are important in the 
problems. 

In a restricted sense a model should 
require only specification of external 
conditions and static fluid (and solid) 
property values to predict the desired 
variables throughout the external field. 
This requirement is taken to apply to 
problems in which boundary conditions 
vary with time, that is to transient or 
unsteady state cases. 

If it is to be of practical as well as 
academic interest, a model must be 
mathematically tractable. Solutions to 
reasonably complex problems must 
be obtainable either analytically or 
through application of known numeri- 
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cal techniques. Moreover the numerical 
evaluation of the solutions must be 
feasible, with available computing ma- 
chinery used. 


THE DIFFERENTIAL BALANCE MODEL 


The standard formulation of the ex- 
ternal field problem is a set of differen- 
tial balances derived from the equations 
of change for a homogeneous fluid. The 
derivation has been discussed by nu- 
merous authors (2) so that only those 
results necessary for later comparisons 
are given here. Under the assumptions 
stated earlier the differential model 
material balance for the trace compo- 
nent is 


aC 1 


Ne. Ox” Nec, 
ac 1 oC oC ac 
—+—— |-—=— (1) 
or” r or Ox ot 


The complete determination of a sys- 
tem which is described by these dif- 
ferential balances requires the state- 
ment of initial and boundary conditions. 
A compatible form of these is 


C(x,r,0) = f(x,r) (2) 
C(o,r, t) g(r, t) 
(3) 

Ox 
aC (x, M, t) a (5) 

or 


From consideration of Equations (3) 
and (4) (or the others) it can be seen 
that determining the tracer concentra- 
tion is a boundary-value problem in 
partial differential equations. Similar 
considerations would apply to a heat- 
balance equation. 

The evaluation of the radial and axial 
Peclet numbers by application of solu- 
tions of Equation (1) to experimental 
data is fully discussed in the literature 
(3 to 8). A summary of results for 
fully developed turbulent flow is given 
in Table 1. 

Except for the case of the liquid 
Ne-, the Peclet numbers in Table 1 are 
practically constant for Nz. > 100. The 
results for liquid systems are appar- 
ently anomalous. Some additional fea- 
ture is needed in the differential model 
to explain the dependence of Nee, on 
both the molecular properties of the 
liquid system and the experimental 
technique employed. An explanation in 
terms of capacity effects has been sug- 
gested (4, 5), but its inclusion in the 
differential-balance model would re- 
sult in mathematical complications 
which are incommensurate with the 


applicability of the model. 
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THE FINITE ELEMENT BALANCE 
MODEL 


Certain of the shortcomings of the 
differential-balance model suggest the 
necessity for an altogether different 
type of primary representation of the 
external field. Specifically a model is 
desired which is not subject to the 
handicaps characteristic of boundary- 
value partial differential equations. The 
alternative developed here is referred 
to as the finite element balance or finite 
stage model. It is based on the funda- 
mentally heterogeneous nature of the 
packed bed; sphere diameter becomes 
the natural measure of length, and the 
void volume associated with a sphere is 
taken as the volume element for the 
balances. 

A one-dimensional stage model is 
suggested by the characteristics of a 
form of Equation (1). In a gaseous 
system where radial variation is ab- 
sent, the differential mass balance is 
(Nr.=2) (6) 
Several investigators have reported 
that solutions of Equation (6) for par- 
ticular boundary conditions may be ap- 
proximated by solutions of a system of 
ordinary differential equations. This 
equivalent set of equations was pointed 
out to be the mathematical representa- 
tion of a number of perfectly stirred 
tanks arranged in series, where each 
tank has a mean residence time of 
(d,/v). The dimension of the set, that 
is the number of tanks in series, is the 
ratio of bed length to sphere diameter. 
As this ratio increases, the numerical 
agreement between the solutions given 
by the two types of equations improves. 

The material-balance equation for a 
trace component in the ith stage of a 
series of N perfectly stirred stages is 


given by 


dC; 
Q(C..—C,) (7) 
If V/Q is equated to d,/v, (7) becomes 
(8) 


The conditions which must be set to 
complete the specification of the prob- 
lem are 


C,(0) = f(i) (9) 
C.(t) = g(t) t>0 (10) 

The one-dimensional physical model 
on which (8) is based was predated by 
a three-dimensional perfect mixer model 
for turbulent radial mixing. Latinen (7) 
presented a derivation of theoretical ra- 
dial mixing in packed beds based on sta- 
tistical considerations, in which the per- 
fect mixer array was the turbulent flow 
limiting case. His results provide the 
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Fig. 1. Schematic representation of the arrangement of stages 
and the configuration of the flow pattern in the basic stage 


model. 


basis for extending (8) to three dimen- 
sions, with the consequent inclusion of 
the turbulent radial-mixing phenomencn 
in the mathematical model. 

Because of radial symmetry the array 
of mixed stages may be reduced to two 
dimensions immediately. A geomet- 
rically regular arrangement which is 
consistent with the statistical model 
mentioned above is shown in Figure 1. 
The presence of two possible outlets 
from each perfectly stirred volume ele- 
ment produces a macroscopic or 
mixed average equivalent of particulate 
random flight. Since each stage rep- 
resents a perfectly stirred tank, the ax- 
ial-mixing mechanism is retained. The 
mathematical formulation of this regu- 
lar array is tested later by means of ex- 
perimental observations of radial- and 
axial-mixing data. 

In the transition to two dimensions 
it is assumed that angular flow is ab- 
sent and that the spatial density of 
stages (that is void fraction) is inde- 
pendent of position in the bed. Each 
stage in the two-dimensional network 
represents the balance-volume elements, 
or voids, contained in an annular disk, 
of which only a segment is shown in 
Figure 1. The stage with indices i, j 
includes the voids in the region 
bounded (a) by two planes at distances 
(i—1)d, and id, from the inlet end of 
the bed, and (b) by two concentric 
cylinders of radius K(j—1)d, and Kjd,. 
As before 1 = i = N, where N = L/d,, 
assumed integral. The offset arrange- 
ment shown in Figure 1 is obtained by 
letting j take on the values 1/2, 3/2, 
5/2, . . M when i is an odd integer, 
and the values 1, 2, 3... M when i is 
even. The constant K represents the 
multiple of half-particle diameters 
which the fluid side-steps in an actual 
bed. It is evaluated later. 2M = D/Kd, 
is also assumed to be an integer, so 
that either the even or odd rows (but 
not both) will have fractional stages at 
the wall. 
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The total-balance volume of the i, 


j th stage is given by 
Vi; —€E A,d, 
From simple geometric considerations 
A, = — 

= aKd,’ [2j—1] 


(11) 


(12) 


Thus the stage volume is only a func- 
tion of the radial index j; that is 
Vi., = V,; = €aKd,’ (2j—-1) (13) 


For the particular case j = %, (j—1) 
= 0 by symmetry. That is 


2 
Vi). = (=) 
2 


The total volumetric throughput of 
the i, jth stage is 


Q; Ajev 


(14) 


(15) 


and the mean residence time for the 
stage is 
V; d 
(16) 
Q; 


as desired in the one-dimensional anal- 
ogy. Thus Equation (8) still applies to 
a stage in the two-dimensional model 
if the feed concentration C,_, is under- 
stood to be an average of output con- 
centrations from the two stages diag- 
onally behind (or above) the stage i, j. 
This average is weighted according to 
the relative magnitudes of the two 
streams which comprise the through- 
put Q,. If these streams are designated 
Qu; and Q,, for the moment, the aver- 
age concentration ¢,.,; is defined by 


Ou; Cin, j-1/2 Gis, g+1/2 
Q; 


Piss 


(17) 


Since the velocity is not a function of 
j, Qa; and Qz,; can be assigned unique 
values. From (12) and (15) it follows 
that 
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aKd,"v if— (j-1)"] 
(18) 


The areas of overlap of the lateral 
faces of stages i —1, j —1/2 and i —l, 
j+% on stage i,j determine the ratio 
of Qn; to Qp5; that is 
Qa; [(j—1/2)*— (j-1)*] #Kd,’v 
Qu, [f — (j-1/2)*] 
j—-3/4 
1/4 
If (18) and (19) are solved simultane- 


ously for Q.; and Q,,;, and the results 
substituted into (17): 


(19) 


(2j—1) 


(20) 


Again for the particular case j= % 
special treatment is necessary. (j—%4) 
is set equal to zero and removed from 
the denominator, resulting in 


bi-1, 1/2 (21) 


At the wall Ces was is equal to the 
imaginary wae by reflection, so 
that 

dia, w = Cin, M-1/2 (22) 
The reflection property follows from 
the no-flux boundary condition at the 
wall. 

A heat balance may also be written 
analogous to the material balance (8). 
In this case a feed temperature T\. 
would appear. Again transition to two 
dimensions requires only the redefini- 
tion of the inlet stream as a mixture of 
two outputs of the previous stages; the 
average inlet temperature -,; which 
replaces T:. can be found by argu- 
ments completely parallel to the above. 
Thus 


Via, = 
(j—3/4) Tin, j-1/2 (j-1/4) Tia, 
(2j-1) 


(23) 


Since the solid packing has heat capac- 
ity, a term should appear in the heat 
balance to account for heat transfer 
between the solid and the external field. 
In the present discussion it is assumed 
that this transfer is fast enough (and 
that temperature gradients inside the 
particles are small enough) so that the 
particle temperature may be considered 
equal to the fluid temperature. Separate 
heat and material balances for the 
packing are considered in the second 
part of this paper. 

The complete finite stage model (for 
a stage not at the wall) consists there- 
fore of the two equations: 


dC, ; 


bias ( 
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(24) 


1960 


Pia, — 


(25) 


OF ;., 

dt 
where B = 1 + C,p,(1—e)/C,pre. 

For a wall stage (25) must be mod- 
ified to allow for heat flux through the 
tube wall. If Newtonian radiation is as- 
sumed to apply at the wall surface, 
(25) may be written 


— + Nery (Tw, 


where Nsry is defined by 
hwAw; 
Naty = (27) 
QOuC 
Since 
Aw; = € (28) 
and from (12) and (15) 
OFF = aKd,*ev [2M—1] (29) 


it follows that 


( h ) ( 2M ) h 
2M—1 Gx, 


(30) 


if M >> 1.0. These arguments apply 
to rows in which the wall stage is not 
fractional. For the alternate rows 
(either even or odd i, depending on 
whether 2M is odd or even) the wall 
stage will have a lateral face area given 
by 
Au, = 7Kd,° [M* — (M—1/2)*] 


= [M—1/4] (31) 


so that 
Qu, = [M—1/4] (32) 


However since Aw, is still given by (28) 


h 2M 
) (33) 
Gu C, M—1/+4 


Thus Nstw, = 2Nsry if M >> 1. 


If Nsrw (or Nsrw;, as the case may 
be) is assumed constant for a given 
stage, (26) may be written 


, T (34) 
Win. ia 
where ae 

Win, Nsrw Twi 
35 
Cc. 

B 

36 
1+ Nsry 


which brings the wall stage heat bal- 
ance into the same form as the normal 
stage Equation (25). 

It follows from the form of Equa- 
tions (24) and (25) and from the def- 
initions of and that the so- 
lution of the equations for a particular 
(i, jth) stage depends only on the ini- 
tial conditions C;, ;(0) and T;,;(0) and 
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on the solutions for stages in the i—1th 
row. 

The significance of this fact is that 
the entire set of stage equations repre- 
senting the packed bed can be solved 
as an initial-value problem. That is in- 
put functions from the upstream stages 
are forcing functions rather than bound- 
ary conditions. Since a given stage is 
not affected by events downstream, the 
calculation of solutions to the com- 
plete set of equations may proceed 
sequentially, beginning at the inlet row 
of stages. The inlet-stream functions 
C,,,(t) and T,,,(t) determine ¢,, ; and 
Wo,; aS a function of time. The latter, 
along with the initial conditions C,, , (0) 
and T,,,;(0), allow solution of (24) 
and (25) for C,,,; and T,,,, 7 = 1/2, 
SD. ee for all t > 0. These first row 
solutions determine ¢,,; and which 
in turn allow calculation of C.,; and T:,;, 
j = 1, 2,...., allt > 0. This sequence 
is continued through i = N. 

The importance of this initial-value 
character of the stage-model equations 
can hardly be overstated. In the simple 
flow problems discussed up to this point 
the balance equations for a given stage 
have been linear and independent. An- 


that the functionality is expressed as 
v(j) = f'(j) v(0) (38) 


the dimensionless time can be rede- 


fined by 


t’v(0) 
=—t= (39) 
v0; P 

The material-balance Equation (24) 

becomes then 
bia, —Ci,; = f(j) = (40) 
dt 


The heat balance (25) is altered in the 
same manner. 

The assumptions of constant molar 
density and heat capacity are ques- 
tionable for gas-phase systems in which 

irge temperature variations occur 

within the bed. Coefficients which de- 
pend on temperature may be added to 
the heat-balance equation, for example, 
to eliminate the need for these restric- 
tions. Equation (25) is modified to 
read 


(j-3/4) (C,T) i-1, j-1/2 (j—-1/4) (C,T) i-1, j+1/2 


= 


alytical solutions to Equations (24) 
and (25) are available through appli- 
cation of standard techniques. For the 
chemical reactor problems to be dis- 
cussed in part II direct numerical solu- 
tion is necessitated by nonlinear coupl- 
ing terms in the balances. Efficient nu- 


in GF 
t 
(41) 
where 
(1) (G,). 
(C,).,5 
AT, 
(Ti,5) (C,). (43) 
l—e 
(C,pr)i,5 
T,,) = 
(C,pr). 
(44) 


merical procedures are available for 
ordinary differential equations, while 
no such easy path presents itself in the 
case of nonlinearly coupled partial dif- 
ferential equations. 

The relative simplicity of the stage- 
model formulation is exemplified by 
the steady state form of (24). If the 
inlet functions ¢,.;,, 0 = 7 = M are 
time independent, the material bal- 
once for the i, jth stage will eventually 
be given by 


Pia, 5 — (37) 


The problem becomes merely a 
mixed average equivalent of the Gal- 
ton quincunx with wall effects. The 
solution is obtainable by trivial alge- 
braic manipulations. 

Several of the restrictions assumed 
may be removed from the stage-model 
formulation without complicating _ its 
structure or disturbing its initial-value 
nature. First if empirical information 
concerning gross velocity profiles is 
available, the model may be modified 
quite simply to account for radial vari- 
ation in velocity. When one assumes 


C,,,;=0 
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The mass velocity is assumed not to 
depend on radial position. 


Since both o and £8 are arbitrary 
functions of the dependent variable 
T;,;, it is apparent that (41) cannot 
be solved analytically. However the na- 
ture of the variation of these functions 
with temperature is normally such that 
their values from one of the stages 
i—1,j + % may be used as a good first 
approximation in the numerical solu- 
tion. That is the change in temperature 
over a length of bed corresponding to 
one stage may be assumed to produce 
changes in o and 8 which are quite 
small relative to the magnitudes of o 
and £. This characteristic effectively 
guarantees rapid convergence of simple 
iterative correction procedures in the 
process of numerical integration of 
(41). Similar arguments hold for the 
solution of the material balance when 
its coefficients depend on concentration. 

The numerical efficiency with which 
these corrections for minor nonlinear- 
ities (and later for major nonlinear 
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coupling) can be made is due primarily 
to the sequential nature of the finite- 
stage model. Where iterative pro- 
cedures are required, convergence has 
only to be obtained at one geometric 
position at a time. In the boundary- 
value problem represented by the dif- 
ferential-balance model an_ iteration 
scheme must be applied simultaneously 
at all positions in the bed. For given 
coefficient functionalities the radius of 
convergence (that is the allowable error 
in the first approximation in the itera- 
tive procedure) is necessarily much 
smaller for an entire system than for a 
single point. Furthermore that rate of 
convergence, and hence the speed of 
the numerical procedure, must be much 
slower for a multidimensional field of 
points, even if the initial guess at all 
points is good enough for eventual con- 
vergence to occur. 


THE RELATIONSHIP BETWEEN THE 
DIFFERENTIAL-BALANCE AND 
FINITE-STAGE MODELS FOR THE 
EXTERNAL FIELD 


The agreement between solutions to 
Equation (6) and the set represented 
by (8) is not fortuitous, nor is it de- 
pendent entirely on the intuitive con- 
nection between a packed bed and a 
series of perfectly mixed tanks. Equa- 
tion (6) may be converted into a dif- 
ferential difference equation by the 
process of substituting finite difference 
approximations for the axial derivations 
only. If lowest order central differences 
are used, (6) becomes 


20, + Cinj — 


QAx 


i 


[C.,.—Ci.] +E[0(Ax’) (45) 


Ignoring the third-order error term and 
letting Ax = 1 one obtains 


] 
2C, + Ci] 


The derivative on the right is written 
as ordinary, since only t is a differential 
variable at this point. Collecting terms 
one gets 


(47) 


which is the complete equivalent of 
(8). When one sets the dimensions, 
Ax = | is the same as dividing the one- 
dimensional bed into units of length d,. 
The third-order error term becomes less 
important as the ratio L/d, increases, 
so that (47) must approach a true 
equality as the number of particles in 
the axial dimension of the bed becomes 
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TABLE 1. SUMMARY OF CONSENSUS VALUES 
FOR PECLET NUMBERS FROM 
THE LITERATURE 


Nee, Nees 
Gases 10-12 2 
Liquids 10-12 0.3-1.0 


large. In any case a fundamental re- 
quirement of the differential-balance 
model was that the functional variation 
over a length of bed equivalent to the 
sphere diameter should be small. This 
has the effect of making higher-order 
terms in the difference approximations 
negligible. 

At some point in the derivation of 
(47) the transition from a boundary- 
value problem to one of initial-value 
nature occurs. The boundary condition 
at x = N for the one-dimensional case 
is 


C(N, t) 
ox 


= 0 (48) 


This condition no longer has any effect 
on the solution of the differential-dif- 
erence equation set represented by 
(47). The disappearance of the mathe- 
matical feedback which makes (48) 
necessary can be traced most easily if 
the differencing process is completed. 
Removal of the assumptions that Nee, 
= 2 and substitution of the first-order 
backward difference approximation for 
the time derivative in (45) leads to 


1 
Ci —2C Cis 
[Cc C 1-1 
(49) 
Equation (49) may be rearranged to 
give 
] Ax 
Cini 
2 4 
Nee, (Ax)? 
| 1 + | i,t 
2At 
| 1 Nz er Ax | C 
+ Qo 4 i+1, 1 
Nee; (50) 
TABLE 2 
A \ va 9/2 15/2 Avg. 
20 83 75 — — 
30 86 78 82 8.2 
40 8.7 8.0 79 82 1=i=70 
50 8.9 80 7.8 82 0<j=19/2 


60 89 81 7.7 8.2 
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Equation (49) may be written in dif- 
ferenced form as 


=f (Cy, 13 Cy-s, 13 Cy-s, i) (51) 


where N is the last interior axial grid 
point. Equation (51) is used to elim- 
inate Cy,,,, from the corresponding 
Equation (50) resulting in 


1 Nee; Ax 
Nee; (Ax)? 
—|1+——— | C,,, 
2At 


[ Nee, AX | 
2 4 f 


Nee; (Ax)? 
Cy, 1-1 


2At (52) 


It is apparent from this that the effect 
of (48) must disappear as Nee, Ax/2 
— 1. In this limit (50) becomes 


Ax 
At 


(53) 


which is the corresponding differenced 
form of the equation for a stirred tank 
only if Ax = 1 (and consequently Nee, 

Although the stage model was spe- 
cifically derived for the turbulent flow 
region where Nr-, = 2 (for gases), an 
equivalent set of stage equations can be 
set up for a system with any character- 
istic Nre,. If t* is defined as 


t 
2 


= 
(53) becomes 
Cia, Ci, 


(54) 


C C; -1 
4,1 Pa (55) 
At® 


which does correspond to the finite- 
stage equation 


dc, 
Cy. C, = 


dt* 


(56) 
The number of stages equivalent to a 
bed of length L is now 

iF Nee, L Nee, 
d, Ax ee 


= (57) 


SIMULATION OF PHYSICAL 
EXPERIMENTS ON PACKED BEDS 
WITH THE FINITE-STAGE MODEL 
OF THE EXTERNAL FIELD 


Two general types of experimental 
procedure have been reported for eval- 
uating the effective Peclet numbers 
listed in Table 1. Particular experi- 
ments were designed to maximize one 
component of the turbulent flux vector 
relative to the other. In most cases the 


December, 1960 


am 

of ar 

perir 

meas 

tion 

the 

near 

tion. 

tion 

mea 

dow: 
duct 

axia 

ing 

— men 

mod 

- qui 
sou 
whe 
tern 

of 
stag 
») dC, me 

dt 
) dis 
tior 

(1) 
Stag 
A | dire 

1 

2 


effect 
Ax/ 


(53) 


enced 
1 tank 
N. Pez 


spe- 
t flow 
s), an 
an be 
‘acter- 


ental 
eval- 
nbers 
:peri- 
» one 
ector 
s the 


TABLE 3, EFFECTIVE AXIAL PECLET NUMBERS AS A FUNCTION OF 6 AND fi 


=08 
Pie 60 70 80 90 
8 1.975 1.976 1.978 1.979 
1 1.851 1.853 1.855 1.856 
0.125 1.230 1.230 1.230 — 
fr = 0.9, == 10 
) 0.0625 0.03125 0.015625 0.0078125 0.003906125 
Nee, 1.52 1.23 0.83 0.49 0.30 
differential-balance model was used as ac ‘ 
a means of analysis; that is the solution a =< (58) 


of an appropriate form of Equation (2) 
was used in conjunction with the ex- 
perimental data to obtain the appro- 
priate Peclet numbers. 

The most common technique for 
measuring Nee, involved the introduc- 
tion of a tracer stream at some point in 
the bed, usually on the tube axis at or 
near the beginning of the packed sec- 
tion. At steady state, radial concentra- 
tion profiles of the tracer were then 
measured at various axial positions 
downstream from the point of intro- 
duction (3, 7). In this analysis the 
axial component of the turbulent mix- 
ing was shown to be negligible. 

Simulation of this particular experi- 
mental procedure is readily accom- 
plished by the use of the finite stage 
model. The steady state concentrations 
of all stages in an arbitrary network are 
given by (37) and the definition of 
The only external condition re- 
quired is the stipulation of the tracer 
source in the inlet stream, which is 


given by 
1/2 = q 
do, = do, 5/2 =0 


where q is arbitrary. The algebraic de- 
termination of the C;,;,1=i=N,0< 
j< M, results in a two-dimensional set 
of concentration values which are the 
stage model equivalent of the experi- 
mental data. 

This set of concentration values may 
now be operated upon as if it were a 
discrete sampling of a continuous func- 
tion C(r, x). The appropriate form of 
(1) is used in the analysis so that the 
stage-model results may be compared 
directly with the Nr-, of Table 1. At 
steady state (1) becomes 


1 aC 1 gS 1 
2 


or or 
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if Nee, = 2. Although (58) could be 
solved with appropriate boundary con- 
ditions and the solution used to obtain 
Nee, at various positions in the model, a 


more direct approach is available. 
Solved for Nee, (58) is 
a°C 
or r or 
Nee, . (59) 
ac 
Ox 


If derivatives appearing here are re- 
placed by finite difference approxima- 
tions, (59) may be written in symbolic 
operator form as 


Nee, | (Ax, Ar, j) Ci. (60) 


The exact form of P, depends on the 
difference formulas employed. 

Table 2 presents the results of such 
a calculation. The point values of Nee, 
were obtained by application of the P, 
operator to a set of stage concentrations 
calculated on an IBM-704 computer. 
The system parameters were N = 70, 
2M = 19, and q = 1.0. The P, opera- 
tor included central differences up to 
the seventh order in both radial and 
axial directions. 

The value of K can now be deter- 
mined which will bring the model into 
exact agreement with any given ex- 
perimental value of Ne-,. This value is 


Nev, 


K= (61) 


The upper limit for the radial sub- 


script j is thus 
D 
(62) 
od, 8.2 
Nee, 
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The majority of reported determina- 
tions (4, 5, 6, 8) of axial mixing have 
involved unsteady state experiments. 
The use of time-varying tracer concen- 
tration in the total inlet stream to a 
bed was the most common technique. 
Piston flow was assumed so that the 
analysis could be based on a one-di- 
mensional model. Solutions of the 
model equations were applied to out- 
put concentration (vs. time) curves, 
and the results were reported in the 
form of effective axial Peclet numbers. 
Probably because of bed-capacitance 
effects (4), agreement was not obtained 
between for gases and liquids, 
even for well-developed turbulent flow. 

As represented by (24) and (25) 
the finite stage model necessarily pre- 
dicts an axial Peclet number of 2.0. 
This was seen to be a characteristic of 
a series of perfectly stirred tanks if 
V/Q for each tank was set equal to 
d,/v. However an intuitive extension 
of the basic model can enable it to sim- 
ulate the unsteady state behavior of 
actual packed beds. 

Because of the irregular shape of a 
void in a packed bed the fluid in some 
positions is poorly mixed even at large 
values of N’:.. Near sphere surfaces and 
in the recesses formed by the tangency 
of spheres laminar or even quiescent 
conditions must exist. The effect of this 
unmixed portion on the stage model 
could be expressed in a variety of ways. 
In order to avoid undue mathematical 
complications a very rough approxima- 
tion is used here. Each stage is arbi- 
trarily divided into two perfectly mixed 
parts. The larger is defined to have the 
same function as the entire stage has 
in the basic model. The smaller part is 
merely a capacitance volume; it has no 
inlet or outlet, except a diffusional sur- 
face in common with the larger part 
of the stage. Consequently each stage 
now has associated with it two con- 
centration variables. The over-all stage 
material balance for a tracer becomes 


+4 
Pi-r, j a 1 7 
(63) 


The subsidiary balance on the capaci- 
tance part is 


where 


The two parameters f, and 3 must of 
course be evaluated in terms of the ef- 
fect they have on the behavior of the 
model. 

Equations (64) and (65) were used 
to simulate the response of a packed 
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in dif. 
) (51) 
al grid 
elim- 
onding 
(52) | 
(54) 
(55) 
finite- 
to a 
dC, 
1—f,) ——— = 8 (C,,; —Ci,; (64) 
DA 
LQ, 


bed to step forcing of inlet tracer con- 
centration. The equations were solved 
numerically on the IBM-704 digital 
computer with various values of f, and 
§ for a one-dimensional model (that is 
M = 1) consisting of 100 stages in 
series. The inlet stream condition was 


$o,1 = 1, 


(The stages contained zero tracer ini- 
tially, and at time t = 0 the inlet tracer 
concentration was step changed to 1.0.) 
The computer was programmed to print 
the concentrations in a specified group 
of stages at a number of finite time 
steps during the passage of the main 
concentration wave through the group. 
Again the results from the stage model 
are most readily compared with ex- 
perimental data with the differential 
material balance 1. When solved for 
Nee, the applicable form of (1) be- 
comes 


t=0 


oC 
Ox ot 


Upon substitution of finite difference 
approximations for the derivatives this 
may be written as 

Neer ]i,1 = Pr(Ax, At) (67) 
The j subscript on C is no longer neces- 
sary, since the model is one dimen- 
sional. The I subscript refers to the fin- 
ite time axis t = | At. The results of 
applying P, to various solutions are 
shown in Table 3. For given f, and 8, 
Nee, was found not to depend on I. 
The values given in Table 3 were cal- 
culated for the | which gave a maxi- 
mum for 0°C/dx*. It is also seen that 
Nr, does not vary significantly with i, 
at least for i > 60, which indicates that 
this simple capacitance correction 
should apply to most beds encountered 
in practice. It may be noted that the 
available measurements fit the rela- 
tionships 


1 1 


(fr)? 


68 
Nec, 2, 


The parameter § bears at least a dimen- 
sional similarity to the Taylor Peclet 
number, which characterizes Taylor 
axial spreading in pipe flow. Equation 
(68) would indicate that the recipro- 
cals of the two types of axial Peclet 
numbers are additive. 

For a physically acceptable value of 
f. (0.9 perhaps) the difference between 
measured N>-, for gases and liquids can 
be produced by varying 8 by a factor 
of the order 10°. For given flow condi- 
tions § should depend only cn D, the 
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tracer diffusivity in the total fluid. Thus 


a thousandfold variation in D, which is 
the order of the difference between gas 
and liquid phase molecular diffusivities, 
can account for the anomaly in Nee. 


SUMMARY 


The foregoing analysis serves to es- 
tablish the finite stage model as a valid 
representation of the flow environment 
produced in a packed bed. The basic 
model was shown to predict the axial 
and radial mixing observed experi- 
mentally for gaseous systems in well- 
developed turbulent flow (N’z, > 100). 
It was seen that the radial and axial 
Peclet numbers to be produced by the 
model may be adjusted independently 
to agree with specified characteristics 
of an arbitrary system. A further degree 
of freedom is also available in the form 
of a simple capacity effect, which al- 
lows the prediction of different Ne, 
for gases and liquids under dynamic 
operating conditions. 

The heat and material balances de- 
rived for a stage in the model are first- 
order, ordinary differential equations in 
the dynamic case. The balances reduce 
to purely algebraic form in the steady 
state. Solution of transient flow prob- 
lems for an entire bed involves sequen- 
tial integration of the balance equations 
which are necessarily of initial-value 
nature. This process offers numerous 
mathematical advantages over the tech- 
niques required to solve two-dimen- 
sional boundary-value problems in par- 
tial differential equations, even in the 
simple flow systems investigated in this 
part of the paper. In the second part, 
where chemically reactive systems are 
of particular interest, these advantages 
are shown to be decisive. 
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NOTATION 


Subscripts 
i = row of stages or axial position 
finite-difference mesh 


(0 =i=N) 
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j = radial position of stage in a 
given row (0 <j =M) 

l = position in finite-time mesh 
(1 > 0) 

; = fractional wall stage 

Oo = standard (inlet and/or cen- 


ter line stage) value of a 
function 


Independent Variables 
axial 


x = dimensionless length 
(based on d,) 

r = dimensionless radial length 
(based on d,) 

t = dimensionless time length 
(based on d,/v) 

t = dimensionless time, redefined 
by Equation (39) 

t® = dimensionless time, redefined 
by Equation (54) 

tv = real (dimensional) time 

Dependent Variables 

C = dimensionless concentration 
(based on C,) 

T = dimensionless temperature 


(based on T,) 


Ty = dimensionless wall temper- 
ature (based on T,) 

C = dimensionless concentration 
in the capacity volume (based 
on C,) 


Dynamic Moduli 


N’x. = modified Reynolds number 
Nee, = effective axial Peclet num- 
ber (= d,v/D,;'") 

Nee, = effective radial Peclet num- 
ber (= d,v/D,") 

Nee, = effective axial Peclet num- 

ber based on bed _ length 
(= Lv/D,") 
Nsry = Stanton number for wall heat 


transfer 


General Roman 

cross-section area of a stage, 
sq. ft. 

= wall area of a stage, sq. ft. 
= area of diffusional surface be- 
tween capacitance and main 
parts of a stage, sq. ft. 

molar heat capacity of the 
total fluid, (B.t.u./lb. mole 
°F.) 

heat capacity of the packing 
spheres (B.t.u./Ib. — °F.) 

= tube diameter, (ft.) 


>| > 


= molecular diffusivity in char- 
acteristic of the capacity ef- 
fect in a stage, (sq. ft./hr.) 
= radial component of effective 
turbulent diffusivity, (sq. ft./ 
hr.) 
axial component of effective 
turbulent diffusivity, (sq. ft./ 
hr.) 


- packing sphere diameter 


D (t) 
= 


arbitrary functions 
ig = fraction of stage volume not 
in the capacity effect 


| 
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g,g = arbitrary functions 

Gu = molar velocity, (lb. mole/ 
sq. ft.-hr.) 

Re = wall heat transfer coefficient, 
(B.t.u./hr.-sq. ft. — °F.) 

K = arbitrary dimensionless con- 
stant 

L = tube (bed) length, (ft.) 

3 = diffusional path length char- 
acteristic of the capacity ef- 
fect in a stage 

M = number of stages in a radial 
row, or dimensionless tube 
radius (based on d,) 

N = number of rows of stages in 
a bed, or dimensionless bed 
length (based on d,) 

P,,P, = finite-difference operators 

Q = total volumetric throughput 
in a stage, (cu. ft./hr.) 

V = stage volume, (cu. ft.) 


v = axial fluid velocity based on 


open area for flow, (ft./hr.) 


General Greek 


B = dimensionless coefficient in 
heat balance equations 

8 = dimensionless diffusion pa- 
rameter characteristic of the 
capacity effect in a stage 

€ = void fraction of the packed 
bed 

ber = dynamic viscosity of the ex- 
ternal field, (Ib./ft.-hr.) 

pr = molar density of the external 
field, (Ib. mole/cu. ft.) 

Ps = density of the packing 
spheres, (Ib./cu. ft.) 

= dimensionless average inlet 
concentration to a stage 

Ww = dimensionless average inlet 


temperature to a stage 
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A Computational Model for Predicting and 
Correlating the Behavior of Fixed-Bed 


Reactors: 


Il. Extension to Chemically Reactive Systems 


H. A. DEANS and LEON LAPIDUS 


The ability of the finite stage model 
to represent the macroscopic physical 
behavior of an unreactive external field 
was established in part I of this paper 
(3). On this basis the model may now 
be evaluated as a framework for the 
formulation of more complex packed- 
bed problems. In particular the means 
and effect on the model of introducing 
chemical reaction in general form are 
of interest. 

Hereafter the packing spheres are 
considered to be porous and catalyti- 
cally active. The reactions which take 
place on the available surface are as- 
sumed to proceed with appreciable 
heat evolution (or absorption) at rates 
which vary exponentially with temper- 


H. A. Deans is with The Rice Institute, Hous- 
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ature. These heat effects necessitate, 
among other things, the simultaneous 
consideration of heat and component 
material balances for the external field. 
A reaction rate expression depending 
on both temperature and concentration 
must appear, either directly or indi- 
rectly, in all the balances; the particu- 
lar term in which the effect of reaction 
rate is felt is referred to as the coupling 
term. 

This type of physical-chemical coup- 
ling between balances is perhaps the 
most important single characteristic of 
nonisothermal reactive systems, in that 
it effectively determines the behavior 
of such systems both statically and dy- 
namically. Moreover the form of the 
coupling term is in general such that 
analytical solutions to the balance 
equations are not obtainable. The 
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availability of practical numerical pro- 
cedures for solving the expanded equa- 
tions of a model is thus a primary con- 
sideration. 

The nature of the coupling term de- 
pends upon a combination of physical 
and chemical kinetic factors. In a given 
reactor problem any of the following 
serial rate mechanisms may be import- 
ant at a particular position in the 
reactor: 

1. Transport of chemical species and 
heat of reaction through the interfacial 
resistance between the external field 
and the catalyst spheres. 

2. Diffusion of reactants and prod- 
ucts through the pore matrix of the 
spheres and conduction of heat through 
both pore fluid and solid structure of 
the spheres, between the surface of the 
spheres and the actual reaction sites. 
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960 | 


3. Surface chemical reaction rate at 

the sites. 
Although any one of these may be the 
absolutely limiting rate step under cer- 
tain physical conditions, a general state- 
ment of a reactor problem must allow 
for the simultaneous importance of any 
two, or even all three. Such a state- 
ment obviously entails the writing of 
balances for sphere elements associated 
with every point in the external field. 
At positions where rate step 2 is pre- 
dominant the dimension of the problem 
is increased even in the favorable case 
where the elements may be considered 
one dimensional. 

The expression to be introduced for 
the surface reaction rates will in gen- 
eral be a function of the temperature 
and the concentrations of all reactants 
and products at the site. It is apparent 
that if stoichiometric relationships 
among the components are available, 
not all the component concentrations 
are independent. The conditions under 
which stoichiometry of the feed stream 
may be assumed to hold everywhere 
have been given by Baron (2). His 
analysis, based on a differential bal- 
ance model of the type reviewed in 
part I, showed that all component con- 
centrations except that of the limiting 
reactant can be eliminated from the 
rate expression for a single reaction. In 
the more general case of P independ- 
ent reactions the problem reduces to 
the simultaneous solution of P limiting 
component material balances and the 
heat balance, again under favorable 
circumstances. The remaining (K-P) 
concentrations follow from stoichio- 
metry. 

A number of conditions may exist in 
a reactive external field which tend to 
invalidate the assumptions made in de- 
riving the models of part I. All of them 
owe their origin to heat effects; quali- 
tatively the more important of these 
are: 

1. Radial temperature gradients 
when the tube wall is a nonadiabatic 
boundary. 

2. Radial variation in local reaction 
rates resulting from 1 and the ex- 
ponential temperature dependence of 
the rates. 

3. ‘Radial variation in density and 
its axial derivative in gaseous systems 
caused by 1 and 2, especially where 
the reactions proceed with net changes 
in the number of moles present. 

4. Nonstoichiometric accumulation 
in the unsteady state. If condition 3 
and 4 are of appreciable magnitude, 
the stoichiometric relationships of the 
feed stream cannot be assumed to hold 
throughout the external field. Although 
solution of the differential balance 
model equations would be complicated 
by this eventuality, the effect on the 
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finite stage-model equations is not seri- 
ous, as will be seen later. 

The possibility of significant radial 
variation in density tends to invalidate 
the assumption of constant mass veloc- 
ity which was made in part J. The 
finite stage model would have to be 
expanded to include some form of 
momentum balance if the effect of non- 
constant density on the velocity profile 
were to be included in an implicit man- 
ner. It is in fact possible, under certain 
conditions, to write macroscopic mo- 
mentum balances for each stage in the 
model. One result is the appearance of 
a radial component of mass velocity 
from each stage. This has the unfor- 
tunate effect of destroying the inde- 
pendence of the equations for stages at 
a given axial position and thus compli- 
cating the numerical solution of the 
model considerably. 

Calculations based on the expanded 
model would be of theoretical interest 
only, since no experimental data is 
available for comparison. Consequently 
constant density will be assumed in the 
discussion to follow. However both 
fluid and packing property values may 
under normal conditions be considered 
insensitive functions of temperature and 
concentration, at least when compared 
with the coupling term. It is assumed 
that the magnitudes of the derivatives 
of the various property-value param- 
eters with respect to the dependent 
variables are much smaller than the 
magnitudes of the parameters them- 
selves. Convergence of certain iterative 
corrections in the numerical solution of 
the model equations is taken to be 
guaranteed by this property, so that 
constant property values will be as- 
sumed. 


PARTICULAR FORMS OF THE 
COUPLING TERMS 


With these assumptions the balances 
for the kth component in the i,jth stage 
are 


dC, 
— C, + Ry (Ci, Co, ...Cx;T) = 

dt 

(69) 
and 

T + Rr (C,,C Cz;T) = - 

+ Rr 1, Ux; = 

(70) 


The i, j subscripts have been deleted for 
clarity. Each stage may now be con- 
sidered to contain 6(1—e) (2j—1) cata- 
lyst spheres, all of which are in equiva- 
lent positions in the original packed 
bed which the stage model simulates. 

In the general situation where all the 
rate steps mentioned earlier are of 
potential importance, heat and material 
balances for this composite sphere ele- 
ment must be solved in conjunction 
with the external field balances for 
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each stage. The internal problem will 
not be considered here in detail; that 
is no formulation of the sphere-element 
balances will be proposed. It need only 
be stated that the pore-diffusion and 
surface-rate mechanisms are contained 
in these balances. However the bound- 
ary conditions at the surface of the 
sphere element are needed for subse- 
quent arguments. These may be written 
as 


={New [Cx —Cs(8) 


dp i,j 
(71) 
and 


= {Nyu [T 
(72) 


T(s) and C,(s) are values of these 
functions at the surface of the sphere 
element, that is on the inside of a ficti- 
tious interfacial film which separates 
the sphere element of the i, jth stage 
from its external field. 

Thus the coupling terms R, and Rr 
need only express the material and heat 
transport across the film in a manner 
consistent with (71) and (72). The ex- 
ternal field balances may therefore be 
written 


— Cx + —C,] = 
(73) 

dT 
p—T + Nor [T(s) —T] = (74) 


Ner, Nsrx, Neca, and Ny, will in general 
be functions of temperature and con- 
centration, but of the type prescribed 
earlier; that is they may be assumed 
constant in a first approximation and 
subsequently corrected interatively. 

In the steady state (74) may be 
solved for T to give 


b + Nor T (s) 
1 + Nar 


This result may be used to eliminate 
T from (72), the result being 


p—T(s) 


(75) 


14+Nor 
(76) 


By analogous manipulation (73) be- 
comes 
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Since w and ¢, are considered to be 
known functions (from solutions of the 
finite stage balances for row i—1), the 
internal problem may be solved inde- 
pendently. T and C, then follow from 
(75) and the equivalent steady state 
material balance. 

Similar arguments hold for the un- 
steady state or transient condition. The 
right side of (70) for example may be 
replaced by a finite difference ap- 
proximation of arbitrary order. It is 
assumed that T is known at times up to 
t = IAt on a finite time axis and un- 
known at t = (/+1)At. Equation (70) 
becomes in symbolic differenced form 


T(s) 1-m3T 11] (78) 


in which only T(s),,. is unknown. In 
equivalent manner the boundary condi- 
tion (72) is approximated as 


aT 
dp 


= V [Nyu; T(s) 
(79) 
where the left side is understood to be 
an average over the (/+1) time step. 
On substitution of (78), (79) becomes 
aT (s) 
dp 


= WINsr; Nyu; T(s) 
(80) 


which contains no unknown values of 
T. With (80) and the equivalent mate- 
rial boundary conditions, the sphere 
element balances may be solved for the 
(1+1)th time step. and (Cy): 
follow from (78) and the analogous 
expressions for the concentrations. 

The purpose of the foregoing discus- 
sion is to show that accounting for 
internal rate steps does not disturb the 
sequential character of the solution of 
the external problem. It is assumed here- 
after that the surface reaction rate step 
is absolutely controlling; that is the in- 
ternal surface is uniformly accessible to 
the external field. Also solid temperature 
is considered equal to fluid temperature 
in each stage. Basing later arguments 
om these assumptions one implies that 
the internal problem can be readily 
solved by using straightforward numeri- 
cal procedures, which is not necessarily 
the case. Especially in the unsteady 
state, time required for numerical solu- 
tion may be greater by a factor of 100 
or more when the internal problem is 
included. This fact limits the practical 
value but not the applicability of the 
model. 


Vol. 6, No. 4 


STOICHIOMETRIC LIMITATIONS 


It was pointed out earlier that the 
stoichiometric relationships of the feed 
stream could be assumed to hold 
throughout the external field only under 
certain conditions. The assumptions of 
constant molar and mass density are 
sufficient to satisfy these conditions in 
the steady state, although nonstoichio- 
metric accumulation is still possible 
under transient conditions. However 
such universal relationships are not re- 
quired by the finite stage model. For 
each independent reaction occurring 
there will be a locally limiting react- 
ant in the combined feed stream to a 
given stage. If nonstoichiometric ac- 
cumulation in the stage is ignored as a 
first approximation, it follows for a 
single reaction that 


VE 


r= (7) (81) 


Vv; 
where vy; is the stoichiometric coefficient 
of the limiting reactant. All other con- 
centrations may be eliminated from the 
coupling term in the material balance 
for component ¢ by using the linear 
relationships (81); that is 


= di, bx; T) (82) 


Thus only one material balance has to 
be solved simultaneously with the heat 
balance. The C, (k-+&) follow from 
(81). By similar reasoning all but P 
concentrations may be eliminated from 
P properly chosen coupling terms in 
the more general case of P independent 
reactions. This latter situation will not 
be considered here, since the algebraic 
complications introduced are not bal- 
anced by any increase in generality of 
the analysis. A first-order, irreversible, 
effectively homogeneous reaction is 
sufficient for later purposes. The cou- 
pling terms may be written in explicit 
form as 


R, = — C(ke*”) (83) 


and 


= (ke?) 


In the specific examples to follow \ 
is considered positive (exothermic re- 
action) and independent of tempera- 
ture and concentration, as are 8 and E. 
It was assumed earlier that the varia- 
tion of property values with the de- 
pendent variables is such that iterative 
corrections converge. The numerical 
procedures for making these corrections 
are straightforward and will not be 
discussed here. 


NUMERICAL SOLUTION FOR 
A TYPICAL REACTIVE SYSTEM 


The balance equations to be solved 
for a suitable choice of parameters are 
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dC; 
— Cis, (1 +k = (84) 


1=i=N;0<j=M 


and 
dT 
— Ti; +2’ Cy; kets = 
(85) 


1=i=N;0<j<M 


For j = M, (85) must include the ef- 
fect of heat transfer at the wall. If the 
wall heat transfer coefficient Nsry is 
considered constant 


+ Nsrw Tw; ) 
1 + Nsry 


dt 


which is of the same form as (85). 
The inlet and initial conditions which 
complete the specification of the sys- 
tem are 


bo.; = b0(t), = W(t), Twi = Tw; (t) 
C;,;(0) = C (ij) T;,;(0) = T (if) 


Equations (84) and (85) represent 
the finite stage-model formulation of a 
system which has been stripped of a 
number of complicating factors, namely 
variable mass and molar density, in- 
ternal pore diffusion and surface film 
transport as contributing rate steps, the 
complex homogeneous kinetic expres- 
sions associated with multiple higher 
order (that is other than first order) 
reactions, and property values which 
vary with temperature and concentra- 
tion. 

On the other hand the equations are 
still sufficiently general to account for 
many of the major physical effects in a 
reactive system, which are turbulent, 
radial, and axial mixing, thermal cou- 
pling of heat and material balances by 
a realistic rate expression, and heat 
transfer through the tube wall. 

The particular system parameters 
chosen for the example are 


(86) 


2M = 11 B=25 E=10 
h=1 
N=60 Nsr=2 = 250 


Two cases have been evaluated nu- 
merically on an IBM-704 digital com- 
puter. The first, a steady state case, 
had as boundary conditions 


$o(t) = = Twi(t) = 1 


The appropriate forms of (84) and 
(85) are 


= C,,; (1 + = 0 (87) 


and 
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— ae Ci; = 0 (88) 


Equation (87) may be used to elimi- 
nate C,, from (88), the rearranged 
result being 


— fas = 0 (89) 


k 


The numerical problem reduces to that 
of locating the root of a simple tran- 
scendental equation. Once the value of 
T:,; which satisfies (89) is found, C;,; 
can be obtained from (87). Since the 
root of (89) may be determined to any 
desired accuracy (the number of digits 
in a machine word serving as a practi- 
cal limitation), no errors arise in the 
steady state case beyond those result- 
ing from the assumptions of the finite 
stage model itself. 

The solutions of (87) and (88) for 
i odd, j = 1/2, 3/2, 11/2, are 
shown on F igures 2 and 3. Curves were 
drawn through the points for each 
value of j to clarify the results. 

Calculation of T;,; and C;,; for the 
360 stages in the system required 35 
sec. on the IBM-704. This elapsed time 
is equivalent to about 400 multiplica- 
tions (or divisions) per stage. Seven- 
place accuracy was obtained in all 
answers by iteration, with a Newton- 
Raphson formula with third-order cor- 
rection term (4) used. 

The values of the parameters E, k, 
and d used here are such that (89) 
possesses a single root for each stage 
in the system. It may be shown (1) 
that this equation has three distinct 
roots for certain combinations of E, k, 
and . The fact that only two of these 
roots correspond to physically stable 
operation of a stage cannot be shown 
from analysis in the steady state. More- 
over the choice between the two physi- 
cally acceptable roots depends upon 


2 


AXIAL ROW NUMBER i 


Fig. 3. Longitudinal temperature profiles at various radial po- 


sition, static system. 


the manner of approach to steady 
state. These difficulties may be avoided 
by using the dynamic model equations 
to simulate start-up as part of a design 
calculation. If the proper initial condi- 
tions are employed, every stage must 
approach its correct steady state oper- 
ating condition. 

A second case was run with the same 
parameter values to show the response 
of the system to an idealized disturb- 
ance of an inlet variable. The results of 
the first case were used as initial con- 
ditions for all stages in the model. At 
t = 0, ¢, was changed from 1.0 to 
0.75. All other conditions remained 
constant; that is 


¢.(t) = 1, 
= 0.75, 0=t<+0 
b(t) = Twi(t) =1, —wo<t<+o 


Since (85) and (86) are ordinary 
differential equations, a variety of nu- 
merical integration techniques are ap- 
plicable. The particular one used here 
was chosen for its simplicity and the 
consequent ease with which it could be 
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Fig. 2. Longitudinal concentration profiles at various radial positions, 


static system. 
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programed for a digital computer. The 
method is numerically stable for any 
reasonable value of At on a finite time 
axis t = lAt, the only limitation in the 
size of At being the allowable trunca- 
tion error. 

If first-order central difference ap- 
proximations about the point t = 
(1+ %)At are substituted for the de- 
rivatives, (84) and (85) may be writ- 


ten 
bins + 
At 
and 
Ti +O 


(91) 
At 


The left-hand sides are averaged over 
the (/+1)th time step. The i and j 
subscripts are deleted hereafter to 
avoid confusion. With simple arithmetic 
averages introduced (except for the ex- 
ponential term) (90) and (91) become 


Crt Cia 14+ 
e 
2 2 = 
— Ci 
92 
pe (92) 
and 
wr Wis Tin 
2 2 
Ci t+ Cis 
+ 
2 
93 
(98) 


Equation (92) may be solved alge- 
braically for C,,, and the result used is 
eliminate this unknown from (93) 
After rearrangement the final equation 
is 
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Fig. 4. Outlet concentration response to step forcing of inlet 


concentration. 


2 \ 
At 


T ia = 


At Al 


e 


Everything on the right side of (94) is 
known except e”’”. If At is not too large 


=~ 1 (95) 


gives a reasonable first approximation, 
which allows calculation of T,,, from 


(94). 
formula 


may be corrected by the 


(E/Ti + E/T 141) 
2 
=@ 


(96) 


The iteration converges very rapidly 
for the small value of At used in the 
second case. The final stationary value 
of e*’* is then used in (92) to calculate 

Figures 4 and 5 show the resulting 
output concentration and temperature 
as a function of t for the second case. 
The variables plotted are volume aver- 
ages for the 60th row, given by 

21 


j= 


foo = (97) 


21 
+ 
where f is either C or T. The terms 
outside the summations are for the wall 
stage, which was fractional in the even 
rows. Calculation time on the IBM-704 
was about 17 min. to t = 217.5, with 

The effect of coupling between heat 
and material balances is apparent in 
Figures 4 and 5. If no coupling were 
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(94) 


present (A = 0 for example), a fluc- 
tuation in inlet concentration would 
show up at the outlet near t = 60, the 
piston-flow residence time for material. 
Indeed a small pseudolinear response 
begins to appear just before t = 60. 
The major response however occurs 
much later since the mean residence 
time for heat is 608, t = 150 in this 
case. Temperature disturbances caused 
by changing concentration _ travel 
through the model at the slower rate 
v/B, as both external field and catalyst 
spheres supply heat capacity. 

The ambiguity of response exhibited 
by both variables indicates that a con- 
ventional control system would be 
totally inadequate. Both the magnitude 
and the direction of output changes 
depend on the nature of the forcing, 
the values of the parameters, and the 
history of every point in the system. 


The possible use of the finite stage 
model in conjunction with an anticipat- 
ing or feed-forward control system is 
discussed in the later section on appli- 
cations. 


COMPARISON OF FINITE STAGE 
MODEL WITH EQUIVALENT PARTIAL 
DIFFERENTIAL EQUATIONS 


The differential balance model dis- 
cussed in part I may be expanded to 
apply to the simple example which was 
just solved by means of the finite stage 
model approach. The differential heat 
and material balances are 


1 1 1 ac | 
Pe, OX" Nee, & r or 
oC 
Cke?®” =— (98) 
ox ot 
and 
1 1 oT | 
Nee, Ox" Or’ r or 
oT oT 


——+4ACke*" = p— (99 


The boundary and initial conditions 
given in part I also apply to this sys- 
tem. The equations are still of the 
boundary-value type but are no longer 
linear. They have not been solved 
either analytically or numerically to 
date. 

Unfortunately it is impossible even to 
estimate the time requirements for a 
numerical solution of these equations, 
since the numerical stability (and rate 
of convergence where iteration is re- 
quired) of applicable procedures can- 
not be predicted. However certain gen- 
eral observations can be made regard- 
ing any method employed. Finite dif- 
ferencing of all derivatives would be 
required, resulting in a three-dimen- 
sional array of mesh points. The dif- 
ferenced forms of (98) and (99) 


written for each mesh point would 
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Fig. 5. Outlet temperature response to step forcing of inlet 


concentration. 
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still be coupled by nonlinear rate terms. 
Because of the boundary conditions in 
both x and r directions the entire two- 
dimensional set of equations for each 
time plane would have to be solved 
simultaneously, unless explicit techni- 
ques were used. The latter alternative 
however is characterized by acute sta- 
bility problems unless the finite time 
increment is sufficiently small. In any 
case the total number of calculations 
necessary to proceed a physically mean- 
ingful distance along the time axis 
would be very large. 

It is apparent from this that the use 
of the differential balance for more 
complex systems offers little promise 
for successful numerical solution. In- 
clusion of kinetic mechanisms within 
the packing for example would aggra- 
vate the problem of stability and/or 
convergence rate, since a new dimen- 
sion would be added to the finite dif- 
ference grid. Differenced balance equa- 
tions for an associated sphere element 
would be coupled through boundary 
conditions to the differenced external 
field balances at every point in the 
original three-dimensional grid. No 
separability of internal and external 
problems is to be expected. 

Since (98) and (99) have not been 
solved, no direct measurement of 
agreement between solutions given by 
the two models can be made. As a 
means of indirect comparison the 
stage-model solution obtained for the 
second case above could be differenti- 
ated numerically at various points and 
substituted into (98) and (99). How- 
ever since this was essentially the pro- 
cedure used in part I to obtain the con- 
stant values of Nee, and Nee, produced 
by the finite stage model, it need not 
be repeated. As long as the chemical 
reactions are not so rapid as to invali- 
date the assumption of small functional 
variation over a length d,, a solution 
obtained from the finite stage model 
will essentially satisfy the differential 
balance model. In the presence of ex- 
tensive reactions it woud be a priori 
expected that the models will disagree. 
At the present state of knowledge it is 
difficult to say which model would then 
be more representative of actual con- 
ditions. 


APPLICATIONS OF THE FINITE 
STAGE MODEL 


The purpose of part II of this paper 
has been to indicate both the means 
of including chemical reaction in the 
finite stage model and the computa- 
tional advantages of the resulting for- 
mulation over the conventional partial 
differential equation approach. Solu- 
tion of quite general external field 
problems was seen to involve at most 
the numerical integration of a set of 
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simultaneous, first-order, ordinary dif- 
ferential equations. 

Three categories of engineering ac- 
tivity offer possible applications for the 
finite stage model. These are a priori 
design of fixed bed reactors, analysis of 
data from fixed bed processes, and 
control of nonlinear fixed bed systems. 
In lieu of conclusions some specific 
uses in each of these areas are sug- 
gested. It should be emphasized that 
experimental proof of the applicability 
of the finite stage model to actual re- 
active systems is almost entirely lack- 
ing. The following remarks are there- 
fore admittedly speculative in nature. 

Scale up, optimization, and deter- 
mination of stability or parametric sen- 
sitivity are steps in a design calculation 
in which the finite stage model could 
be employed. The model accounts for 
the various factors which change with 
the dimensions of a fixed bed, so that 
at least some of the experimental steps 
in an incremental scale up might be 
avoided. The model representation of 
the full-size design could be subjected 
to optimization by means of recently 
developed statistical techniques. The 
final optimized design would then be 
checked for stability and sensitivity by 
dynamic perturbation of the model. 
Linearization was seen not to be neces- 
sary for such unsteady state calcula- 
tions. 

Various factors are present in experi- 
mental integral reactors and mass ex- 
change columns which tend to obscure 
the basic rate mechanisms. The model 
furnishes a means of eliminating cer- 
tain of these effects, at least in an 
implicit manner. Turbulent mixing, 
dynamic bed capacitance, variation of 
fluid and bed property values with de- 
pendent variables, and heat coupling 
may all be taken into account and thus 
removed from the final analysis of 
actual physical or chemical kinetics. 
Since analytical solution of the model 
equations is normally not possible, as- 
sumed kinetic mechanisms would have 
to be inserted in the model and experi- 
mental results compared with the nu- 
merical solutions obtained. 

Finally the finite stage model quali- 
fies for consideration as one component 
of an open-loop computer control sys- 
tem for a nonlinear fixed-bed process. 
The simple unsteady state example 
calculated earlier serves to show that 
closed-loop control of such processes is 
probably impractical. The calculation 
also indicates that the complete model 
could not be used as a real-time simu- 
lating tool. A file of predicted system 
behavior would have to be computed 
before start-up, to be used as an initial 
basis for decisions by the real-time 
components. Depending on the com- 
plexity and stability of the process 


A.1.Ch.E. Journal 


adaptive or corrective functions might 
be necessary in the control system to 
expand the file and keep it up to date. 
The parameters of the model would of 
course be corrected concurrently. 


NOTATION 

Subscript 

é = limiting reactant in a reac- 
tion 


Independent Variables 


p = dimensionless sphere radial 
position (based on d,/2) 


Dynamic Moduli 


Nsr = Stanton number for heat 
transfer 

Nsr, = Stanton number for mass 
transfer of the kth compo- 
nent 

Ny. = Nusselt number 

Nsen == Schmidt number for the kth 
component 


General Roman 


E = dimensionless activation en- 
ergy (= Exc:/RT,) 

E,.. = activation energy (B.t.u./Ib. 
mole) 

AH, = heat of reaction, (B.t.u./Ib. 
mole) 

k = dimensionless (homogene- 
ous) rate constant (=k,d,/v) 

k, = first-order homogeneous rate 
constant at infinite tempera- 
ture (hr.*) 

K = total number of chemical 
species in a system 

M, = direct radial mass flow (lb./ 
hr.) 

P = number of _ independent 
chemical reactions 

R. = coupling term in the kth 
component material balance 

R, = coupling term in the heat 
balance 


U,V,W = unspecified functions 


General Greek 

= temperature and _ concentra- 
tion dependent coefficients 
(dimensionless ) 

7 = pressure in a row of stages 

VE = stoichiometric coefficient of 
kth component in a reaction 

IN = exothermicity group (dimen- 
sionless) (= — _ AH,C,/ 
C,prT 


LITERATURE CITED 


1. Amundson, N. R., and Olegh Bilous, 
A.L.Ch.E. Journal, 4, 513 (1955). 

2. Baron, T., Chem. Eng. Progr., 48, 118 
(1952). 

3. Deans, H. A., and Leon Lapidus, 
A.I.Ch.E. Journal, 6, No. 4, 656 (1960). 

4. Lanczos, Cornelius, “Applied Analy- 
sis,” Prentice-Hall,; New York (1958). 


Manuscript received November 20, 1959; revi- 
sion received March 31, 1960; paper accepted 
April 4, 1960. 


December, 1960 


a 
s 
= 
coe 
orif 
tai 
; of 
Da 
relc 
in 
spa 
tra 
of 
cha 
by 
kn Cc 
ch 
m 
) 
ter 
ot 
ev: 
= fe 
in 
tov 
co! 
fer 
on 
an 
an, 
da 
) un 
nu 
| (1 
co 
) ani 
: pa 
pre 
11 dre 
sin 
me 
Pitt 
Ve 


ac- 


lial 


lous, 
118 


idus, 
60). 
raly- 
58). 


revi- 
epted 


960 


Local Shell-Side Heat Transfer Coefficients 


and Pressure Drop in a Tubular Heat 


Exchanger with Orifice Baffles 


By means of a moveable sensing probe previously described* local shell-side heat transfer 
coefficients and friction losses were measured on a model tubular heat exchanger containing 
orifice baffles. The heat exchanger shell was 6-in. nominal |.D. and 45 in. in length and con- 
tained four tubes in triangular arrangement passing through orifice baffles. Baffle hole diameters 
of 1-/16, 1-2/16, 1-3/16, and 1-5/16 in. and baffle spacings of 4.0 and 9.0 in. were studied. 
Data were taken at several air flow rates for each of the four baffle hole diameters. 

The average heat transfer coefficient for the region between two central baffles was cor- 
related with an empirical equation based on only two baffle spacings. 

An increase in the baffle-to-tube clearance caused a decrease in heat transfer. An increase 
in the baffle spacing alsc resulted in a decrease in heat transfer. Four flow zones in the baffle 
space are postulated from the analysis of Nusselt number distribution along the tube. The heat 
transfer characteristics in each of the four flow zones were analyzed in terms of the mechanism 
of the fluid flow. 

The pressure-drop data were correlated in terms of an annular orifice coefficient of dis- 
charge and an orifice-pressure-drop function. As a result of this study a method was developed 
by which one can predict the average of the local coefficients at the baffle position from the 
knowledge of pressure drop across a single baffle. 


In a shell-and-tube bafled heat ex- 
changer heat is transmitted from one 
moving fluid to another across the tube 
wall. Because of the complex flow pat- 
terns generally existing in the shell side 
of a baffled heat exchanger an accurate 
evaluation of the shell side heat trans- 
fer rate is one of the difficult aspects 
in the designing of such exchangers. 

Considerable work has been directed 
toward the establishment of a rational 
correlation of the shell side heat trans- 
fer data. The best discussions available 
on this topic are those of Short (8) 
and Tinker (10). Short’s work covers 
an extensive range of experimental 
data on various types of commercial 
units and correlates these data with a 
number of empirical equations. Tinker 
(10) proposed an improved method of 
correlation based on a more detailed 
analysis of shell side geometry and flow 
patterns. Sullivan and Bergelin (9) 
presented heat transfer and pressure- 
drop data for shell side flow around a 
single segmental baffle. A generalized 
method is presented to predict the 
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pressure drop across the baffle with 
leakage through the _ baffle-to-tube 
clearances. The effect of leakage area 
upon heat transfer and pressure drop 
was discussed. 

In an effort to obtain more basic in- 
formation on the shell side heat trans- 
fer a program of research has been 
conducted. The previous workers in 
the program (1, 2, 4) indicated the 
need for a detailed study of regions 
close to the baffles, especially with re- 
gard to obtaining information on the 
effect of baflle-to-tube clearances on 
the shell side heat transfer. 

For this purpose the present work 
has been conducted with a model heat 
exchanger containing orifice types of 
baffles in the shell. Local heat transfer 
coefficients were measured directly by 
the use of a sensing probe previously 
described (1, 2, 4), enabling one to 
measure the shell side heat transfer 
coefficient at any point in the heat ex- 
changer. 


EXPERIMENTAL EQUIPMENT 


A schematic diagram of the experi- 
mental equipment is shown in Figure 1. 
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It has been used by previous workers (1, 
2, 4) in the study of segmentally baffled 
exchangers. Air is supplied by a Roots 
type of blower to the shell side of a model 
heat exchanger. 

The model heat exchanger shell was 
fabricated from a cast lucite tube 45 in. 
long, 6-in. nominal diameter, and con- 
taining a tube bundle made up of four, 
l-in. O.D. aluminum condenser tubes, 
steel tie rods, orifice baffles, and tube 
sheets. The orifice baffles were made from 
¥g in. thick lucite sheets. Each baffle had 
a diameter of 5.656 in. and four tube 
holes spaced at triangular pitch of 2-3/16 
in. The tube-hole diameters were 1-1/16, 
1-2/16, 1-3/16, and 1-5/16 in. (Figure 
2). In Table 1 the dimensions of the major 
components of the model heat exchanger 
are given. 

The sensing probe used to measure 
local heat transfer coefficients is the same 
as that used by previous workers (1, 2, 
4). It consisted of a short section of 1-in. 
O.D. plastic tube mounted between two 
lengths of 1-in. O.D. aluminum tube. 
Three strips of l-in. by 0.002-in. resist- 
ance ribbon were wrapped tightly around 
the plastic tube and connected in series. 
Power leads supplied DC power to the 
resistance ribbon. Seven iron-constantan 
thermocouples were placed under the 
central strip to measure surface tempera- 
tures of the ribbon. The location of the 
thermocouples is shown in Figure 2. This 
probe could be located along any tube 
position in the model heat exchanger. 
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EXPERIMENTAL PROGRAM 


The measurement of local heat transfer 
coefficients was restricted to the No. 1 
tube at the uppermost position in the 
shel]. The variables considered in this in- 
vestigation were baffle-to-tube clearance 
(1/32, 1/16, 3/32, and 5/32 in.); baffle 
spacing (4-in. spacing with ten baffles in 
the exchanger, and 9-in. spacing with four 
baffles in the exchanger); and air flow 
rate through the exchanger. The range of 
flow rates for each baffle opening and 
spacing was determined by the permissible 
pressure drop for the equipment. 

For the ten-baffle case the space be- 
tween the No. 5 and No. 6 baffles was 
investigated at the baffles and at %-in. 
intervals between the baffles. For the four- 
baffle case the space between the No. 2 
and No. 3 baffles was investigated at the 
baffles and at l-in. intervals between the 
baffles. In the former ten positions and in 
the latter seven positions were investi- 
gated, seven circumferential local coeffi- 
cients being determined at each position 
for each flow rate. 


AiR INTAKE 


AIRCOOLER 
ORIFICE 
CALMING 
SECTION 


FLOW MANOMETER 


DISCHARGE 


MODEL HEAT EXCHANGER 


PRESSURE DROP MANOMETER 
Fig. 1. Air flow system. 


The experimental program is summar- 
ized in Table 2. [Original data obtained 
in this experiment are available (5).] 


CALCULATIONS OF THE LOCAL 
HEAT TRANSFER COEFFICIENT 


The local heat transfer coefficient 
may be determined from the amount 
of power supplied to the probe, the 
surface temperature at the probe, and 
the temperature of the flowing air (1, 
2). An energy balance around a differ- 
ential length of resistance ribbon re- 
sults in a general expression for the 
local heat transfer coefficient, and when 
one neglects the radiation and conduc- 
tion terms, the result is 


11.107 + 2 404 ( cs ) 
LO 4, 
dé’ 


= 1 
(1) 


Equation (1) was used to calculate 
the local heat transfer coefficients from 
the experimental measurements. The 
second derivative, d*t/d6?, was calcu- 
lated numerically with a Milne three- 
point method (6). 


ANALYSIS OF DATA 


Average Shell Side Heat Transfer Data 

All heat transfer data were first 
analyzed on the basis of average heat 
transfer coefficients in the baffle space 
so that the results could be compared 
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with those of other workers who had 
measured only average shell side co- 
efficients. In addition a preliminary 
correlation showing the effect of baffle 
spacing was attempted, even though 
only two baffle spacings were investi- 
gated. 

The average shell side Nusselt num- 
ber (h, D,/k),. was calculated in the 
following manner. 

The local heat transfer coefficients at 
a tube cross section were averaged to 
obtain an arithmetic average coefficient 
at the section, which was then used to 
calculate the corresponding Nusselt 
number (h, D,/k) at a cross section. 
These Nusselt numbers were plotted in 
their proper places along the tube 
length to obtain a Nusselt number dis- 
tribution curve along the portion of the 


TABLE 1. DIMENSIONS OF 
Move. Heat ExcHANGER COMPONENTS 


Shell 
Inside diameter 5.72 + 0.03 in. 
Outside diameter 5.94 + 0.03 in. 
Length 45.0 in. 

Baffles 
Baffle diameter 5.66 + 0.03 in. 


No. of baffle holes 4 
Baffle hole diame- 1/16, 1-2/16, 1-3/16, 


ters 1-5/16 in. 
Tube pitch 2-3/16 in. 
Tubes 


Outside diameter 1.000 + 0.001 in. 
No. of tubes 4 


Drilled Holes 
Tube holes in tube 1.000 + 0.003 in. 
sheets 
Tie-rod holes 
Flange-tube sheet 
bolt holes 


3/16 in. 
1/4 in. 


tube between two central baffles. The 
average Nusselt number (h, D,/k)«, 
was calculated by integrating the curve 
and dividing the result by the distance 
between the two baffles. Mathemati- 
cally expressed 


le 
(2) 


The effect of baffle spacing is con- 
sidered in the dimensionless ratio L/S 
(that is exchanger length/baflle spac- 
ing). It is conceivable that other length 
ratios may be used, but more baffle 
spacings should be studied in order to 
determine the best geometric ratio to 
use to account for the effect of baffle 
spacing. On the basis of the two baffle 
spacings studied it was found that the 
data could be correlated by plotting 
the dimensionless group 
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av 


against the weighted shell side Reyn- 
olds number D,G,/p as shown in Fig- 
ure 3. 

The Prandtl number of the air was 
taken as 0.7 in all cases. The weighted 
shell side Reynolds number D,G./y 
was based on a weighted shell side 
mass velocity G, which was the geo- 
metric mean of the two mass velocities 
at two different flow areas, the flow 
area in a region between the baffles 
and the net flow area at the baffle; that 


TUBES NUMBERED AT UP-STREAM END OF EXCHANGER 


THERMOCOUPLE JUNCTIONS 2 


LOCATION OF REFERENCE _ «sy 
LINE ON SUPPORT TUBE 


COPPER GONNECTION 


THERMOCOUPLES NUMBERED AT UP-STREAM END OF 
EXCHANGER 


Fig. 2. Tube and thermocouple numbering 
system. 


In Figure 3 all experimental data 
obtained fall on a single line. A resi- 
dual summation analysis of the data 
resulted in the following empirical 
equation 


The average deviation of the data from 
Equation (4) is +,3.5%. 

The correlation developed here is 
satisfactory for the present data. Equa- 
tion (4) is based on a limited amount 
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TABLE 2. SUMMARY OF EXPERIMENTAL DATA 


No. of Baffle Baffle-hole 
baflles spacing, in. diameter, in. 
10 4.09 1-1/16 
4 9.0 1-1/16 
10 4.09 1-2/16 
10 4.09 1-3/16 
10 4.09 1-5/16 
4 9.0 1-5/16 


of data however, and further study is 
needed on other systems. The factor 
(L/S)°*, which accounts for the effect 
of the baffle spacing on the heat trans- 
fer rate, was based on the data on only 
two baflle spacings investigated. In 
addition the study of more baffle spac- 
ings should allow the determination of 
a better weighted mass velocity than 
the geometric mean that was used. The 
geometric mean assumes however that 
the heat transfer effects at the baffle 
and midway between the baffle are 
equal. An inspection of the Nusselt 
number distribution along the tube in- 
dicates that this assumption is not 
grossly in error. 

The present data were also correlated 
according to one of Short’s relation- 
ships based on data obtained from 
commercial orifice-baffled exchangers. 
The group 


alee! 


av 


is plotted vs. an average Reynolds 
number (D,G,/) in Figure 4, and the 
result is compared with Short’s results. 

The mass velocity used in (D,G./p) 
is defined as (8) 


( L [ ( (D,— 
G.= 
S PD, 


+G, (5) 


The present data correlate well by 
this method but are approximately 100 
to 120% higher than Short’s results. 
A similar tendency was noted in Am- 
brose’s work on segmental baffles (1, 
2) when his data were compared with 
those of Short as reported by Donohue 
(3). Ambrose’s data with a tube pitch 
of 2-3/16 in. were 100 to 150% higher 
than those reported by Donohue. 

The generally high heat transfer co- 
efficients for the model heat exchanger 
can be attributed to the following fac- 
tors: 

1. The tube pitch of 2-3/16 in. in the 
model heat exchanger was much greater 
than that of the commercial units 
tested by Short. The tube pitch used 
in Short’s tests was between 11/16 and 
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Range of air 
flow rates, No. of 
(cu. ft./min., coefficients 
60°F, 1 atm.) measured 
12-28 273 
15-42 308 
16-52 371 
17-77 301 
30-101 241 
30-102 280 


1-1/16 in. and Short’s correlation may 
not be valid at a tube pitch as large as 
2-3/16 in. It has been found that 
larger tube pitches result in an increase 
in heat transfer rate (8). 

2. The size of tubes in the present 
model heat exchanger was larger than 
that of others, which may have been 
another factor causing a high heat 
transfer rate. 

3. The upstream portion of the sens- 
ing probe preceding the resistance 
ribbons was not heated. The presence 
of this unheated length gives a higher 
heat transfer rate at the resistance rib- 
bon than would be true if the entire 
length were heated. Using Rubesin’s 
(7) formula for a flat plate one could 
estimate the effect of the unheated 
length on heat transfer rate. The analy- 
sis indicated that for the 4-in. spacing 
one might expect the result obtained 
with the probe to be about 5.0% 
higher than when the whole tube is 
heated. For the 9.0-in. spacing the re- 
sult might be expected to be about 
10% higher. 

4. The average shell side heat trans- 
fer coefficients reported by Short are 
based on a log mean temperature dif- 
ference across the whole heat ex- 
changer, while in the present work they 
are based on a true temperature differ- 
ence. The extent to which the log 
mean temperature difference diverges 
from the true temperature difference 
could account for the lack of agree- 
ment between the two sets of data. 


Heat Transfer at the Baffle Hole 

The heat transfer rates at the baffle 
holes for both 4.0- and 9.0-in. baffle 
spacings are plotted in Figure 5, and 
the data correlated within + 8.5% by 
the following equation: 


(= :) (= ) = 0.2388 


b 


(25 


The Nusselt number at the baffle 
(h,D,/k), is the arithmetic average 
of the two Nusselt numbers at each 
end of the baffle space studied. In 
most cases the Nusselt numbers at dif- 
ferent baffle positions were close to 
each other, although in some cases 
considerable variation existed. The 
local coefficient is changing very 
rapidly with tube length, and a small 
error in position of the probe in the 
baffle hole could account for the large 
difference that occurs in a few in- 
stances. 

In evaluating the Reynolds number 
at the baflle (D.G,/p») the diameter is 
twice the clearance between baffle and 
the tube, D, — D,. The mass velocity 
is the mass rate of flow divided by the 
total flow area available at the baffle; 
that is G, = (w/A,). 

The equivalent diameter of the an- 
nular orifice based on heated surface is 
(D.2 — D,*)/D,. An attempt was made 
to correlate the data by using a Reyn- 
olds number based on this equivalent 
diameter. A better correlation was ob- 
tained however with D. (twice the 
clearance between the tube and baffle) 
in the Reynolds number. 

For the baffle spacings studied in 
the present work the heat transfer rates 
at the annular clearances between the 
baffle and tubes are independent of 
baffle spacing and are dependent only 
on the size of the baffle openings and 
flow rate. This conclusion is reasonable 
because the flow conditions in the an- 
nular clearance between the tube and 
the baffle are not expected to be af- 


TABLE 3. APPROXIMATE LENGTHS OF FLOW ZONES 
A. 10 Baffles (4.0-in. spacing ) 


Baffle 
hole diam., Flow rate, Zone A, Zone B, Zone C, Zone D, 

(in. ) (cu. ft./min. ) (in. ) (in. ) (in. ) (in. ) 

1-1/16 15-30 0 0.5 

1-2/16 15-50 0.5 3.0 0 0.5 

1-3/16 15-75 0.75 2.75 0 0.5 

1-5/16 30-100 1.00 2.50 0 0.5 

B. 4 Baffles (9.0-in. spacing ) 
1-1/16 25-42 - 4.0 4.5 0.5 
1-5/16 30-100 1.0 3.0 4.5 0.5 


* Length could not be determined from data obtained. 
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perhaps when the baffles become very 
close together. 

By the use of Equation (6) in con- 
junction with the orifice-pressure-drop 
function developed subsequently one 
can predict the average value of local 
heat transfer coefficients at the annular 
clearances formed between a baffle and 
tubes. 


Flow Patterns and Nusselt Number 
Distribution Along the Tube 

The flow pattern existing in the re- 
gion between two adjacent orifice baf- 
fles is less complicated than that for 
segmental baffles. Short (8) pointed 
out that the shell side flow with orifice 
baflles was roughly parallel to the 
tubes. In the present work a more de- 
tailed flow pattern is postulated based 
upon the local Nusselt number distri- 
bution along the tube. In Figure 6 the 
average Nusselt numbers (h,D,/k) at 
each cross section studied are plotted 
along the length of the tube for the 
ten-baffle spacing, 1-1/16- and 1-2/16- 
in. bafle holes, and in Figure 7 for 
the four-baflle spacing 1-1/16- and 1- 
5/16-in. holes. The average height of 
these curves gives (h,D,/k) . as defined 
in Equation (2). The points plotted in 
Figures 6 and 7 are joined by straight- 
line segments to show the variation of 
Nusselt number with length. Many 
more points would have to be investi- 
gated before a smooth curve could be 
drawn to accurately represent the vari- 
ation with length. 

Some interesting features are dis- 
cernible however concerning the Nus- 
selt number variation along the tube. 
High coefficients exist at the baffle 
hole. At the larger openings however a 
maximum in the heat transfer coeff- 
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Fig. 4. Correlation of average heat transfer data. 


cient is evident, the position of this 
maximum being further from the baffle 
as the opening gets larger. The maxi- 
mum also may exist for smaller open- 
ings but was not detected because the 
positions investigated were too far 
apart. Beyond the maximum the local 
rate of heat transfer decreases rapidly, 
passes through a minimum, and then 
increases abruptly just before the down- 
stream baffle. 

In order to render some quantitative 
interpretations to the curves in Figures 
6 and 7, the following flow zones are 


defined: 


Zone A starts at the upstream baffle 
and extends to a point where the Nus- 
selt number assumes a maximum. 

Zone B follows Zone A from _ the 
point of maximum Nusselt number and 
extends to a point where the Nusselt 
number reaches a minimum. 

Zone C follows Zone B and extends 
to a point close to the downstream 
baffle. The criterion for this zone is 
that the local Nusselt number remains 
fairly constant, maintaining the mini- 
mum value attained at the end of Zone 
B. 

Zone D is the remaining narrow re- 
gion between the end of Zone C and 
the downstream baffle. 


In Table 3 the approximate lengths 
of the flow zones defined above are 
tabulated at various flow rates and 
baflle-to-tube clearances. These lengths 
are only approximate since positions 
investigated are quite far apart. 
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At the beginning of Zone A the fluid 
is emerging from the small annular 
opening between the tube and baffle 
and consequently has a high velocity. 
This is evidenced by high heat transfer 
coefficients in this zone. The existence 
of a maximum value of the Nusselt 
number at the end of Zone A is proba- 
bly due to the existence of eddies be- 
yond the baffle caused by the jetting 
action of the flow through the orifice. 
The absence of a maximum with the 
1-1/16-in. opening is presumably be- 
cause the points investigated were too 
far apart. 

In Zone B the local Nusselt number 
decreases steadily until it attains a 
minimum value. In this region a bound- 
ary layer builds up on the tubes, be- 
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Fig. 6. Variation of Nusselt number along tube. 


coming thicker as the distance from the 
upstream baffle increases. 

Zone C, by definition, is the zone 
where the local Nusselt number as- 
sumes a constant minimum value. 
Over the entire length of this zone the 
boundary layer maintains a more or 
less constant thickness, and entrance 
effects of the baffle have disappeared. 
Zone C is not apparent in the case of 
4.0-in. baffle spacing; that is the Nus- 
selt number decreases steadily and 
reaches a minimum immediately before 
the downstream baffle (Figure 6). 
With 9.0-in spacing Zone C extends 
about 4.5 in. in all cases. From these 
results it would appear that Zone C 


DIRECTION | 
OF FLOW 


HOLE DA. INCHES ———} 


4 BAFFLES 


| 


AVERAGE NUSSELT NUMBER 


3 4 5 6 7 8 9 
WOLE DIA. INCHES 
| 100 cre BAFFLES 


A 


' 2 3 4 5 6 7 8 9 10 
INVESTIGATION POSITION NUMBER 


_AVERAGE NUSSELT NUMBER 
; 


Fig. 7. Variation of Nusselt number along tube. 


Vol. 6, No. 4 


Fig. 8. Flow pattern. 


would not exist for any baffle spacing 
less than 4 in.; that is the effect of the 
upstream baffle extends to about 4 to 
4.5 in. downstream in all cases 

Zone D is adjacent to the down- 
stream baffle and is characterized by a 
rapidly increasing heat transfer rate due 
to the sudden restriction on the flow 
area rendered by the downstream baffle. 
Its length is constant at a value of 0.5 
in. in all cases. From the foregoing 
analysis a schematic sketch of flow 
paths in the various flow zones is pre- 
sented in Figure 8, 

An increase in baffle spacing from 
4.0 to 9.0 in. caused the average heat 
transfer rate to decrease by approxi- 
mately 30%. However as pointed out 
earlier the heat transfer rate at the 
baffles was not affected by the baffle 
spacings. The over-all decrease in the 
average heat transfer rate with an in- 
crease in baffle spacing is mainly due 
to the extension of the lower heat 
transfer zone (Zone C, Figure 8) as 
the distance between two adjacent 
baffles becomes greater. Studies are 
required at small baffle spacings to de- 
termine to what extent the high heat 
transfer Zones A and B may be utilized 
in increasing the over-all heat transfer 
rate in the heat exchanger. 


Variations in the Heat Transfer Rate 
Around the Tube 


The variation in the local heat trans- 
fer coefficient around the tube was ex- 
pressed as the ratio of the local heat 
transfer coefficient to the average co- 
efficient at a given cross section. The 
data with run numbers 151 and 153 
are presented in Table 4 as an example 
of the minimum and maximum varia- 
tion detected around the tube. In most 
cases variations in the local heat trans- 
fer coefficient around the tube was less 
than + 10% of the average coefficient, 
indicating that flow in general is paral- 
lel to the tube as expected. Since flow 
was parallel to the tube, there should 
have been little circumferential varia- 
tion of the local coefficient. The varia- 
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tion that did occur probably was 
caused by slight eccentricity of the 
tubes in the bafHle hole and also by the 
presence of neighboring surfaces (tubes 
and shell). 


Analysis of Pressure-Drop Data 

The pressure drop on the shell side 
of the heat exchanger is composed of 
losses resulting from enlargement and 
contraction losses at the inlet and out- 
let of the exchanger, skin friction from 
flow parallel to the tube and the shell, 
and flow through the clearances at the 
baffles. 

In order to calculate the pressure 
drop across a single baffle from the 
pressure drop across the whole ex- 
changer the first two items were par- 
tially eliminated by subtracting from 
the over-all pressure drop with baffles 
the pressure drop without baffles. The 
difference was divided by the number 
of baffles in the heat exchanger to ob- 
tain the pressure drop across a single 


baffle; that is 


Pressure drop across 
a single baffle 
Over-all pressure Pressure drop 


drop with baffles ~ without baffles 
(Number of baffles) 


(7) 


The discharge coefficient for the an- 
nular opening between tube and baffle 
was calculated from the following 
equation: 


"2g, (Ap)s 
¥Vs=C (8) 
p 


The linear velocity through the baffle 
openings was calculated by dividing 
the flow rate by the net flow area at 
the baffle. The pressure drop across a 
single baffle was calculated in accord- 
ance with Equation (7). In Figure 9 
the discharge coefficient calculated 
from Equation (8) is plotted vs. the 
equivalent Reynolds number at the 
baffle (D.G,/n). The discharge coeffi- 
cients obtained for the 9.0-in. baffle 
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TABLE 4. VARIATIONS IN LocaL HEAT TRANSFER COEFFICIENTS AROUND THE TUBE 


line with an approximate slope of 2.0, 
The data of Sullivan and Bergelin are 


Run represented by the broken line. Agree- 
No. hi/hav h2/hav hs/hav hs/hav hs/hav he/hav h:/haw ment between the two sets is good at 
high Reynolds numbers. 
151 0.930 0.8836 0.934 0.934 1.044 1.157 1.112 
153 1.033 0.9910 1.015 1.073 0.975 0.961 0.949 Prediction of Nusselt Number at the 
Baffles for the Segmental Baffles 
The correlation in Figure 10 enables 
one to calculate the amount of flow 
TABLE 5. PREDICTION OF Loca NussELT NUMBERS AT SEGMENTAL BAFFLES ‘ 
through the, annular clearances _be- 
tween a baffle and tubes if the baffle 
pressure drop is known. From Equa- 
Pressure tion (6) the local heat transfer co- 
Flow rate, drop, Experi- _ efficients at the baffle may be predicted. 
No. of No. of (cu. ft./min. ) (Ap)o Predicted, mental,* The character of flow in segmentally 
tubes baffles (60°F., Latm.) —_(Ib./sq. ft.) (Nu)» (Nu)» baffled heat exchangers is much differ- 
ent than in orifice baffled heat ex- 
14 2 60 9.50 165 108.15 changers. However at the annular 
14 10 60 3.99 105 153.65 baffle some similarity exists between 
4 2 60 2.86 99 113.86 the two types of heat exchangers. On 
4 4 60 2.24 89 129.30 this basis the results of Equation (6) 
4 6 60 1.99 85 136.40 and Figure 10 are used to predict 
4 10 60 2.00 85 158.92 (Nyxu)» for the segmental baffles that 
were investigated by Ambrose (2) and 
Gurushankariah’s data Gurushankariah (4). The results are 
shown in Table 5. 
7 6 60 4.55 125 131.04 The pressure drop across a segmental 
14 6 90 10.10 168 baffl tw dicta th 
14 6 120 17.65 206 208.55 alile was estimated by dividing the 
14 10 60 3.60 110 12402 overall pressure drop reported by 
14 10 90 8.06 154 166.36 these workers by the number of 
14 10 120 14.15 190 199.60 baffles, that is (Ap) 7/N. Actually 
the pressure difference across a seg- 
* Based on the baffle-to-tube clearance of in mental baffle is not fixed value 
P 3 as calculated above, but rather it de- 
spacing were generally lower than 
those for the 4.0-in. spacing. The data rt T 
are compared with those of Sullivan 4 O 10 BAFFLES Z 
and Bergelin (9) who used a petro- O 4 BAFFLES 
leum oil. The agreement between Sul- ——— SULLIVAN &BERGELIN 
livan’s data and the present data was 
good for Reynolds numbers greater 
than 3,000. 
An alternate method of presenting 8 f 
10 
pressure-drop data was adopted from 
Sullivan and Bergelin (9) by the use Wi 
of an orifice-pressure-drop function de- on 6 
fined as = $ 
29, pD2(Ap), 
2 
In Figure 10 ¢ is plotted vs. (D./ u of 
G,/), and all data lie close to a single of / 
1.0 T T “ — T T T 
4 
/ 
A 10 BAFFLES Va / 
Fs 8 4 BAFFLES 2 7 
02 C&D SULLIVAN BERGELIN. [| 
2 
= | | 10 
REYNOLDS NUMBER (Nee ob 
Fig. 9. Annular orifice coefficient vs. Reynolds number. Fig. 10. Orifice pressure-drop function vs. Reynolds number. 
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creases from a maximum at the root of 
the baffle to a minimum at the baffle 
cut. Therefore the pressure drop (Ap), 
evaluated here is only a first approxi- 
mation. For each (Ap), thus estimated 
the equivalent Reynolds number (D.G,/ 
#) was determined from Figure 10, 
which was then substituted into Equa- 
tion (6) to obtain the average local 
Nusselt number at the baffle position. 

The experimental value of (Ny«)» in 
Table 5 is the arithmetic average of all 
the local Nusselt numbers at the baffle. 
The agreement is fairly good for the 
six- and ten-baflle exchangers with 
fourteen tubes. Other cases show rela- 
tively poor agreement. 

The pressure drop per baffle (Ap), 
is not equal to the true pressure drop 
across the annular orifice. There will 
be some recovery of this pressure drop 
downstream from the orifice, and 
(Ap) represents the net pressure loss 
per baffle. The poor agreement in 


| Table 5 may be due to the use of net 


pressure loss rather than true pressure 
loss in predicting the heat transfer rate 
at the baffle. The amount of pressure 
recovery is a function of the tube spac- 
ing and size of orifice, and these should 
be considered in the correlation. Fur- 
ther studies to determine the pressure 
profile along the tube in the vicinity of 
the baffle will allow a more thorough 
understanding of the flow processes at 


the baffle. 


CONCLUSIONS 


The shell side heat transfer data for 
a model heat exchanger with orifice 
baffles were correlated with an empiri- 
cal equation: 


k k 


av 


L 0.35 De. 0.67 
(2) 
S 
(4) 


The exponent on L/S was determined 
for only two baffle spacings and needs 
to be checked with further work. 

The average value of local heat 
transfer coefficients at an annular 
clearance formed between an orifice 
bafHle and a tube were correlated with 
an empirical equation: 


k 


b 


D, 0.57 D.G, 0.67 
= 0.2388 ( =) ( ) 
D. 
(6) 


At a given flow rate an increase in the 
baffle-to-tube clearance resulted in a 
decrease in heat transfer rate. 

A decrease in baffle spacing for a 
given length of an exchanger at a given 
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flow rate caused an increase in the 
heat transfer rate. A decrease in the 
baffle spacing from 9.0 to 4.0 in. in- 
creased the heat transfer rate by as 
much as 30%. 

Four flow zones between the baffles 
are postulated from the analysis of 
the Nusselt number distribution along 
the tube length. 

The local heat transfer coefficients 
around a tube are fairly constant at a 
given tube cross section. Variations in 
the local coefficient around the tube 
were generally of the order of + 10% 
of the average coefficient. 

An annular orifice coefficient of dis- 
charge was defined and used for the 
analysis of the pressure-drop data. The 
discharge coefficient was correlated 
with an equivalent Reynolds number 
at the baffle. An orifice-pressure-drop 
function was defined after the manner 
of Sullivan and Bergelin (9). The 
function was plotted vs. the equivalent 
Reynolds number. The present data 
compared well with the data of other 
investigators. The plot enables one to 
calculate the amount of flow through 
the annular area formed between a 
baffle and a tube if the pressure drop 
across the baffle is known or can be 
estimate, but more detailed data on the 
pressure distribution at the baffle are 
necessary. 
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NOTATION 

A, = annular area between a baffle 
hole and tube, sq. ft. 

Ap = flow area available at the 
baffle, sq. ft. 

A; = flow area in the region be- 
tween the baffle, sq. ft. 

A. = geometric mean area (= 


\/AA;) , sq. ft. 


Cc = annular discharge coefficient 
ei = heat capacity of the fluid, 
B.t.u./ (Ib.) (°F.) 
D, = outside diameter of the tube, 
ft. 

B = baffle hole diameter, ft. 

D; = diameter, twice the clearance 
between the tube and bafHle 

BR, = shell diameter, ft. 

Zo = gravitational constant 

Ge = mass velocity at the baffle, 
Ib./ (sq.ft.) (hr.) 

G, = mass velocity in region be- 
tween baffles, Ib./(sq.ft.) 
(hr.) 

G. = geometric mean mass veloc- 
ity (= \/G,G,), lb./(sq.ft.) 
(hr.) 

G, = effective mass velocity [de- 
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fined by Equation (5) ], Ib./ 


(sq.ft.) (hr.) 

h, = shell side heat transfer co- 
efficient, B.t.u./ (hr.) (sq.ft.) 
(°F.) 

i = electric current, amp. 

k = thermal conductivity, B.t.u./ 
(hr.) (sq.ft.) (°F./ft.) 

L = effective length of exchanger, 
ft. 

N = number of baffles 

P = tube pitch, ft. 

(Ap), = pressure drop across a single 
baffle, lb./sq.ft. 

(Ap)r = over-all shell side pressure 
drop, lb./sq.ft. 

= baffle spacing, ft. 

t = temperature of resistance 
ribbon, °F. 

3 = temperature of fluid °F. 

Va = fluid velocity through baffle 
holes, ft./hr. 

6 = angle measured from leading 
edge of a tube, deg. 

= viscosity, Ib./(ft.) (hr.) 

p = density of fluid, (lb./cu.ft.) 

Dimensionless groups 

= average Nusselt number, 
(h,D3/k) av 

(Nwu), = Nusselt number at baffle, 
(h,D,/k)» 


Np, = Prandtl number, (c,u/k) 
(Nee). = geometric mean Reynolds 
number, (D,G./p) 

(Nee).» = equivalent Reynolds num- 
ber at baffle, (D.G:/p) 


(Nee). = effective Reynolds number, 
(D,G./p) 
od = orifice-pressure-drop func- 


tion, (2g.p(Ap)»D."/p*) 
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Thermal Conductivity: Reduced State 
Correlation for Ethylene and Its Application 
to Gaseous Aliphatic Hydrocarbons and Their 


Derivatives at Moderate Pressures 


E. JAMES OWENS and GEORGE THODOS 


The Technological Institute, Northwestern University, Evanston, Illinois 


By means of a procedure similar to that used for the inert gases (19) and methane (20) a re- 
duced thermal conductivity correlation was developed for ethylene from experimental data avail- 
able in the literature (2, 3, 4, 9, 13). The resulting correlation permits the prediction of thermal 
conductivities for gaseous and liquid ethylene in the temperature range Tr = 0.4 to Tr = 6.0 
and for pressures up to Pr = 50. For pressures below Pr = 0.5 this correlation was found to 
apply to gaseous aliphatic hydrocarbons and their derivatives but not to cyclic compounds. For 
these aliphatic hydrocarbons and their derivatives the relation between thermal conductivity at 
atmospheric pressure and temperature is k*/k-* = 0.364 Tr*™. 

Experimental thermal conductivities of ethylene in the liquid state and dense-phase region 
were compared with values predicted by the reduced-state correlation. The average deviation 
for thirty-six experimental points was 1.8%. Gaseous-state data at atmospheric pressure of 
alkanes, alkenes, alkynes, alcohols, ethers, halogenated derivatives, esters, aldehydes, 
ketones, amines, nitriles, and other aliphatic compounds were also compared with values pre- 


dicted by this correlation. For 414 experimental points the average deviation was 1.63%. 


Considerable experimental thermal 
conductivity data for organic com- 
pounds is presented in the literature. 
However few attempts have been made 
(5, 21, 22) to compile and correlate 
this information in a manner that would 
prove practical and useful for engi- 
neering purposes. In this study the 
thermal conductivity data for ethylene 
in the gaseous and liquid states have 
been used to develop a reduced-state 
correlation which predicts thermal con- 
ductivities in regions where no experi- 
mental data are available for this sub- 
stance. In addition this correlation has 
been found to apply to gaseous ali- 
phatic hydrocarbons and their deriva- 
tives at moderate pressures but not to 
cyclic compounds such as naphthenes 
and aromatic hydrocarbons. 


DEVELOPMENT OF REDUCED-STATE 
CORRELATION 


Thermal conductivity values for 
ethylene (4, 9, 13) at atmospheric 
pressure are plotted against reduced 
temperature on log-log coordinates in 
Figure 1. In addition available k* 
values for ethane and propane are also 
presented in this figure in order to 
show the similar behavior exhibited by 
these typical hydrocarbons. Although 
thermal conductivities are available for 
other hydrocarbons, ethane and pro- 


E. James Owens is with the California Research 
Corporation, Richmond, California. 
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pane are included in this figure because 
their data extend over a wide tempera- 
ture range and include the tempera- 
ture T, = 1.0. 

The relationships presented in Figure 
1, although developed from atmospheric 
pressure data, are applicable to pres- 
sures as low as approximately 5 cm. of 
mercury and as high as 5 to 10 atm. 
For pressures below 5 cm. of mercury 
the thermal conductivity of gases de- 
creases with decreasing pressure, where- 
as for pressures above 10 to 15 atm. 
this transport property increases with 
increasing pressure. In the pressure 
interval 5 cm. of mercury to approxi- 
mately 10 atm. the thermal conductiv- 
ity of gases remains essentially un- 
changed, and therefore, like viscosity, 
it is independent of pressure. The de- 
pendence of thermal conductivity on 
pressure, at isothermal conditions, sug- 
gests the following different classifica- 
tions of pressure ranges: 


Low pressure P <5 cm. mercury 
Moderate pressure 5 cm. mercury 

(1 atm.) <P < 10 atm. 
High pressure P > 10 atm. 


With these designations the moderate 
pressure range for gases includes the 
more common case of atmospheric 
pressure and consequently the term 
“moderate pressure” becomes _ inter- 
changeable with atmospheric pressure. 

The straight-line relationships of Fig- 
ure 1 are essentially parallel to each 


A.I.Ch.E. Journal 


other and indicate that ethylene, ethane, 
and propane follow a_ corresponding 
state behavior at atmospheric pressure. 
This fact can be substantiated analyti- 
cally from the linear relationship 


logk* = slogT,+loga (1) 
When one applies the boundary condi- 
tions, k* = k*r, at Tz = 1, Equation 
(1) becomes 


k 
log = slog Tx (2) 


Equation (2) suggests that a single re- 
lationship should result when the ratio 
k*/k*r, is plotted against T, on log- 
log coordinates, if s bears the same 
functional temperature relationship for 
the different substances. Figure 2 pre- 
sents a relationship of k/k*r, ratios 
with reduced temperature for ethylene, 
ethane, and propane. The resulting 
straight line indicates that the slope is 
independent of temperature and that 
the theorem of corresponding states is 
applicable to the thermal conductivity 
of these substances for pressures near | 
atm. The single straight line of Figure 
2 permits the extrapolation of the 
original lines of Figure 1. 

The variables of Equation (2) can 
be expressed conveniently as 


k* 

k*r, 
The application of a reference state 
other than T,; = 1 and 1 atm. is made 
possible by associating with Equation 
(3) the thermal conductivity corre- 
sponding to an arbitrarily selected ref- 


T;’ (3) 
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erence state. Thus if this state is chosen 

to be the critical point, it follows that 
k, k* 


= 


Since the ratio k,/k*r, for a substance 
is constant, it follows that 
| 


a 


(4) 


where « = k*r,/k,. It is apparent from 
Equations (3) and (4) that the ratios 
k*/k*r, and k*z/a bear the same func- 
tional relationship with temperature. 
For the case when T,; = 1 Equation 
(4) simplifies to produce 


= ak, (5) 


In this study the true thermal con- 
ductivity at the critical point is deter- 
mined only for ethylene by following 
the procedure outlined in the study for 
the inert gases (19). 

The liquid and high pressure gaseous 
state data for ethylene (2, 3, 13) were 
correlated in Figure 3 by plotting the 
residual thermal conductivity, k — k*, 
against the corresponding density values 
(1, 16, 28). These data produce a 
single curve which is continuous for 
both the gaseous and liquid states. 
From this correlation a critical thermal 
conductivity value for ethylene, k, = 
12.05 x 10° cal./sec. em. °K., was ob- 
tained by the use of the critical density, 
p- = 0.227 g./ce. and a value of k*r, 
=4.40 x 10° cal./sec. cm. °K. 

Reduced thermal conductivities, k/k., 
for ethylene were calculated from the 
available data (2, 3, 4, 9, 13) to pro- 
duce the correlation presented in Fig- 
ure 4. It is apparent that these data 
are fragmentary and restricted to speci- 
fic regions of temperature and pressure. 


20x10° 
/ 
x / 
Te) 
+> 
oF 
8 
7p 
= 
4 
E q + Ethylene 
Ethane 
© Propane 
/ 
& 3 8 2 3 


Reduced Temperature, Te, 
Fig. 1. Thermal conductivity-temperature re- 


lationships for ethylene, ethane, and propane 
at atmospheric pressure. 
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The construction of a complete re- 
duced-state correlation for ethylene re- 
quires that the k* data presented in 
Figure 1 be extended over a wider 
temperature range. Since no experi- 
mental data are available above Tz; = 
1.71, the k*® curve for ethylene has 
been extrapolated on a linear basis up 
to T; = 6.4. It is felt that this extrap- 
olation is reasonably valid, since the 
experimental k* vs. T; curves in Figure 
1 are linear over the temperature range 
Ts OG tot, = ETE 

In order to develop the final thermal 
conductivity plot it was necessary to 
obtain density values for ethylene cov- 
ering the required range of tempera- 
ture and pressure. Experimental den- 
sity values of Amagat (1), Michels 
and Geldermans (16), and York and 
White (28) were used. In the region 
where no experimental data were avail- 
able, the compressibility factors of 
Nelson and Obert (18) were used to 
extend the temperature range of the 
experimental density values. In the 
liquid region saturated liquid densities 
were corrected for the effect of pres- 
sure by the use of the o-factors of 
Watson (27). 

Figure 5 presents the final reduced- 
state correlation for ethylene. The 
moderate pressure isobar, Pz ~ 0, was 
obtained directly from Figure 1 and 
the high temperature extrapolation to 
T, = 6.4. At higher pressures thermal 
conductivities were calculated with 
Figure 3, the extrapolated k* data of 
Figure 1, and the available density 
data for ethylene. 

Each isobar was constructed by first 
selecting for a fixed pressure a number 
of density values covering the tempera- 
ture range. Residual thermal conduc- 
tivities, k-k*, corresponding to each 
were obtained from Figure 3. With the 
k* values at the same temperature, 
thermal conductivities were then cal- 
culated for this fixed pressure and cor- 
responding temperatures. Reduced ther- 
mal conductivities were then calcu- 
lated from these values and plotted in 
Figure 5. Isobars constructed in this 
manner extend up to a reduced pres- 
sure of Pz = 50 and cover the reduced 
temperature range T; = 0.5 to Tr = 
6.4. In order to establish liquid-state 
isobars at pressures above Pz = 5.0 it 
was necessary to extrapolate the gase- 
ous-state curves into this region. 


DISCUSSION OF RESULTS FOR 
ETHYLENE 


The available experimental data for 
ethylene have been compared with 
thermal conductivity values calculated 
from an enlarged plot of Figure 5. 
The results of these comparisons are 
tabulated below: 
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Reduced Temperature, 7, 


Fig. 2. Correlation of thermal conductivity 
ratios for ethylene, ethane, and propane at 
atmospheric pressure. 


Aver- 
Num- age 
ber devia- 


of tion, 
points %* 

Moderate 

pressure (Pr ~ 0) 6 2.0 
High 

pressure (Pz > 0) 
Liquid 

state 7 2.0 


For the thirty-six experimental points 
the over-all deviation is 1.87% with a 
maximum deviation of 8.8% for ethy- 
lene near the critical point. The devia- 
tions tabulated above represent per- 
centage differences between values 
calculated from a large plot of Figure 
5 and the experimental thermal con- 
ductivities used to develop this corre- 
lation. These deviations are only signi- 
ficant in the comparison between values 
read from Figure 5 and the corre- 
sponding experimental values used to 
develop this correlation. No attempt 
has been made to assess the experi- 
mental data used. The comparisons 
given above show that the reduced- 
state correlation for ethylene repro- 
duces experimental values very closely 
over a wide range of conditions. There- 
fore it is felt that Figure 5 is reliable 
for predicting thermal conductivity 
values for ethylene over the entire 
range of temperatures and pressures 
presented. 

The enlarged plot of Figure 5 has 
also been used to calculate thermal 
conductivities for the binary systems of 
ethylene with nitrogen and ethylene 
with carbon dioxide (7). Critical con- 
stants for these mixtures were calcu- 
lated with the pseudocritical concept 


*% Deviation = 
experimental x 100. 


experimental-calculated | / 
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+ Borovik 
e Borovik, Matveev and Panina 
© Lenoir and Comings 


Residual. Thermal Conductivity, cal/sec cm °K 


Pe® 0.227 g/em® 


Fig. 3. Residual thermal conductivity-density 
relationship for ethylene in the gaseous and 
liquid states. 


of Kay (8). The required quasicritical 
thermal conductivities for nitrogen and 
carbon dioxide were obtained from ex- 
perimental k* values and the corre- 
sponding k*, values obtained from 
Figure 5. The calculation of these 
fictitious critical thermal conductivities 
is presented later and is outlined in 
Examples 2 and 8. 

Thermal conductivities calculated 
from Figure 5 have been compared 
with the data of Junk and Comings 
(7) for these mixtures for the single 
temperature of 41°C. and pressures up 
to 200 atm. The results of these com- 
parisons are presented in Table 1. From 
these results it appears that Figure 5 
can be used to calculate reliable ther- 
mal conductivities at high pressures for 
mixtures of ethylene with nitrogen and 
ethylene with carbon dioxide. These 
results indicate that this figure may ap- 
ply to other multicomponent systems 
containing ethylene. In the absence of 
reliable experimental data Figure 5 can 
be used to obtain reasonable thermal 
conductivity values for mixtures of 
ethylene and other nonassociating sub- 
stances such as the monatomic, diatomic, 
triatomic, and hydrocarbon gases. 
However it is doubtful that this corre- 
lation is capable of predicting reliable 
thermal conductivities for mixtures of 
ethylene with hydrogen, ammonia, or 
other gases having an unusual corre- 


sponding state behavior or possessing 


polarity effects. 


GENERAL APPLICATION TO OTHER 
ORGANIC COMPOUNDS 


Thermal conductivity data for a large 
number of hydrocarbons and their de- 
rivatives have been obtained from the 
literature in order to test the generality 
of Figure 5. Thermal conductivities 
calculated for organic liquids other than 
ethylene did not agree with the ex- 
perimental data. Large deviations were 
found to occur even for molecularly 
similar substances, such as_ ethane, 
propane, and other normal paraffins. 
Therefore Figure 5 is not applicable to 


Number of points 


Aliphatic hydrocarbons 62 
Alcohols 143 
Ethers 75 
Halogenated hydrocarbons 50 
Aldehydes 28 
Esters 20 
Ketones 12 
Amines 9 
Nitriles § 
Cyclic hydrocarbons 44 
Miscellaneous 9 


the calculation of thermal conductivi- 
ties for liquids other than ethylene. 
Thermal conductivity data at atmos- 
pheric pressure for organic compounds 
(4, 6, 9, 10, 11, 12, 14, 15, 17, 23, 25, 
26) in the gaseous state were segre- 
gated into homologous series to deter- 
mine if Figure 5 applies to each family 
of substances. Quasicritical thermal 
conductivities for each substance were 
calculated by dividing k*, values from 
Figure 5 into available experimental k* 
values. It should be emphasized that 
the quasicritical thermal conductivities 
obtained in this manner do not neces- 
sarily represent the true thermal con- 
ductivities at the critical point. They 
are undoubtedly closely related to the 
actual critical thermal conductivity, 
but until further evidence is presented 
they should be interpreted merely as 
correlating parameters and_ therefore 
should be used only with Figure 5. 
Quasicritical thermal conductivities for 
all substances considered in this study 
are summarized in Table 2 along with 
their respective critical temperatures. 


TABLE 1. COMPARISON OF CALCULATED AND EXPERIMENTAL THERMAL 
CONDUCTIVITIES FOR BINARY ETHYLENE MIXTURES 


Number 
of points 


Nitrogen-ethylene (41°C.) 15 


Carbon dioxide-ethylene (41°C.) 21 
21 
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Ethylene Deviation, 
mole % Pressure, atm. % 
20.0 1.0-206.5 4.5 
38.8 1.0-197.8 4.0 
67.5 1.0-196.9 3.3 
79.2 1.0-197.3 1.4 
55.5 1.0-199.9 6.2 
79.8 1.0-198.1 4.8 
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Figure 6 presents a comparison of 
the k*/k*, ratios obtained from experi- 
mental data with corresponding k*, 
values for the homologous series of 
aliphatic hydrocarbons, alcohols, ethers, 
halogenated hydrocarbons, aldehydes, 
esters, ketones, amines, nitriles, cyclic 
hydrocarbons and other miscellaneous 
compounds. These k*/k*, ratios fall on 
the P,; ~ 0 curve of Figure 5 in all 
cases with the, exception of the cyclic 
hydrocarbons. The behavior of the 
cyclic compounds is presented in Fig- 
ure 7. The agreement between experi- 
mental and predicted thermal conduc- 
tivity ratios for these substances is pre- 
sented below: 


Temperature Average 
range, Tr deviation, % 
0.61-1.71 
0.53-0.85 0.9 
0.56-1.04 1.3 
0.60-1.17 2:2 
0.60-0.87 1.1 
0.67-0.87 1.8 
0.63-0.90 1.5 
0.69-0.85 1.2 
0.62-0.79 1.6 
0.44-0.90 
0.64-0.78 1.4 


These results indicate that the mod- 
erate pressure isobar, Pp ~ 0, of Figure 
5 is generally applicable to the aliphatic 
hydrocarbons and their derivatives with 
the exception of cyclic compounds. 
These compounds as shown in Figure 7 
tend to follow a trend which is differ- 
ent than that exhibited for the aliphatic 
hydrocarbons and their derivatives. 
Since the thermal conductivity—tem- 
perature relationship at atmospheric 
pressure for aliphatic hydrocarbons and 
their derivatives is linear when plotted 
on logarithmic coordinates, it can be 
expressed conveniently as 


= 0.364T,™ (6) 


+ 


Equation (6) can be used to calcu- 
late the thermal conductivities of other 
aliphatic derivatives not included in 
this study. In order to apply Equation 
(6) it is necessary to have a single ex- 
perimental thermal conductivity meas- 
urement at atmospheric pressure in 
order to produce a quasicritical thermal 
conductivity for the substance. If an 
experimental value is not available, 
then k*. can be estimated from the fol- 
lowing equation: 


= 62.2 x 10° 

T 
Quasicritical thermal conductivity val- 
ues calculated with Equation (7) pro- 
duced an average deviation of 8.5% 
when compared with the values listed 
in Table 2. This comparison included 
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data for ethylene. / 
/ 
over thirty different hydrocarbon de- | | | 
rivatives other than halogenated hydro- a S10 > 5 678910 
carbons. For halogenated hydrocarbons 
T, , Reduced Temperature 
a value of 24.4 x 10° should be used “ is 
with Equation (7) in place of the con- Fig. 5. Reduced thermal-conductivity chart for ethylene. 
stant 62.2 x 10°. The following ex- 
amples illustrate the use of Figure 5 °K. from the work of Lenoir and Com- 1 
and Equation (6): ings (13): a 355 = 0.03 


Example 1 

Calculate the thermal conductivity 
of ethylene at 106°F. and 164.1 atm. 
The critical constants for ethylene are 
T. = 508.3°R. and P, = 50 atm. The 
reduced temperature and pressure cor- 
responding to these conditions are: 


406 + 106 
508.3 
164.1 
2 = —— = 38.28 

50.0 
A reduced thermal conductivity 
value, kz = 1.66, corresponding to 


Tr = 1.11 and Pz = 3.28 is obtained 
from Figure 5. The thermal conductiv- 
ity at these conditions then becomes 
k = 1.66 (12.05 x 10°) = 20.0 x 10° 
cal./sec. cm. °K. or in engineering 
units k = 241.9 (20.0 x 10°) = 0.0484 
B.t.u./hr. ft. °R. 

Lenoir and Comings (13) report an 
experimental value of k = 0.0491 
B.t.u./hr. ft. °F. at these conditions. 


Example 2 


Determine the thermal conductivity 
of a mixture containing 0.612 mole 
fraction nitrogen and 0.388 mole frac- 
tion ethylene at 108°F. and 89.3 atm. 
The thermal conductivity of nitrogen 
at 108°F. and atmospheric pressure is 
found to be 6.46 x 10° cal./sec. cm. 
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TR 
Nitrogen 227 33.5 
Ethylene 508 50.0 


The quasicritical thermal conductivity 
of nitrogen is calculated from the value 


From Figure 5 k*, = 1.87; therefore 
k*. = 6.46/1.87 = 38.45 cal./sec. cm. 


Pseudocritical Constants 


k® = 6.46 x 10° cal./sec. cm. °K. as T’. = 0.612 (227) + 0.388 (508) = 
follows: 336°R. 
460 P’. = 0.612 (33.5) + 0.388 (50.0) 
= 39.9 atm. 
, 227 k. = 0.612 (8.45 x 10°) + 0.388 
ost 
os 4 Acetylene VA v Ethyl-methyl ether 
+ Ethylene Ethyl ether 
O7-—— e Ethane 7 o n-Propyl-methy! ether 
© Propane @ Methyl Alcohol + n-Propyl-ethy! ether 
06 0 i-Butane + + Ethyl Alcohol o n-Propyl ether 
n-Butane i-Propyl Alcohol i-Propyl ether 
joke) n-Pentane — n-Propyl Alcohol n-Butyl-methy! ether 
wv n-Hexane v i-Buty! Alcohol a n-Butyl-ethy! ether 
n-Buty! Alcohol 4 n-Butyl ether = 
o n-Amyl Alcohol 
ke 
02 f 
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Reduced Temperature, T,=1/T, 


Fig. 6. Thermal conductivity-temperature relationships for aliphatic hy- 


drocarbons, alcohols, and ethers in 


the gaseous state and atmospheric 


pressure. 


A.1.Ch.E. Journal 


Page 679 


TABLE 2. QUASICRITICAL THERMAL CONDUCTIVITIES OF ORGANIC COMPOUNDS* 


K's, k*e, 
cal./sec. cal./sec. 
cm. °K. Te, °K. cm. °K. 
Alkanes Ethers 
Ethane 305.5 14.6x10° Ethyl-methyl ether 437.9 21.4x10~° 
Propane 370.0 17.42 Ethyl ether 467 21.8 
i-Butane 408.1 18.8 n-Propyl-methyl ether 475.3 22.5 
n-Butane 425.2 19.6 n-Propyl-ethyl ether 500.6 23.1 
n-Pentane 469.8 21.1 n-Propyl ether 529.2 23.5 
n-Hexane 507.9 23.0 i-Propyl ether 505.4 22.6 
n-Butyl-methyl ether 511.1 24.0 
Alkenes n-Br:tyl-ethyl ether 529.8 24,2 
Ethylene 282.4 12.05 n-Butyl ether 581.0 24.0 
Alkynes Halogenated hydrocarbons 
Acetylene 309 15.1 Methyl bromide 464 11.2 
Alcohols Methyl chloride 416.3 12.6 
Methanol 513.2 25.5 Methyl iodide 528 10.0 
Ethanol 516 25.8 Dichloromethane 583 10.3 
i-Propanol 508.8 25.0 Ethyl chloride 460.4 16.2 
n-Propanol 537 25.8 1,1-Dichloroethane 523 15.7 
i-Butanol 545.9 26.2 1,2-Dichloroethane 561 17.5 
n-Butanol 555.2 26.4 Carbon tetrachloride 556.4 10.6 
i-Pentanol 570.1 28.2 Chloroform 536.6 12.8 
n-Pentanol 574.0 27.1 Aldehydes 
Esters Acetaldehyde 461 16.6 
Methyl acetate 506.9 20.2 Ketones 
Ethyl acetate 523.3 21.4 Acetone 508.7 20.0 
Ethyl formate 508.5 21.1 Nitriles 
Amines Acetonitrile 547.9 18.0 
Diethylamine 496 23.9 Miscellaneous 
Triethylamine 532 24.2 Dioxane 585 24.9 
‘ Ethyl nitrate 538.6 20.4 
Nitromethane 588 19.0 


i ° The reported quasicritical thermal conductivities are not necessarily true critical thermal conduc- 
tivities, and therefore their use should be limited with Figure 5 


(12.05 x 10°) = 6.79 x 10° 
cal./sec. cm. °K. 


460 + 108 

1.69 
89.8 


For this mixture a value of k’, = 1.12 
is obtained from Figure 5 for T’, = 
1.69 and P’, = 2.24. The thermal con- 
ductivity for the mixture then becomes 
k = 1.12 (6.79 x 10°) = 7.60 x 10° 
cal./sec. cm. °K., or in engineering 
units k’ = 241.9 (7.60 x 10°) = 0.0184 
B.t.u./hr. ft. °R. 


Junk and Comings (7) report for this 
mixture at these conditions an experi- 
mental value of k = 0.0184 B.t.u./hr. 
ft. °F. 


Example 3 


Determine the thermal conductivity 
of gaseous diethy] ether at atmospheric 
pressure and 415°F. The thermal con- 
ductivity of this substance at atmos- 
pheric pressure and 211°F. is reported 
by Vines and Bennett (26) to be 
5.80 x 10° cal./sec. cm. °K. The criti- 
cal temperature of diethyl ether is 
381°F. 

This experimental value is used to 
determine the quasicritical thermal 
conductivity from Equation (6): 


for ¢ = 211°F. 
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460+ 211 
* 460 + 381 


* 


671 
—— = 0.798 
841 


= 0.364 (0.798)*** = 0.243 


@ Benzene 
wv Cyclopropane-: / 
* Cyclon 
© Ethylene Oxide lg / 
v Furfural 
+ Toluene / 
4 m-Xylene 
| 
o2 
/ 
4 & av =] 9 10 


Reduced Temperature, 1, 


Fig. 7. Thermal conductivity-temperature rela- 
tionships for cyclic compounds at atmospheric 
pressure. 


k* = 0.390 (21.8 x 10°) 
= 8.50 x 10° cal./sec. cm. °K. 


= 0.364 (1.04)** = 0.390 


Vines and Bennett (26) report for 
diethyl ether at 415°F. a value of k* = 
8.55 x 10° cal./sec. cm. °K. 

Thermal conductivity values for 
ethane and propane at pressures up to 
200 atm. were calculated with an en- 
larged plot of Figure 5 and were com- 
pared with experimental values (9, 12, 


k 14) presented in the literature. Data 
for these hydrocarbons agreed closely 
: 5.30 x 10° with calculated values for reduced 
~ 0.943 pressures up to P, ~ 0.5. In this range 
average deviations were generally less 
= 21.8x 10° cal./sec.cm. °K. than 2.0%. However for reduced pres- 
sures 0.5 = P, = 1.0 the average 
° 
for t = 415°F. deviation increased to 5.2%. For re- 
duced pressures P; > 1.0, the experi- 
460 + 415 875 1 dat f Le and Comings 
460+ 381 841 (12) for ethane and Lenoir, Junk, and 
05 
i Ketones 
04 e Acetone 
/ Aldehydes 
© Acetaldehyde Esters 
03 $ © Methyl Acetate 
@ Ethyl Acetate 
* 0 Methyl Bromide + 
ke Methyl lodide 
+ Dichloromethane _| Miscell 
a2 © Ethyl Chloride 
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Carbon Tetrachloride— “4 Ethyl Ni 
/ 4 Chloroform w Ethyl Nitrate 
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Fig. 8. Thermal conductivity-tempe 


rature relationships for halogenated 
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Comings (14) for propane did not 
agree with values predicted with Fig- 
ure 5. Deviations above Pz = 1.0 were 
generally greater than 20%. 

These results suggest that Figure 5 
may be used for pressures up to Pp ~ 
0.5 for hydrocarbons other than ethy- 
lene. The failure of the theorem of 
corresponding states to apply ade- 
quately at elevated pressures for these 
substances may be the result of in- 
creased rotational and vibrational en- 
ergy contributions present in the larger 
hydrocarbon molecules. However it is 
interesting to note that no such dis- 
crepancies were found to exist at 
atmospheric pressure for a large num- 
ber of aliphatic hydrocarbons and re- 
lated derivatives over a wide tempera- 
ture range covered in Figures 6 and 8. 
As a result no firm conclusions can be 
drawn with regard to the validity of 
Figure 5 in the high-pressure region of 
gases and liquids other than ethylene. 
Therefore until more high pressure ex- 
perimental values become available, 
Figure 5 should be used to calculate 
thermal conductivities for other ali- 
phatic hydrocarbons for pressures up 
to P, = 0.5. However in the absence 
of such experimental data this correla- 
tion can be used to calculate tentative 
thermal conductivity values for ali- 
phatic hydrocarbons in their gaseous 
state and for pressures below P, = 0.5. 


LIMITATIONS OF REDUCED-STATE 
CORRELATIONS 


Reduced-state correlations are based 
on the classical theory of corresponding 
states as first proposed by van der 
Waals (24). It is well known that this 
theory is not rigorous for all substances 
but is dependent on the molecular con- 
figuration and_ intermolecular force 
relationships of the molecules of a 
given substance. Therefore a single 
reduced state thermal conductivity cor- 
relation cannot apply to all substances 
over a wide range of temperatures and 
pressures. This is clearly illustrated by 
a comparison of the reduced thermal 
conductivity relationships at moderate 
pressures for the inert gases (19), 
methane (20), and the present work 
concerned with the aliphatic hydro- 
carbons. It should be pointed out that 
these thermal conductivity relationships 
do not follow a similar behavior. In 
this investigation the slope of the 
moderate pressure isobar, log k*,/log 
Tz is constant. For the inert gases 
(19) this ratio decreases with an in- 
crease in temperature, while for meth- 
ane (20) an opposite behavior has 
been reported. In view of these results 
it is reasonable to expect that each 
family of molecularly similar substances 
will follow a corresponding states be- 
havior and therefore should correlate 
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on a single reduced-state plot. Previous 
correlations for the inert gases (19) 
and methane (20) and the present 
correlation for the aliphatic hydrocar- 
bons support this conclusion. In the 
future it is felt that this approach 
should be utilized for other families of 
substances in order to provide a com- 
prehensive summary of transport prop- 
erties in general. 


CONCLUSIONS 


The reduced-state correlation of 
Figure 5 gives reliable results for 
ethylene for the gaseous and liquid 
states at all conditions of temperature 
and pressure. This correlation can also 
be used to calculate reliable thermal 
conductivities at moderate pressures 
(1 atm.) for gaseous alkanes, alkenes, 
alkynes, alcohols, ethers, halogenated 
hydrocarbons, aldehydes, esters, ke- 
tones, amines, nitriles, and other ali- 
phatic derivatives but is not applicable 
to cyclic hydrocarbons, such as naph- 
thenes and aromatics. In the absence 
of experimental data this correlation 
may be used to predict tentative ther- 
mal conductivity values for noncyclic 
substances at higher pressures. How- 
ever the correlation fails to produce 
reliable results for any organic liquid 
other than ethylene. 

In addition Figure 5 applies to ethy- 
lene mixtures provided a quasicritical 
thermal conductivity is used for the 
other components. In this treatment 
the pseudocritical concept of Kay (8) 
has been found to apply. 
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NOTATION 
k = 


thermal conductivity, cal./sec. 
cm. °K. 


k® = thermal conductivity at Pp ~ 
0 (approximately 1 atm.), 
cal./sec. cm. °K. 

k, = critical thermal conductivity, 
cal./sec. cm. °K. 

k*, = quasicritical thermal conduc- 
tivity, cal./sec. cm. °K. 

kp = reduced thermal conductivity, 
k/k. 

k*, = reduced thermal conductivity 
at moderate pressures, k*/k. 

k*r, = thermal conductivity at the 
critical temperature and atmos- 
pheric pressure, cal./sec. cm. 
"Ke 

M = molecular weight 

P = pressure, atm. 

P. = critical pressure, atm. 

P, = reduced pressure, P/P. 

= slope or exponent, $(Tx) 

T = absolute temperature, °K. 
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T. = critical temperature, °K. 
T, = reduced temperature, T/T, 
Greek Letters 

a = constant 

p = density, g/cc. 

p. = Critical density, g./cc. 
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Measurement of Concentration Fluctuations 
with an Electrical Conductivity Probe 


D. E. LAMB, F. S. MANNING, and R. H. WILHELM 


An electrical conductivity probe capable of measuring liquid phase concentration fiuctuations 
occurring at frequencies up to 8 kc. is described. The design permits concentration measure- 
ments in volume elements of the order of 3 x 10° ce. The probe was applied successfully to the 
measurement of turbulent concentration fluctuations. 


The ability to measure local spatial 
and temporal variations in fluid compo- 
sition is of research interest in relation 
to many industrial processes that rely 
on turbulence to bring about the diffu- 
sive transport of matter and the mixing 
and reaction of components. Usually 
such variations are distributed ran- 
domly about mean values and require 
reduction of results to statistical ex- 
pression. There is need in the growing 
fields of process analysis, control, and 
optimization for a variety of capabili- 
ties in the measurement of both regular 
and random variations of point compo- 
sitions. The present paper is concerned 
with the design and characteristics of a 
concentration probe for measuring such 
local concentration variations by means 
of the corresponding instantaneous 
changes of electrical conductivity of a 
tracer substance (sodium-chloride solu- 
tion) as it mingles with a flowing stream 
of water. A previous probe design by 
Prausnitz and Wilhelm (4) consisted 
of two electrodes of equal size and en- 
compassed a much larger volume ele- 
ment than the present device which 
utilizes an electrode pair of greatly 
disparate size. Concentration variations 
in liquids also have been measured by 
means of conductivity cells by Kramers, 
Baars, and Kroll (1). 

The electrical conductivity probe 
here described is capable of measuring 
liquid-phase concentration fluctuations 
of frequencies up to 8 ke. Concentra- 
tion variations in volume elements of 
the order of 3 x 10“ cc. may be detected 
over a concentration range of six orders 
of magnitude. The probe has been ap- 
plied successfully to the measurement 
of turbulent concentration fluctuations 


(2). 


D. E. Lamb is at the University of Delaware, 
Newark, Delaware; F. S. Manning is at Carnegie 
Institute of Technology, Pittsburgh, Pennsylvania. 
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PROBE 


The flow of alternating current 
through electrolytes follows Ohm’s law: 


I= E/Z, (1) 


The total probe impedance depends 
primarily on the specific conductivity 
of the electrolyte and the size and 
geometry of the electrodes. Considera- 
tion of the potential fields existing be- 
tween the electrodes is essential in 
determining the probe geometry best 
suited for measuring the concentration 
of a small volume element. These po- 
tential fields extend to infinity, and 
hence the total flow of current between 
the electrodes is related to the conduct- 
ance of all the fluid volume elements 
present. Specifically the importance of 
any given volume element in deter- 
mining the total current flow is propor- 
tional to the current density in that 
element. Hence a probe design capable 
of measuring the concentration of a 
small volume element must produce a 
relatively high current density in that 
element. Such a design is obtained 
when one electrode approaches a point 
in size, the unattairable case of an in- 
finite current density and_ resistance 
being the limit. A practical compromise 
is an electrode of very small but finite 
size such that the current density in the 
immediate vicinity of the electrode is 
high relative to that at all other points 
in the fluid. By decreasing the size of 
one electrode the cell becomes sensi- 
tive to progressively smaller volume 
elements. 

For inhomogeneous fluids in which 
specific conductance varies spatially, 
modification of the potential fields oc- 
curs. Calculation of the potential field 
for arbitrary spatial variations in specific 
conductivity is difficult. Fortunately 
the current density near the small elec- 
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trode is so high relative to that in all 
other regions that even large variations 
in specific conductance in far distant 
regions have negligible effect on the 
total impedance. Variations in specific 
conductance in the vicinity of the small 
electrode where the current density is 
high have correspondingly large effects 
on the total impedance. 

In the present large-and-small elec- 
trode pair the current flow is dependent 
on the dimensions of the small elec- 
trode and independent of the size and 
shape of the second electrode and the 
distance of separation, provided that 
both size and distance dimensions are 
large relative to those of the smaller 
electrode. Since the equipotential sur- 
faces near the small electrode are 
nearly spherical with the electrode as 
their center, the directional orientation 
of the large electrode relative to the 
small electrode also is unimportant. 
The optimum cell design consists of 
one electrode of small dimensions with 
a second relatively large electrode 
located anywhere in the fluid except 
near the small electrode. The effect of 
relative sizes and distances are most 
easily determined by a_three-dimen- 
sional model conductivity experiment, 
discussed later. 


CONSTRUCTION 


The conductivity probe is shown in 
Figure 1A. The small electrode comprises 
the probe tip and consists of an exposed cir- 
cular cross-sectional end of platinum wire, 
0.003 in. in diameter, the lateral surfaces 
of which are insulated. A stainless steel 
tube, 0.13 in. O.D., serves as both the 
large surface electrode and the containing 
sheath for the probe assembly. The as- 
sembly, approximately 2.5 ft. long, is ar- 
ranged with a wire contacting the small 
electrode which is placed axially within the 
metal tube and insulated from it by a glass 
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PLATINUM WIRE 0003" POTTING COMPOUND 12ax7 6F5 
STAINLESS STEEL TUBE 0.25" 0.0. cauienaring #208 220K 
% 48 4 330K 
% ON 1500 560K 
mara wine 
EXPOSED WIRE suki: dean Fig. 3. Circuit for electrical conductivity probe. 
(A) (8) 
components of the circuit. Also the 
interelectrode capacitance C; is much 
Fig. 1. Alternate versions of conductivity probe-tip construction. smaller than C, or C,. The equivalent 
LM circuit now becomes 
rsey tube. The lower end of the assembly is tion measure in the immediate vicinity of The total impedance is 
sealed with an epoxy thermosetting resin. _ the tip. 1 es 
is the metal tube to Le = ( R + —) (2) 
the probe wire and also forms a continuous c 
insulation on the lateral surface of the wire ELECTRICAL CHARACTERISTICS where 
up to the exposed end. A tight seal is The equivalent circuit is shown 1 1 % 
obtained by curing the resin for 1 hr. pelow — (3) 
180°C. The other end of the assembly Re Ri +R, 
al terminates in a plastic block that serves to i R is the quantity the probe is designed 
to measure. The quantity Xe is the 
tant attach the probe firmly to a mechanical = | capacitive reactance due to C; and C,: 
the positioning device. 1 
cific A second probe was constructed, Figure Xe = Fa(C.4+C,) (4) 
all 1B, which was designed to be used in the & 
: vicinity of grounded metallic conductors. =e The capacitive reactance of the probe 
ry is In this case the small electrode consisted of : can be obtained by making R > «; 
fects the cross-sectional area of a 26 guage then Zr = X,. This limit may be 
platinum wire, while the second electrode | 
elec- was in the form of a wire ring having an Vi y 1 
dent exposed area of 0.04 sq. in. The most im- Pi probe impedance beeen t e electrolyte 
slec- portant modification was the grounding of | (= between the electrodes is replaced by 
walk the stainless steel sheath which minimized dry air. The order of magnitude of X- 
the the effect of the exterior grounds by as- Rp was found to be 250,000 ohms at a 
iati ith the probe assembly a sub- o ne ° f f 15 ke. Thi rresponds 
we sociating wit P : y requency 0 c. is corresp 
t stantially constant and preferential path to R, Az to (C; + C,) = 100 ppf. Knowing 
are ground. To minimize the effects of mech- he A meron A pol X. one can solve Equation (2) for R: 
aller anical vibration the interior of the probe 
sur- assembly was potted with methyl metha- Zr Xc¢ 
are crylate resin. An order of magnitude analysis pro- R= pa (5) 
e as It was shown (2) through the construc- duces considerable simplification. Un- (ry : 
:tion tion and use of tips of substantially differ- Jess one electrode is within a few milli- f TENSION 
the ent lengths and shapes that probe geometry meters of a grounded metallic conduc- 
aera did not noticeably affect concentration tor, R, << R,, and R, << R,. The 
f fluctuation measure. It was concluded that 06 
= within the twofold range of dimension P ene: 8 
with variation (2) the flow streams about the that even at low frequencies the ca- tein cain 
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A probe constant analogous to cell 
constants of conductometric analysis is 
determined experimentally by the use 
of Equation (6): 

K 
R 


k= (6) 


The resistive component of the total 
impedance is obtained when the probe 
tip is immersed in a solution of known 
specific conductance at constant tem- 
perature. Probe constants were of the 
order of 20 cm.™. Specific conductance 
of unknown solutions can now be iden- 
tified through measurement of R and 
use of Equation (6). 


MEASURING EQUIPMENT AND 
DATA PROCESSING 


The circuit diagram is shown in Fig- 
ure 2. Variations in probe impedance 
resulting from concentration changes 
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Fig. 5. Location of conductive spheres of dif- 
ferent sizes (relative to probe-tip size) to 
achieve a threshold signal. 


near the small electrode are transformed 
into a voltage signal by using the probe 
impedance variations to amplitude 
modulate a 15-ke. carrier. The result- 
ing signal is amplified, rectified, and 
filtered to yield an output voltage in- 
versely proportional to the probe im- 
pedance. In the present application the 
probe impedance varied in a random 
manner. The block diagram shows 
conventional equipment used in the 
statistical analysis of random signals. 
Squaring and averaging circuits are 
used to obtain mean-square and time- 
average values of the voltage signal. 
These circuits are also shown combined 
with a wave analyzer to obtain the 
power spectrum of the random signal. 

A detailed diagram is shown in Fig- 
ure 3. Of particular importance is the 
input circuit including the carrier oscil- 
lator, the probe, and the 40 ohm load 
resistor on the grid of the first ampli- 
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fier. To insure linear modulation it is 
necessary that both the output imped- 
ance of the oscillator and the value of 
the load resistor be low relative to the 
probe impedance. It is also necessary 
that the capacitive reactance of the 
probe at the carrier frequency be an 
order of magnitude greater than the 
resistive part of the probe impedance. 

Mathematical analysis of the rela- 
tionship between the resistive part of 
the probe impedance and the voltage 
appearing at the grid is generally 
greatly complicated by the presence of 
the probe capacitance since a set of 
nonlinear equations results. An experi- 
mental approach was adopted in the 
circuit design such that linear perform- 
ance was closely approached. Satisfac- 
tory operation was secured with an 
oscillator output impedance of less 
than 100 ohms and a load resistor of 40 
ohms with a probe resistance of 30,000 
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Fig. 6. Effect of conductivity and location of a 

turbulent eddy analogue (porous sphere filled 

with sodium chloride solutions of different con- 

centration) on the electrode system resistance. 

Traverse is at a constant horizontal separation 
distance of 0.00. 


to 150,000 ohms, probe capacitance 
less than 100 yppf. and carrier fre- 
quency of 15 ke. The load resistor is 
sufficiently small to insure modulation 
linearity and at the same time large 
enough to prevent prohibitive attenua- 
tion. 

To calibrate the electrical system a 
precision resistor was substituted for 
the probe. Since the relation between 
demodulator output voltage and probe 
impedance is linear, it is necessary only 
to establish the proportionality constant 
by this procedure. 


PERFORMANCE 


An important conductivity probe 
characteristic is the surrounding vol- 
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ume within which a concentration non- 
uniformity will become evident as a 
measurable signal variation. The size 
of this volume was determined experi- 
mentally on a probe model (Figure 4) 
which for convenience of manipulation 
was scaled up by a linear factor of 16, 
retaining the electrode area ratio of 
200:1 as in the prototype (2). 

The net effect of a conductivity non- 
uniformity at various positions in the 
electrical field was determined by an 
impedance measurement between the 
electrodes, referred to the impedance 
when the disturbance was removed 
completely from the system. The effects 
of disturbance size, conductivity, and 
position were investigated and are pre- 
sented in Figures 5, 6, and 7. The 
electrode assembly, Figure 4, consisted 
of the model placed in a large glass 
beaker of water together with a simu- 


lated concentration nonuniformity 
T T T 
| | DIAMETER OF DISTURBANCE 
° +2 
10 


| 
90 0.50 % 


URBANCE PRESENT 


RESISTANCE WiTH NO DISTURBANCE PRESENT ° 


80} 


iST 


TANCE WITH D 


RESIS 


R 


19) 05 1.0 2.0 2.5 


HORIZONTAL SEPARATION DISTANCE 
DIAMETER OF POINT ELECTRODE 


Fig. 7. Effect of conductivity and location of a 

turbulent eddy analogue (porous sphere filled 

with sodium chloride solutions of different con- 

centration) on the electrode system resistance. 

Traverse is at a constant vertical separation 
distance of 0.00. 


which could be located at defined geo- 
metric positions in relation to the small 
electrode. The simulated nonuniformi- 
ties (representative of concentration 
fluctuations in a dynamic system) com- 
prised porous ceramic spherical pellets 
which were filled with conductive solu- 
tions of sodium chloride. The conduc- 
tive spheres in various sizes were held 
firmly to the end of a glass tube by 
means of a monofilament nylon thread. 
The glass tube in turn was attached to 
a compound vise positioner. As shown 
in Figure 5 and 6 the volume size to 
which the probe is sensitive is nearly 
independent of the disturbance con- 
ductivity. Within the range of disturb- 
ance diameters, 0.75 to 2.0 small elec- 
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trode diameters, the region of sensitiv- 
ity is approximately five disturbance 
volumes. 

Sensitivity of the system to changes 
in concentration in the vicinity of the 
probe tip was such that concentration 
variations of the order of one part in 
10° could be accurately measured. 
These fluctuations contained measur- 
able frequency components over the 
range of 0 to 8,000 c/sec. In the ab- 
sence of mechanical vibration of the 
probe the signal to noise ratio of the 
entire system decreased from a value 
of 20:1 at 20 c/sec. to a value of 3:1 at 
8,000 c/sec. 
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NOTATION 
C = capacitance, farads 
C,, = large values of capacitance 


resulting from orientation of 
ions and polar molecules in 
the fluid at electrode surfaces 

C; = capacitance existing between 
wires connecting probe to 
electronic equipment 

C, = capacitance resulting from 
presence of dielectric be- 
tween probe wires 

C = capacitance between two 
exposed electrodes 

E = potential, v. 

I = current, amp. 

j (— 1)” 

K = probe constant, cm.” 

k = specific conductance, 
(ohms) ~*(cm.)* 

R = resistance, ohms 


R, = total resistance of conducting 
fluid 

R,. = resistances from each elec- 
trode to grounded probe 


sheet; infinite if grounded 
probe sheet is not used 
R;. = resistances from each elec- 
trode to ground via conduct- 
ing fluid 
capacitive reactance, ohms 
Ze = probe impedance, ohms 
angular frequency, radians 
(sec.)™ 
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Mixing in a Jet-Stirred Reactor 


WILLIAM BARTOK, CARL E. HEATH, and MALCOLM A. WEISS 


Esso Research and Engineering Company, Linden, New Jersey 


Measurements were made of the over-all mixing in a gas phase flow reactor stirred by the 
entering feed jets. The mixing was studied by following the decrease in exit concentration after 
sharp cutoff of a radioactive tracer gas krypton —85. The data showed that over the entire range 
of average residence times investigated, about 0.4 to 16 sec., the reactor behaved as though 85% 
of its volume was perfectly stirred and the remaining 15% was in piston flow in series with the 
stirred region. Relocation of the feed jets would probably increase the fraction of volume that 


is effectively perfectly stirred to about 95%. 


A study was made of the over-all 
quality of mixing in a gas phase flow 
reactor stirred by the incoming feed 
jets. The reactor was designed to be 
completely stirred, that is completely 
uniform in composition, and the intent 
of this study was to determine how 
closely the design objective had been 
realized. The mixing study was essen- 


tially a study of the distribution of resi- 


dence times of gases flowing through 
the reactor. Because the ideal com- 
pletely stirred reactor represents one 
extreme of distribution of residence 
times varying exponentially from 0 to 
2, its theory has been analyzed exten- 
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sively by a number of workers, for 
example (1 through 5). At the other 
extreme is the ideal piston flow reactor 
in which all material has the same 
residence time. Despite the theory no 
gas-phase reactor has been shown to 
be perfectly stirred in practice, al- 
though Longwell and Weiss (6, 7) 
found it useful to assume perfect stir- 
ring for their spherical combustion re- 
actors. 


EXPERIMENTAL PROCEDURE 


The jet-stirred reactor used in this study 
was a squat cylindrical vessel with an 
inside diameter of 3.5 in. and an inner 
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length of 1.125 in. Its net reaction volume, 
between inlet and outlet holes, was 161 cc. 
The photograph in Figure 1 presents an 
exploded view of the reactor. The flow 
through the reactor is shown schematically 
in Figure 2. 

The gas feed, entering at the left, jets 
into the reactor tangentially through holes 
in the sixteen feed quills. Each quill has 
eight 0.0135-in. holes spaced 0.125 in. 
apart. The jets cause the reactor contents 
to swirl around the axis, and the gases 
finally leave the reactor through sixty holes, 
0.0595-in. diameter, in the cylindrical sur- 
face on the reactor axis. 

The mixing was studied by means of a 
tracer-decay technique in this 
laboratory (8) with krypton-85 gas which 
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has a half life of 10.3 yr. During the experi- 
ments nitrogen gas was passed through the 
reactor at atmospheric temperature and 
pressure and at constant rates ranging from 
10.4 to 407 cc./sec. Added to this main 
nitrogen stream was a tracer stream 
amounting to about 2 vol. % of the main 
stream and consisting of 0.7 vol. % kryp- 
ton in nitrogen. The concentration of kryp- 
ton was measured in the exit line by the 
intensity of y radiation picked up by two 
scintillation probes mounted on opposite 
sides of the exit line. Digital scalers were 
used to count the emission rates, and the 
outputs were recorded on three channels 
simultaneously to cover the full range of 
radiation intensities used. 

The distribution of residence times 
within the reactor was measured by al- 
lowing the system to come to steady state 
with constant flow of main and _ tracer 
streams. The tracer stream was then cut off 
sharply by a solenoid valve, and the rate 
of decay of krypton concentration was ob- 
served. Decay rates were corrected for 
background radiation and for the time lags 
in the inlet and outlet lines. 


Fig. 1. Exploded view of the jet-stirred reactor. 


A few experiments were conducted in 
which the decay was followed at the 
reactor walls, instead of at the outlet. How- 
ever, these measurements did not produce 
significant results, since the scintillation 
probes could see only those portions of 
the reactor space located closest to the 
walls rather than the total contents of the 
reactor. 


RESULTS AND INTERPRETATION 


Experimental conditions for the mix- 
ing study are summarized in Table 1. 
The time lags listed are equal to the 
inlet or outlet volume (from the tracer 
injector outlet to the quill outlet or 
from the exit holes to the scintillation 
probes) divided by the volumetric flow 
rate of the main nitrogen stream. That 
is plug flow was assumed in these re- 
gions. Calculations showed that the 
plug-flow assumption introduced only 
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a small error as judged by the effective 
time lags calculated by assuming rea- 
sonable velocity distributions and back 
mixing in the inlet and outlet regions. 

If the reactor were perfectly stirred, 
the time lag-corrected rate of fall off of 
krypton concentration in the outlet 
stream would be expressed by 


(1) 


where C is the cuncentration at time t 
after cutting off the flow of tracer, C, 
is the initial steady state concentration, 
and T is the average residence time 
(reactor volume divided by volumetric 
flow rate). Therefore the experimental 
data were plotted dimensionlessly as 
log C/C, vs. t/T. Over the entire range 
of flow rates used the experimental 
data deviated in the same way from 
the straight line predicted by the per- 
fectly mixed model of Equation (1). 


MAIN STREAM 


a SECTION A-A 


Fig. 2. Schematic diagram of the reactor indi- 
cating expected pattern of fluid motion. 


Figure 3 illustrates this deviation. 
Therefore an attempt was made to 
interpret the results by fitting them to 
a theoretical mixing model based on 
some simple combination of ideal re- 
actor units, that is perfectly mixed and 
plug-flow reactors. The complexity of 
combinations containing more than one 
of each unit, or containing other re- 
actor types, was considered to be un- 
warranted by the data. 

Table 2 lists the concentration of 
tracer, relative to the initial steady 
state concentration, for two reactor 
combinations, and compares them to 
the simple plug flow and _ perfectly 
stirred systems. The first combination 
consists of stirred- and plug-flow reac- 
tors in parallel, with the volume of the 
stirred reactor equal to a fraction x of 
the total volume. A fraction x of the 
feed enters the stirred reactor, and the 
remainder enters the plug flow reactor. 
Concentrations are given for the total 
tracer present within both reactors at 
t and for the tracer in the combined 
exit stream. Note that the internal and 
exit concentrations are not the same 
as they are in the case of a single 
perfectly stirred reactor. The second 
combination consists of plug and stir- 
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red reactors in series (the results are 
unaffected by reversing the order of 
the reactors in the series). 

The plotting of some typical curves 
gives the results shown in Figure 4. 
Inspection of Figure 4 shows that the 
general shape of the decay curves for 
the series combination is the same as 
the shape of the experimental data il- 
lustrated in Figure 3. A best fit of the 
experimental data from the reactor 
studied results by assuming that 85% 
of its volume is prefectly stirred and 
15% of its volume is in piston flow, 
regardless of the actual residence time 
used. Figure 5 shows how well the 
data can be matched by assuming this 
reactor behavior. Since at low tracer 
concentrations the experimental values 
of C/C, are strongly influenced by any 
error in the background rate, it is more 
important to match the data with the 
calculated model for t/T <1. The 
background rates were estimated from 
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Fig. 3. Typical krypton tracer decay results, 
flow rate = 10.4 cc./sec. 


the final values of the recorded decay 
and therefore were likely to be some- 
what overestimated. For example at a 
flow rate of 203/sec. an error of 20% 
in the background rate would lower by 
18% the value of C/C, corresponding 
to t/T = 3.0. The same error however 
would decrease C/C, only by 1.7% at 
t/T = 1.0. 

A plausible interpretation of the re- 
sults of the decay experiments is sug- 
gested by the physical arrangement of 
the reactor. This indicates that the 
85% of the reactor volume which is 
well mixed precedes the plug-flow 
zone. It is likely that the gases entering 
the reactor through the high-velocity 
jets are rapidly dispersed in the well- 
mixed zone. The extent of this zone is 
probably limited to the cylindrical vol- 
ume which contains the feed jets. 
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However the gases must eventually 
leave this well-mixed zone and flow 
radially towards the center and out of 
the reactor. The volume of this radial 
flow zone contained within the well- 
stirred outer concentric volume repre- 
sents about 15% of the total reactor 
volume and may well be the region in 
effectively plug flow. A scaled diagram 
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Fig. 4. Exit tracer concentrations for combina- 
tions of one stirred and one piston flow reactor. 


of the reactor in Figure 6 shows that 
the plug-flow section starts just inside 
the diameter which corresponds to the 
innermost feed quills if the preceding 
physical picture of the flow is correct. 
Therefore improved mixing should be 
obtained by rearranging the feed quills, 
bringing some of them closer to the 
center, or by installing additional quills 
in order to minimize the fraction of 
reactor space unoccupied by feed jets. 

One of the most interesting results 
of this work was the independence of 
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Fig. 5. Correlation of experimental decay re- 


sults with series model for x = 0.85. 


TABLE 1. SUMMARIZED EXPERIMENTAL CONDITIONS 


Nz flow y-counting rates, 
Av. residence rate, Time lag, sec. counts/min. 
time,sec. cc./sec. Inlet Outlet Initial Background 
0.40 407.0 0.02 0.13 3.6 x 10° 1.4 « 10* 
0.63 255.0 0.04 0.20 Ta < 1¢ 3.0 « 10* 
0.79 203.0 0.05 0.26 5.6 x 10° LT 
3.95 40.7 0.25 1.28 1é x 16 1.0 « 10* 
15.50 10.4 0.96 5.03 3.0 « 10° 1.6 x 10° 


TABLE 2. DEcAY RATES FOR PISTON FLOW AND PERFECTLY STRIRRED REACTORS 


Relative tracer concentrations 


Model Inside reactor 


Perfectly ae 
stirred 
Piston 1 —t/T 
flow 0 
Parallel (l-x) (l— t/T 
piston xe 
and 
stirred 
Series 
piston 


stirred 
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1 
i —t+(l—x)T —t+(l—x)T 
and x exp exp |; 


At exit Time interval 
t=0 
1 0=t=T 
0 
(l—x) + 0=t=T 
xe t=T 


xT | t=(1l—x)T 
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mixing pattern from average gas veloc- 
ity, that is residence time, despite a 
forty-fold variation in velocity. This 
result emphasizes that geometry is the 
critical variable in turbulent mixing 
and that flow conditions are of little 
importance as long as the flow regime 
does not approach laminar conditions 
at one extreme or large compressibility 
effects at the other. 


CONCLUSIONS 


The use of krypton-85 as a y-emitting 
tracer permits the study of over-all 
mixing quality in gas-phase reactors 
with residence times as short as 0.4 
sec. Although shorter residence times 
could be studied, down to 0.1 sec. or 


15% OF 
REACTOR VOLUME 


Fig. 6. Physical representation of the mixing 

in the jet-stirred reactor; the cross-hatched 

space at the center represents that 15% of the 

reactor volume in plug flow which follows in 

series the well stirred 85% of the reactor 
volume. 


so, this tracer technique does not ap- 
pear practicable for residence times as 
short as the 0.3 msec. reached in the 
reactors of Longwell and Weiss (6, 1) Oe 
The results here show that it is possi- 
ble to construct a gas phase flow reac- 
tor, with residence times of seconds or 
tenths of seconds, which is 85% per- 
fectly stirred on a macromixing scale 
at least. By some modifications close 
to 95% perfect stirring should be at- 
tainable. 
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Pressure Drop and Power Requirements in a 


Stirred Fluidized Bed 


Max Leva 


Leva Engineering Research Laboratory, Pittsburgh, Pennsylvania 


The paper reports fundamental observations on the effect which stirring of fluidized solids has 
on the pressure drop. Typical power requirements are also given. 

The experimental pilot unit was of 6-in. diameter and 12 in. high. A special blade or paddle 
type of stirrer had been built which permitted the evaluation of the effects of blade positioning, 
blade spacing relative to sense of rotation, as well as the effect of stirrer immersion and ro- 


tational speed. 


The observations disclosed that blade positioning relative to sense of rotation had a very 
profound effect on pressure drop as well as on power requirements. When the solids circulation 
pattern as normally induced by the stirrer was of the same general character as that ordinarily 
encountered in a dense phase fluidized charge, the resulting pressure drop was always consider- 
ably lower than the conventional unstirred fluidized bed pressure drop. Furthermore for this 
type of stirrer the power requirements were also lowest. For other stirrer designs and other in- 
duced solids convection patterns the pressure drop was less influenced and the power require- 


ments were much greater. 


The solids used for the study were a relatively coarse silica sand for which both pressure 
drop as well as power requirement data were reported. Power requirement data were also 
obtained for a much finer alumina powder. When one emphasized the effect which particle 
properties, especially surface characteristics may have, the level of the power data was much 
lower, although the data were of the same character as the characteristic values pertaining to 


the sand. 


It has long been known that beds of 
aerated solids may under certain condi- 
tions offer greatly reduced resistance to 
mechanical stirring. In ordinary solids 
beds with a normal state of compaction 
the individual particles are in such close 
proximity to each other that the inter- 
particle friction is quite high when 
mechanical stirring is attempted. When 
the bed is however aerated, owing to 
expansion of the column, the particles 
may then become sufficiently disen- 
gaged from each other to reduce the 
internal friction to a sufficiently low 
level so that mechanical agitation be- 
comes feasible. It is under such condi- 
tions of operation that a fluidized col- 
umn may become an attractive device 
for solids blending. 

Although stirred beds have been em- 
ployed occasionally in pilot-plant 
studies for the purpose of improving 
fluidization and simulating large-scale 
behavior, only one single study describ- 
ing the effect of stirring on pressure 
drop and other fluidization parameters 
has so far been disclosed (3). It em- 
ployed a rectangular test chamber that 
carried a central shaft that could be 
fitted with either an 8-mesh screen 
agitator element or another similar ele- 
ment, comprising 1-in. diameter holes. 
These agitator elements, also rectangu- 
lar in shape, could be coordinated at 
certain intervals above each other and 
were parallel to the perforated bottom 
of the fluidizing chamber. Oscillations 
were imparted to the shaft by way of a 
revolving cam, and these oscillations 
were transmitted to the agitator ele- 
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ments, which in turn imparted the os- 
cillations to the bed. 

The agitation data given in this pa- 
per are wholly different. Whereas the 
vibrations of Reed and Fenske were 
only in a vertical direction, the agita- 
tion presently described was achieved 
by insertion of centrally located stirrers, 
rotated horizontally. In essence there- 
fore the work described in this paper 
appears rather related to fluid-mixing 
studies in upright tanks, with central 
impellers. Hence the present paper 
will report on the effect of centrally lo- 
cated stirrers on pressure drop through 
small fluidized beds, as well as power 
requirements demanded by certain 
stirrer designs and modes of operation. 


EXPERIMENTAL UNIT 


A description of the experimental ap- 
paratus is given in Figure 1. Major parts 
were a cylindrical Pyrex glass section of 
6-in. I. D. and 12-in. high. This rested on 
a course-grade porous plate % in. thick. 
Below was joined a conical air inlet adap- 
ter with the air inlet and pressure drop 
connections as indicated. The porous plate 
extended well beyond the periphery of 
the glass pipe; however air leaks were 
prevented since the plate had been pe- 
ripherally impregnated and coated by 
paraffin. The air rate to the unit was con- 
trolled and measured by the valve and 
rotameter preceding the unit. 

A central shaft stirrer could be lowered 
to various positions into the glass pipe. 
There were three separate pulleys which 
could be communicated with the motor 
pulley. With the largest pulley (14-in. 
O.D.) 3.4 rotations/sec. resulted; with the 
next pulley (10-in. O.D.) this increased to 
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4.7, and with the smallest (6-in. O.D.) 
7.8 rotations/sec. were achieved. The 
motor was a 1/3 hp., 1,725 rev./min., 
ball-bearing unit. 

Details of the stirrer are shown in Fig- 
ures 2a to 2d. It was principally a %-in. 
diameter steel shaft with 3/16-in. holes 
drilled as indicated in Figure 2a; indi- 
vidual blades were as indicated in Figure 
2d. The blades were simply mounted by 
passing the threaded short-blade shaft 
through a hole in the stirrer and fastening 
its position by nut and lock washer. This 
design and arrangement permitted con- 
siderable flexibility as the blades could be 
arranged at any angle in any desired posi- 
tion. 

For the purpose of properly referring to 
a particular stirrer design the holes in the 
shaft were numbered from the base up, as 
shown. In a mounted position the stirrer 
appears as indicated in Figure 2b. For the 
purpose of defining further the character- 
istics of a certain design the angle be- 
tween the plane of the blade and the re- 
spective horizontal plane as indicated may 
be used. In defining this angle is was 
decided to look at the stirrer with blade 
nearest to the eye. The four basic positions 
which the blades can thus occupy are in- 
dicated in Figure 2c. Finally in order to 
fully define the stirrer characteristic the 
sense of rotation must be known. Thus 
the arrangement was such that the stirrer 
always turned counterclockwise when 
looked at from above. 


OPERATION 


For a typical run the glass pipe was 
charged with a definite weight of a 
granular solid. Next the charge was 
slightly expanded and the stirrer, ar- 
ranged in the desired manner, was low- 
ered into the bed to a definite position. 
The bed was then subject to certain air 
rates, and while stirred at certain 
speeds, pressure-drop readings were 
made. The top of the bed was always 
open to the atmosphere; hence the 
static inlet pressure, as indicated by 
the manometer, was then also the bed 
pressure drop. 

Prior to investigating stirred beds the 
apparatus was examined for its general 
functioning as a fluidization unit. This 
involved the measurement of the pres- 
sure drop across the porous plate, the 
pressure drop across the fixed and then 
fluidized bed, without containing a 
stirrer, and the experimental evaluation 
of the point of initial fluidization and 
its checking against a calculated value. 
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Pressure drops across the porous 
plate are given in Figure 3. Order of 
magnitude of the data is in line with 
values reported for porous plates in gen- 
eral, and hence the peripheral impreg- 
nation with paraffin had not influenced 
the flow characteristics. 

For the purpose of examining the 
general functioning in fluidization the 
pipe was charged with 12.34 Ib. of a 
silica sand. At the visual onset of 
fluidization the pressure drop was 
12.25 in. of water column. On the basis 
of the weight of the bed and an inter- 
nal column diameter of 6 in. a value of 
12.05 in. is obtained. The small excess 
observed by experiment is primarily 
due to the resistance of the porous 
plate. Hence the observed and calcu- 
lated values are in satisfactory agree- 
ment. 

Upon plotting the column pressure 
drop vs. mass velocity the data were 
observed to flatten at an air rate of 2.0 
cu. ft./min. This, when checked against 
a standard correlation for estimating the 
point of initial fluidization, was within 
5% of the calculated value (1). 

The sand used for the preceding as 
well as all subsequent experiments with 
stirrers had a density p, = 165 Ib./cu. 
ft. and the following size distribution: 


Percent by 

Mesh d, (in.) weight (X) 
42 — 0.30 
42-60 0.0116 27.00 
60-80 0.0082 62.50 
80-115 0.0058 9.25 
115-170 0.0041 0.50 
170 — 0.45 


Its average particle diameter as calcu- 
lated according to 
vi xX 
d, 


D, = 


Pp 


was 0.0086 in. 

For all subsequent stirring tests the 
glass pipe was charged with 10.0 Ib. of 
the above sand. All pressure drops were 
corrected for resistance through the 
porous plate. 

A few experiments were also made 
with an alumina powder. Its density 
was p, = 208 lb./cu. ft., and the size 
distribution is given below: 


Percent by 
Mesh d, (in.) weight, X 
80 — 3.0 
80-115 0.0058 
115-170 0.0041 32.0 
170-250 0.0029 30.5 
250-325 0.0021 7.0 - 
325 — 5.0 
Power measurements for _ stirrin g 


were made by winding a string around 
a pulley, passing the loose end of the 
string over another pulley, and attached 
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Fig. 1. Experimental unit. 
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various weights. The stirrer and the 
weights were then entirely wound up 
and the bed subject to a range of air 
rates. The weights were then allowed 
to drop, thus revolving the stirrer in 
the aerated charge. By measuring the 
time required for the fall power re- 
quirements were calculated according 
to 


2r7RWn 
33,000 


where R is the radius of the pulley, W 
is the pulling weight, and n is the num- 
ber of revolutions made by the pulley 
per minute. 

The reproducibility of the pressure- 
drop data was in all instances excellent. 
The power requirement data repro- 
ducibility was generally quite good. 
Check runs indicated that with the 
method of operation adopted the in- 
dividual data did not vary more than 
+15% from each other. 


RESULTS AND CONCLUSIONS 

An orientation of the various runs 
and detai!s pertaining to stirrer arrange- 
ments are given in Table 1. 


HP = 


Effect of Positioning of Blades 

A comparison of Figures 4, 5, 6, and 
7 emphasizes the effect which the posi- 
tioning of the blades has on the pres- 
sure drop. In all instances the stirrer 
contained eight blades, built up in suc- 
cession from the base. A sharp effect 
on pressure drop is noted when the 
blades are at an angle of 135 and 90 
deg. The distinct effects which these 
blade angles produce in combination 
with counterclockwise rotation is readily 
understood and explained from a con- 
sideration of the natural solids circu- 
lation pattern in a dense phase fluidized 
charge. Thus in the nonstirred dense 


TABLE 1. ORIENTATION OF DATA 


Figure Angle 
number Position of blades (deg. ) 
4 135 
9 1-2°3°4 135 
11 135 
12 1:2°3-4-- -8 135 
10 135 
5 90 
6 1:2-3-4-5-6-7°8 45 
7 1:2°3°4-5-6 0 
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Fig. 2. Stirrer detail. 


phase fluidized bed of the type dis- 
cussed the solids will normally be lifted 
in the center, whereas in the outside 
annular ring the solids will descend. 
This is indicated in Figure 8. This pat- 
tern does by no means preclude any 
lateral mixing of solids, as in fact such 
movement of solids is definitely known 
to exist, especially in equipment of ap- 
preciable diameter. However in col- 
umns of relatively small diameter and 
with the air distriputor extending vir- 
tually across the entire bed the solids 
circulation pattern may thus be simpli- 
fied. Since with the above blade angle 
of 135 deg. and the counterclockwise 
rotation the tendency is to lift the solids 
in the center; thus the effective bed 
density is actually lessened in the cen- 
ter. To an appreciable extent thus re- 
duction of bed density occurs at the ex- 
pense of an increase in bed density in 
the annular ring. In fact the increase in 
bed density in the ring may be so con- 
siderable that the solids in the ring are 
no longer fluidized. This seems to be in- 
deed supported by visual observation, 
as the solids in the ring were found to 
descend almost like a solid mass of 
matter toward the bottom of the col- 
umn. The familiar and frequently ob- 
served oscillating motion of the par- 
ticles, found usually in nonstirred beds, 
was entirely absent. Obviously then 
under such conditions a much greater 
than usual portion of the gas will rise 
in the center of the bed. In a sense 
this phenomena is akin to channeling, 
where a disproportionately large fluid 
quantity passes up through the center. 
The phenomenon is also similar to 
spouting (2), where nonhomogeneous 
lateral fluid distributions are also pre- 
valent. With the blades at an angle of 
90 deg. the situation is similar, but less 
pronounced. 

As a consequence of this lesser re- 
sistance in the center of the bed the 
operating pressure drop is always lower 
than the pressure drop calculated from 
the weight of the bed, if the angle is 
135 deg. and the sense of rotation 
counterclockwise, as seen from above. 
Moreover the pressure drop-flow curves 
for these types of stirred beds do no 
longer exhibit a discontinuity at the 
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point of initial fluidization; that char- 
acterizes the unstirred bed. This would 
then indicate that the sudden transition 
from the fixed to the expanded bed 
does no longer occur in this type of 
stirred bed. Another point of interest 
is that the slopes of the pressure drop- 
flow data that pertain to this mode of 
stirring are all smaller than unity, an 
unusual result indeed. Hence it follows 
that this type of stirred bed exhibits a 
greater capacity for passing gas than 
does a non-stirred bed, composed of 
the same particles and of the same 
geometric dimensions. Of course the 
faster the rotational speed of the stirrer 
the greater will be the deviation of the 
stirred bed pressure drop from that 
calculated on the basis of the weight of 
the bed. 

When the blade angle is 0 deg., that 
is with a horizontal blade arrangement, 
there is virtually no effect on the pres- 
sure drop. This is of course expected 
and is supported by the data shown in 
Figure 7. 

Considering now the action of a 
stirrer with the blades at an angle of 
45 deg., from an analogy of the action 
already described for a stirrer with a 
135-deg. arrangement, one would ex- 
pect that for the 45-deg. arrangement 
the pressure drop should be in excess of 
that calculated on the basis of the 
weight of the bed. While it is doubt- 
lessly so that with this arrangement the 
tendency is to force the solids down- 
ward in the center and thus create a 
bed core of greater density than the 
annular ring, it is precisely owing to 
this greater bed density that a dis- 
proportionately greater flow may now 
occur in the annulus. In effect then a 
stirrer with blades at a 90-deg. angle 
may tend to divert the flow actually 
away from the center. However there 
is another complicating feature ob- 
served with this as well as with a blade 
angle of 90 deg., namely the appear- 
ance of a depression in the center of 
the bed manifests itself as the stirrer 
rotates. Hence whereas the bed may 
have become more dense in the center 
when subjected to the action of a stirrer 
with blades at 45 deg., due to the lesser 
height in the center, owing to the re- 
sulting central depression the final re- 
sulting flow resistance may nevertheless 
remain essentially unaltered. This is 
virtually indicated by the data of Fig- 
ure 6, where the pressure drop is seen to 
be only little influenced by this type of 
stirrer. 

Effect of Stirrer Height 

As expected the height of the stirrer 
in relation to the bed height will be an 
important factor. This is apparent from 
a consideration of Figures 9, 4, and 10, 
where data for stirrers composed of 
four, eight, and eleven blades are given. 
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In all cases the static bed height was 7 
in. Compared with this, stirrer heights 
were as follows: 


4 blades 3.50 in. 
8 blades 6.50 in. 
11 blades 8.75 in. 


Thus the four-blade stirrer was essen- 
tially only active in the base of the col- 
umn, whereas the top of the bed re- 
mained relatively unaffected. This is 
indicated by the considerably lessened 
effect which is observed on the pressure 
drop. With the eight-blade stirrer the 
effects became much more pronounced, 
especially at high speeds. With eleven- 
blades the effects became even greater. 
Whereas the eleven-blade stirrer was 
higher than the unexpended bed, the 
bed height increased under the com- 
bined influence of gas flow and stirring 
sufficiently to cover all the blades. With 
a speed of 7.8 rotations/sec. the eleven- 
blade stirrer expanded the bed con- 
siderably and caused a severe depres- 
sion in solids level in the center due to 
centrifugal forces imparted to the par- 
ticles. This phenomenon was probably 
responsible for the very great pressure- 
drop decrease observed in this instance. 
Rate of solids circulation, as judged by 
visual observations, was extremely rapid 
when the eleven-blade stirrer was oper- 
ated at elevated speeds. Solids losses 
occurred at the highest speed, owing to 
splashing. 

Effect of Stirrer Position 

Since gas-fluidized solids beds are 
known to be nonhomogeneous in den- 
sity and gas-solids dispersion it is to be 
expected that the position of a stirrer in 
a charge should be a significant factor. 
This is supported by the data of Figures 
9, 11, and 12. In Figures 9 and 11 a 
four-blade unit was active in the bot- 
tom and the top of the charge, respec- 
tively, whereas in Figure 12 the data 
pertain to a stirrer that carried four 
blades in the bottom with one single 
blade near the top of the hed. Consider- 
ing first the two four-blade units the 
greater effect is observed when the 
stirrer is in the bottom. This may be 
explained readily since it is to be an- 
ticipated that the main contribution to- 
ward fluidized bed pressure drop origi- 
nates from the bottom portion of the 
bed, where the gas-solids dispersion is 
better than in the top. Therefore the 
solids-lifting action of a short stirrer will 
be felt more significantly when placed 
into the lower half of the bed. 

The curves exhibited by the data of 
Figure 11 are of some interest. They 
appear somewhat different fro: the re- 
mainder of the stirred-bed cata and 
there is, especially at the high speed, a 
definite flattening of the pressure drop 
beyond the point of initial fluidization. 
This trend, constituting an approach to 


December, 1960 


N 


PRESSURE DROP-in. OF WATER 


= 


PRESSURE DROP-in.OF WATER 


a 


| 
| 
| 
fig & 
il. 
the 
an 
if i 
fluic 
int 
of 
of 
stiry 
stiry 
pos 
Fig 
jpre: 
hov 
the 


was 7 


eights 


essen- 
1e col- 
ed re- 
‘his is 
ssened 
essure 
er the 
anced, 
leven- 
reater. 
was 
d, the 
com- 
tirring 
. With 
leven- 
| con- 
lepres- 
due to 
par- 
obably 
2ssure- 
stance. 
zed. by 
rapid 
oper- 
losses 
ying to 


Is are 
n den- 
; to be 
rrer in 
factor. 
‘igures 
llla 
bot- 
respec- 
e data 
1 four 
single 
nsider- 
its the 
mn the 
iay be 
be an- 
ion to- 
) origi- 
of the 
sion is 
the 
rer will 


placed 


lata of 
They 
the re- 
fa and 
a 
e drop 
ization. 
yach to 


1960 


a 10 | 

fo) 

£ Unstirred bed~ 

fe) 

ra) 

w 

50r- e-Stirred at 3.4 RPS 
o- Stirred at 78 RPS 

4 | 

o 


2.0 3.0 
AIR RATE-CUBIC FEET PER MINUTE 
ig. 7. Stirrer—eight blades at O-deg. angle. 


=? 


Central Core 


Solids moving 
primarily UP 


| Annular Ring 


Solids moving 
primarily DOWN 


Stagnant Zone 


Porous Disc 
serving Qs 


Bed Support 


Gas to Column 


fig 8. Greatly simplified solids flow pattern in 
gas-fluidized small diameter bed 


fe) 


“N 
(2) 


PRESSURE DROP-in.OF WATER 
@ 
D 


Unstirred bed 


20 3.0 
AIR RATE-CUBIC FEET PER MINUTE 
Fig. 9. Stirrer—four blades in bottom of bed at 
135-deg. angle. 


the normal pressure drop-flow data of 
an unstirred bed, is readily understood 
if it is assumed that normal unstirred 
fuidization is probably still proceeding 
in the lower half of the bed. The curves 
of Figure 11 are therefure the result 
of a superimposition of the lower un- 
stirred portion of the bed and the upper 
stirred section. 

The addition of the single blade in 
psition 8, as indicated by the data of 
Figure 12, will of course depress the 
Pressure drop further. More important 
however was the general behavior of 
the column when acted on by this type 
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of stirrer. Whereas with the stirrer as 
referred to in Figure 4 the expanded 
column was relatively steady in height, 
wide fluctuations were now noted with 
the stirrer of Figure 12. These fluc- 
tuations were however not reflected in 
the steadiness of the pressure drop. The 
solids circulation pattern was extremely 
rapid. 


Effect of Stirrer Speed 


It has already been noted from the 
preceding data presentation that the 
speed of the stirrer has a significant 
effect on the magnitude of the pressure 
drop. In order to show this more sys- 
tematically Figure 13 has been com- 
posed, showing the relative pressure 
drop in relation to stirrer speed. The 
relative pressure drop is defined as the 
ratio of the stirred-bed pressure drop 
at the minimum fluidization mass veloc- 
ity to the pressure drop calculated from 
the weight of the bed. 

Examination indicates that all the 
data when extrapolated to zero stirrer 
speed coincide and terminate at a rela- 
tive pressure drop of unity. This is of 
course not unexpected, since for the 
unstirred bed the pressure drop should 
be that demanded by the weight of the 
bed. The good agreement of the data 
in this respect emphasize that the ac- 
curacy with this simple equipment was 
quite satisfactory. 

The effect of the number of blades 
composing the stirrer is again readily 
apparent. Thus comparing curves 2, 1, 
and 5 with each other it is learned that 
the effect of stirring speed on pressure 
drop becomes more pronounced as the 
number of blades in the stirrer in- 
creases. The very rapid decrease ex- 
perienced with the stirrer carrying 
eleven blades is of course to a part 
again due to the centrifugal forces im- 
parted to the particles in the bed and 
hence to the induced central depression 
in the top of the bed, resulting from 
this mode of stirring. 

Comparison of stirrers pertaining to 
curves | and 6 is of some interest. Both 
stirrers contained eight blades, but with 
curve | these were arranged at an angle 
of 135 deg. whereas for the other 
stirrer the angle was 90 deg. Examina- 
tion of the course of the curves indi- 
cates that the relative pressure drop is 
less when the angle is 135 deg. This is 
as expected, since with this angle a 
substantial solids lifting action in the 
center of the bed is accomplished. The 
relative pressure-drop decrease accom- 
plished with the stirrer blades at 90 
deg. stems primarily from the applica- 
tion of centrifugal acceleration to the 
particles and a resulting depression of 
the top surface of the bed. This be- 
comes of course more pronounced as 
the stirrer speed is increased, and for 
this reason the rate of decrease of rela- 
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tive pressure drop with the increasing 
stirrer speed is found to be more pro- 
nounced here than when the blades are 
arranged at an angle of 135 deg. 


Power Requirements 

With the various stirrers having as 
pronounced an effect on pressure drop 
as learned it should not be a surprise to 
discover that the power requirements 
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angle. 
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incipient fluidization. 


for stirring an aerated solids bed will 
also depend markedly on the design of 
the stirrer and the sense of operation. 
This is already shown by the data of 
Figure 14, where some typical horse- 
power values are given for two de- 
signs and a range of stirrer speeds, in 
relation to aeration rate. 

A general observation valid for all 
instances is of course that the required 
stirring horsepower increases as_ the 
aeration rate decreases. Furthermore 
the rather surprising result is observed 
that in the horsepower-aeration curves 
no discontinuity is observed in the re- 
gion of the normal onset of fluidization 
of the unstirred bed. This indicates 
clearly that in the stirred bed the origi- 
nal point of initial fluidization has lost 
its identity. The lack of discontinuity of 
the power data seems to be strongly 
related to the lack of discontinuity of 
the pressure drop-flow data for stirred 
beds, when the region of incipient 
fluidization of the unstirred bed is con- 
sidered. 

For 50 rev./min. two sets of data are 
available. The data pertaining to the 
stirrer with blades at 45 deg. are con- 
siderably higher than the data for the 
stirrer with blades at 135 deg. More- 
over this is true for the entire aeration 
rate indicated; however, it is princi- 
pally true for such air rates which 
would not normally be sufficient to 
fluidize an unstirred bed. At air rates 
substantially in excess of those required 
for minimum fluidization the data 
clearly approach each other. This is an 
interesting observation which may per- 
haps permit some insight into the na- 
ture of the power expenditure associ- 
ated with stirred beds. Since the two 
beds are wholly different as far as solids 
flow currents are concerned, it may at 
this stage be inferred that the fact that 
the stirring horsepower requirements 
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Fig. 14. Power requirements for various stirrers and rotational 


approach each other at elevated gas 
flow points to the possibility that inter- 
particle friction forces must now be 
about equal in both beds. Plausible as 
this sounds it cannot be accepted at 
this time without giving simultaneous 
consideration to the state of bed expan- 
sion or, in other words, the average bed 
voidages for the two beds. It must be 
born in mind that the magnitude of the 
frictional forces do somehow depend on 
this quantity. Since in the present meas- 
urements bed heights and hence aver- 
age voidages were unfortunately not 
recorded, the reason for the approach 
of 50 rev./min. stirrer data cannot be 
resolved. 

Stirrer speed is of course a major 
variable as indicated by the data per- 
taining to the stirrer with the 45-deg. 
blade angle. Similarly solids properties 
are an important factor in the horse- 
power requirement. The alumina par- 
ticles, though of considerably higher 
material density, required much _ less 
power for stirring, although the gen- 
eral trend of the curve is strictly anal- 
ogous to the respective sand data. 
Furthermore the particle size was con- 
siderably smaller. With the total par- 
ticle surface area much larger in the 
alumina bed than in the sand bed it is 
indeed surprising to find the stirring 
power requirements so much lower for 
the alumina. However it was noted that 
the alumina particles were of more 
regular shape than the sand particles. 
Furthermore the alumina surface char- 
acteristics were such as to induce flow 
of the solids more freely. From these 
observations it may be concluded that 
surface condition of the bed particles 
are a most important factor in deter- 
mining stirring horsepower require- 
ments. From this it must follow that in- 
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speeds. 


terparticle frictional forces play an im- 
portant role in determining agitation 
power requirements of aerated solids 
beds. 

The average level of the power data 
shown in Figure 14 ranges from ap- 
proximately 0.01 to 0.07 horsepower. 
If the data are extrapolated to a rota- 
tional speed of 3.4 rev./sec. a power 
requirement of about 0.15 horsepower 
would result. The power requirement 
for fluidizing the sand bed initially is 
readily calculated from the 10-in. pres- 
sure drop and the fact that about 2.0 
cu. ft./min. of air are required. The 
calculation indicates that only about 
0.003 horsepower is needed for normal 
fluidization, very considerably less than 
is indicated by the data of Figure 14. 
With a normal fluidizing bed at the 
state of minimum fluidization the col- 
umn of solids is just slightly expanded 
and the particles are virtually almost 
without motion. With the mechanical 
stirrers applied to the bed the particle 
movement was many times faster, giv- 
ing rise to much greater frictional forces 
and kinetic effects and hence calling for 
much larger power requirements. 
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Thermal Transfer in Turbulent Gas Streams: 


Temperature Distribution in Boundary 
Flows About Spheres 


L. N. BATHISH and B. H. SAGE 


California Institute of Technology, Pasadena, California 


A knowledge of the temperature distribution about bodies of revolution, and more particularly 
about spheres, is of interest in connection with many problems associated with thermal and 
material transport. The present investigation involved measurements of the temperature dis- 
tribution in the boundary flows about a 0.5-in. porous sphere and 0.5-in. and 1.0-in. silver spheres. 
The measurements were made in an air stream at velocities between 4 and 32 ft./sec. under 
conditions of shear flow, as well as at various positions in the wake of a perforated grid. From 
these measurements the thickness of the thermal boundary layer was established as a function 
of polar angle and conditions of flow. The experimental data were correlated upon the assumption 
that the normalized temperature in the boundary flow is a single-valued function of the position 
in the thermal boundary layer. It appeared that this simple assumption described the experimental 
data within the uncertainties of measurement and that the Blasius function provided a reasonable 
description of the relationship of the normalized temperature to the relative position in the 


thermal boundary layer. 


The gross thermal transport to 
spheres has been the subject of many 
experimental studies. Much of the older 
work was summarized ably by Mc- 
Adams (16). Experimental studies 
have been made by Tang (23) and 
Johnstone (13), and more recently 
Sato (18) and Brown (2) investigated 
experimentally the thermal and mate- 
rial transfer from spheres in turbulent 
air streams. These data all indicate a 
marked influence of the apparent level 
of turbulence upon thermal and mate- 
rial transport. It appears that the in- 
fluence of apparent level of turbulence 
is more pronounced in the case of 
combined thermal and material trans- 
port than in the case of thermal trans- 
port alone (2). 

Local thermal transport from spheres 
has been investigated to a much more 
limited extent. The measurements of 
Cary (4), Lautman (15), Xenakis 
(25), and Wadsworth (24) have been 
supplemented by the work of Hsu 
(11) and Short (20), who established 
the local thermal transport by measure- 
ment of the temperature gradients in 
the air stream surrounding a sphere. 

A review of the theoretical investi- 
gations of thermal transport in the 
three-dimensional boundary flows en- 
countered around spheres was made 
by Hsu (11). Sibulkin (22), Korobkin 
(14), Fréssling (10), Eckert (9), and 
Drake (8) have all contributed to an 
understanding of the prediction of the 
local thermal transport around spheres. 
Each approach appears however to be 
subject to limiting assumptions and can 
be considered only an approximation 
for prediction of the local thermal 
transport. For this reason further in- 
formation concerning the temperature 
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distribution in boundary flows appeared 
worthwhile. 

The present experimental program 
was undertaken for the purpose of 
evaluating the temperature distribution 
around spheres. The study involved 
evaluation from experimental data of 
the thermal boundary-layer thickness 
as a function of polar angle, level of 
turbulence, and Reynolds number. An 
earlier study (11) presented limited 
experimental information covering ma- 
croscopic and local transport from 
spheres and also attempted to relate 
the temperature distribution in the 
boundary flows to the thermal bound- 
ary-layer thickness. The present study 
involves a marked extension of the 
earlier experimental work, and_ the 
methods and _ techniques employed 
were refinements of those used earlier. 
Experimental data were obtained upon 
both a 0.5- and 1.0-in. silver sphere 
and a 0.5-in. porous ceramic sphere in 
an air stream at velocities up to 32 ft./ 
sec. Measurements for the silver sphere 
relate to thermal transport only. 
Studies with the porous sphere in- 
volved the evaporation of n-heptane 
into an air stream and relate to both 
thermal and material transport. 


METHODS AND EQUIPMENT 


Descriptions of the spheres (2, 11, 18) 
and of the air supply equipment (12) are 
available. The transverse level of turbu- 
lence in the undisturbed air stream was 
approximately 0.013 root-mean-square 
fluctuating velocity relative to the average 
velocity of the stream. The level of tur- 
bulence was varied by introducing a per- 
forated plate to the air stream and carry- 
ing out measurements at several distances 
downstream from the plate (18). The 
plate was provided with 0.875-in. holes on 
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l-in. centers. The longitudinal turbulence 
in the wake, which was estimated from 
the measurements of Davis (6, 7), has 
been presented (18, 20) and is not in- 
cluded here. Because of uncertainties in 
the direct applicability of Davis’ data the 
results of this study are presented for dis- 
tances downstream from the perforated 
plate. In addition the apparent level of 
turbulence is indicated. 

The temperature distribution around 
the sphere suspended in an air stream was 
determined by means of horizontal and 
vertical traverses. Nine traverses were usu- 
ally made under each set of conditions. 
Platinum, platinum-rhodium thermocou- 
ples 0.0003 and 0.001 in. in diameter, 
mounted horizontally, were used. 

The position of the horizontal thermo- 
couple relative to the surface of the sphere 
was known within 0.001 in. The tempera- 
ture of the thermocouple was determined 
within 0.02°F. relative to the international 
platinum scale. Fluctuations in air tem- 
perature in the boundary flows were of the 
order of 0.05°F., except in the wake where 
fluctuations of as much as 0.2°F. were 
encountered as a result of vortex rings 
being shed by the sphere. 

The actual thermocouple junction for 
the thermocouples of both sizes was ap- 
proximately 0.001 in. in diameter. In the 
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Fig. 1. Wire temperature distribution about a 
1.0-in. silver sphere. 
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case of the 0,001-in. thermocouple a rela- 
tively uniform section across the junction 
was obtained. In the case of the 0.0003-in. 
thermocouple an irregular spherical mass 
approximately 0.001 in. in diameter was 
obtained. Efforts to achieve a uniform sec- 
tion with the smaller thermocouple were 
not successful. 

Careful attention has been given to the 
errors introduced in measuring the tem- 
perature of fluids in the boundary flow 
about spheres (21). In certain instances a 
significant difference exists between the 
temperature of the fluid and that of the 
thermocouple junction. Data presently 
available concerning the velocity distribu- 
tion about spheres (10) does not describe 
the local velo. ‘ies adequately enough to 
permit the preaiction of the transfer from 
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Fig. 2. Horizontal temperature traverse near 
a 0.5-in. porous sphere. 


the wire as a function of position in the 
boundary flow (21). Therefore in the pres- 
ent consideration the wire temperature, 
defined in this paper as the temperature of 
the thermocouple junction, was employed 
as representative of the normalized tem- 
perature distribution in the boundary 
flow. Use of the wire temperature is con- 
sidered satisfactory because of agreement 
between the data obtained with the 
0.0003- and the 0.001-in. thermocouples. 
Further, the normalization used here min- 
imizes the influence of differences between 
the temperature of the fluid at a point 
and the temperature registered by the ther- 
mocouple junction when occupying the 
same space. 


ANALYSIS 


The method employed to relate the 
temperature distribution around a 
sphere to the conditions of flow in- 
volved in principle only the normaliza- 
tion of the temperature in the bound- 
ary flow and expression of the radial 
position as a fraction of the thermal 
boundary-layer thickness. The tem- 
perature, as measured by a_thermo- 
couple in the boundary flow, was nor- 
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malized by means of the following 
relation: 
t. ty (1) 
t.— tw, i 


The thermal boundary layer thickness 
was established from 
8; Pwdn (2) 


n=0 


An empirical expression, based on a 
function proposed by Frdssling (10) 
for three-dimensional boundary flow 
about a sphere, was considered as a 
frame of reference: 


n 
=1-f 
(3) 
Values of f,’(7) are available (19). It 
was found that Equation (3) did not 
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Fig. 3. Effect of polar angle upon thickness of 
thermal boundary layer. 


yield as satisfactory agreement with 
the experimental data as was obtained 
with a related empirical expression 
based on the Blasius function for the 
velocity distribution along a flat plate 
(3): 


=1-f (c=) 
(4) 


Values of f’(m) are available (5, 19). 
It is not clear to the authors why the 
frame of reference based on the Blasius 
function proved to be more useful than 
that based on Frossling’s approxima- 
tion of the three-dimensional boundary 
flow about a sphere. Equation (4) in- 
dicates the normalized temperature ‘Pw 
should be a single-valued function of 
the relative position in the thermal 
boundary layer n/8,. Such behavior is 
predicted to a first-order approxima- 
tion by the integral solution to the 
boundary flow (17). 

In reducing the experimental data 
the standard error of estimate was used 
as a measure of the deviation of the 
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experimental data from the smoothed 
curves or smoothed tabular data: 


| ( w) er. ( w)e=1.75]° 
(5) 
In addition the average deviations both 


with and without regard to sign were 
employed: 


N-1 


N (6) 


v N (7) 


The Reynolds number was evaluated 


from 
dU, 
= (8) 


Vo 


1000 2000 3000 4000 5000 6000 7 
REYNOLDS NUMBER 


Fig. 4. Normalized thickness of thermal bound- 
ary layer at stagnation as a function of Rey- 
nolds number. 


The foregoing definitions are in accord 
with standard practice. They are in- 
cluded only to make certain the mean- 
ing of the terms employed. 


EXPERIMENTAL RESULTS 


The present investigation involved 
fifteen tests with a 0.5-in. silver sphere, 
eighteen tests with a 0.5-in. porous 
sphere, and ten tests with a 1.0-in. sil- 
ver sphere. The experimental condi- 
tions relating to the tests are available 
in tabular form (1). The conditions 
include gross air velocities of 4, 8, 16, 
and 32 ft./sec. and apparent turbu- 
lence levels, as established from the 
measurements of Davis (6, 7), between 
0.013 and 0.15. The temperature of 
the air stream was approximately 
100°F. The air-stream pressure and 
humidity is given in the tabular mate- 
rial for each test. For most of the tests 
the number of experimental points in- 
volved was between 50 and 90. 

Figure 1 shows a typical distribution 
of wire temperature around the 1.0-in. 
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Fig. 5. Comparison of normalized wire temperature in boundary 
flow with predicted values for a 0.5-in. porous sphere. 


silver sphere. The local thermal trans- 
port as determined from the tempera- 
ture gradient at the surface of the 
sphere is included in the figure. The 
detail with which the experimental 
data were obtained is illustrated by the 
traverse shown in Figure 2. It was 
necessary to correct the horizontal tra- 
verses to corresponding radial traverses 
at the same polar angle. Usually eight 
horizontal traverses, such as the one il- 
lustrated in F igure 2, and one vertical 
traverse at stagnation were made for 
each set of flow conditions investigated. 
The experimental information relat- 
ing to the traverse shown in Figure 2 
is available in a table (1) which gives 
the horizontal distance from the sphere, 
the corresponding radial distance, the 
wire temperature, the normalized wire 
temperature, and the relative position 
in the thermal boundary layer. The 
thermal boundary-layer thickness as 
evaluated by the graphical solution in 
Equation (2) was 0.000476 ft. (1). 
All the experimental data, of which 
the data relating to Figure 2 are an 
example, were smoothed with respect 
to Reynolds number, apparent level of 
turbulence, and polar angle. The re- 
sults of the smoothing operation are 
recorded in tabular material (1) which 
gives the thermal boundary-layer thick- 
ness as a function of Reynolds number 
and apparent turbulence level for polar 
angles of 0, 30, 60, and 90 deg., meas- 
ured from the stagnation point. All the 
values of thermal boundary-layer thick- 
ness reported (1) are based upon 
measurements obtained with the 
(.0003-in. platinum, platinum-rhodium 
thermocouples. The standard error of 
estimate of the experimental data from 
the smoothed data is 0.1089 x 10° ft. 
for the 0.5-in. silver sphere, 0.0266 x 
10° ft. for the 0.5-in. porous sphere, 
and 0.0484 x 10° ft. for the 1.0-in. 
silver sphere (1). In arriving at the 
standard error of estimate it was as- 
sumed that all the uncertainty lay in 
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the thermal boundary-layer thickness 
and none in the polar angle or condi- 
tions of flow. 

Figure 3 shows the thickness of the 
thermal boundary layer as a function 
of polar angle for four conditions of 
flow. Data for each of the three spheres 
are included. The much greater bound- 
ary-layer thickness for the 1.0-in. silver 
sphere is clearly evident. With this 
sphere the thermal boundary-layer 
thickness decreases slightly, with in- 
crease in polar angle, to a minimum at 
approximately 45 deg. It then increases 
rapidly. As would be expected a sig- 
nificant decrease in boundary- -layer 
thickness occurs with increase in veloc- 
ity for both the 0.5- and 1.0-in. spheres. 


Furthermore at comparable velocities 
the boundary-layer thickness for the 
0.5-in. silver sphere is much smaller 
than for the 1.0-in. sphere. 

The data of Figure 3 were general- 
ized, on the basis of a simple lineariza- 
tion with respect to the sphere diame- 
ter, for the thickness of the thermal 
boundary layer at stagnation, and the 
results are shown in Figure 4. The 
thermal boundary-layer thickness at 
stagnation appears distinctly smaller 
when both thermal and material trans- 
port are involved than when thermal 
transport alone occurs. It is not surpris- 
ing that the effect of apparent level of 
turbulence differs in the case of the 
1.0- and the 0.5-in. silver sphere. The 
scale of the turbulence induced by the 
grid is the same in the two cases, and 
it is entirely probable that the effects 
on the different sized spheres are dif- 
ferent. In any event it appears that at 
the high Reynolds numbers the stag- 
nation boundary-layer thickness is 
greater for situations involving a higher 
apparent level of turbulence. In the 
case of the 0.5-in. silver sphere this 
appears to apply at all the Reynolds 
numbers investigated. In the case of 
the 1.0-in. sphere it applies only at 
Reynolds numbers above 5,000. It 
should be remembered that for the 
0.5-in. silver sphere a Reynolds num- 
ber of 2,500 corresponds to the same 
actual velocity of the approaching 
stream as a Reynolds number of 5,000 
for the 1.0-in. sphere. The reason that 
the stagnation boundary-layer thickness 
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Fig. 7. Normalized wire temperature in boundary flow for a 
0.5-in. silver sphere. 


for the porous sphere, involving both 
material and thermal transfer, is 
smaller at the higher apparent level of 
turbulence than at the lower, at Reyn- 
olds numbers at least up to 5,000, is 
not clear. This behavior is contrary to 
the behavior with the 0.5-in. silver 
sphere. 

If it is assumed that Equation (4) is 
applicable, it follows that the normal- 


ized wire temperature, or temperature 
ratio, should be a single-valued func- 
tion of the relative position in the 
thermal boundary layer n/6,. All the 
experimental data were smoothed upon 
this assumption, and the standard er- 
rors of estimate and average deviations 
of the smoothed data are available (1). 
In evaluating the standard errors of 
estimate and average deviations it was 
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Fig. 8. Normalized wire temperature distribution for 0.5-in. 
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assumed that all the uncertainty was in 
the normalized temperature and’ none 
in the relative position in the thermal 
boundary layer. All the data for a 
single sphere were treated, by neces- 
sity, as deviating from a_ single 
smoothed curve. 

Figure 5 shows the predictions from 
the function shown in Equation (3) 
for a body of revolution and from the 
function in Equation (4) for a flat 
plate in comparison with experimental 
data for one set of conditions. It is ap- 
parent that the functional relation for 
a flat plate given in Equation (4) is 
much more applicable than that for a 
body of revolution. This was true for 
all the data. Furthermore use of a 
value of the coefficient C of 1.75 
yielded reasonable agreement with the 
experimental data. Table | records the 
predicted normalized wire temperature 
based upon Equation (4), with a value 
of the coefficient C of 1.75, as a func- 
tion of relative position in the thermal 
boundary layer. For comparison the 
experimental values for the three 
spheres are included. The standard 
deviation and the average error with 
and without regard to sign are included 
for each sphere. Figure 6 depicts the 
effect of relative position in the thermal 
boundary layer upon the normalized 
wire temperatures obtained in the 
boundary flows of the 0.5-in. porous 
sphere. The influence of polar angle is 
indicated. These data show little sys- 
tematic variation with conditions of 
flow. Similarly Figure 7 shows the nor- 
malized wire temperature as a function 
of relative position in the thermal 
boundary layer for the 0.5-in. silver 
sphere. Again there is little systematic 
variation with conditions of flow. The 
experimental conditions chosen for il- 
lustration are typical of those en- 
countered in this study. 

Figure 8 presents a comparison for 
the three spheres of the normalized 
wire temperatures as a function of rela- 
tive position in the thermal boundary 
layer. There is little to choose between 
the several sets of data. In Figures 6, 7, 
and 8 the curves corresponding to the 
functional relationships shown in Equa- 
tion (4) with values of the coefficient 
C of 1.60, 1.75, and 1.90 are included. 
The information in these figures, to- 
gether with the data presented in Fig- 
ure 5, illustrates that the simple func- 
tional relation set forth by Equation 
(4) permits a reasonable description 
of the temperature variations in the 
boundary flows about a sphere, as long 
as information concerning the thermal 
boundary-layer thickness is available. 
At the present time it is not entirely 
clear what the influence is of the 
several variables “upon the thermal 
boundary-layer thickness which is de- 
picted in Figures 3 and 4. In any event 
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TABLE 1, NORMALIZED WIRE TEMPERATURES AS A FUNCTION 
OF POsrrION IN THERMAL BOUNDARY LAYER 


Porous‘ 


Posi- sphere 
tion Predicted* 0.5 in. 

0 1.000 1.0000 
0.05 0.972 0.9748 
0.10 0.940 0.9428 
0.15 0.914 0.9168 
0.20 0.882 0.8848 
0.25 0.854 0.8568 
0.30 0.822 0.8248 
0.35 0.797 0.7998 
0.40 0.767 0.7698 
0.45 0.738 0.7408 
0.50 0.711 0.7138 
0.60 0.654 0.6568 
0.70 0.598 0.6008 
0.80 0.524 0.5268 
0.90 0.490 0.4928 
1.00 0.440 0.4428 
1.50 0.220 0.2228 
2.00 0.088 0.0908 
2.50 0.026 0.0288 
3.00 0.004 0.0068 


Standard Error of Estimate = 0.0380 
Average Deviation (sign) = 0.0028 
Average Deviation (no sign) = 0.0282 


« Based upon Equation (4) with a value of C of 1.75. 


> Measured with 0.0003-in. thermocouple. 


© Boundary flow involves both thermal and material transfer. 


4 Boundary flow involves thermal transfer only. 


there appears to be little need to in- 
vestigate in detail the form of the 
thermal boundary layer, since the rela- 
tively simple prediction set forth by 
Equation (4) appears to be a reasona- 


Experimental” 
Silver* Silver" 
sphere sphere 
0.5 in. 1.0 in. 
1.0000 1.0000 
0.9697 0.9771 
0.9377 0.9451 
0.9117 0.9191 
0.8797 0.8871 
0.8517 0.8591 
0.8197 0.8271 
0.7947 0.8021 
0.7647 0.7721 
0.7357 0.7431 
0.7087 0.7161 
0.6517 0.6591 
0.5957 0.6031 
0.5217 0.5291 
0.4877 0.4951 
0.4377 0.4451 
0.2177 0.2251 
0.0857 0.0931 
0.0237 0.0311 
0.0017 0.0091 
0.0241 0.0262 

—0.0023 0.0051 
0.0181 0.0201 
= = average deviation in normal- 
¥ ized temperature, without re- 
gard to sign, defined in Equa- 
tion (7) 
t = temperature, °F. 
ble description of the behavior. U = velocity, ft./sec. 
x, = = coordinate axes with origin 
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NOTATION 

C = coefficient 

d = differential operator 

d = diameter of sphere, in. or ft. 

= Blasius function 

fi = Fréssling function 

N = number of experimental 
points 

Nee, = free stream Reynolds num- 
ber, defined in Equation (8) 

n = distance normal to surface of 


the sphere, in. or ft. 


q = local thermal _ transport, 
B.t.u./ (sq.ft.) (sec. ) 

S = average deviation in normal- 

se ized temperature, defined in 


Equation (6) 
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at center of sphere, in. or ft. 


Greek Letters 


a, = apparent level of turbulence 
(fractional ) 

5, = thermal boundary layer thick- 
ness, ft. 

n = Blasius parameter 

v = kinematic viscosity, sq.ft./ 
sec. 

ee. = standard error of estimate of 


a normalized temperature de- 
fined in Equation (5) 

Df = normalized temperature 

v = polar angle, measured from 
stagnation point, deg. 


Subscripts 

€ = coefficient 

e = experimental 

i = solid-gas interface 
Ww = thermocouple wire 
2 = free stream 
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The Acceleration of the Surface of a Falling Film 


Scriven and Pigford (2) estimated 
the acceleration of the surface of 
a liquid film emerging from the feed 
slot of a wetted-wall column and the 
effect on the rate of gas absorption of 
the shifting velocity profile within the 
film. The authors considered the case 
of a relatively wide, horizontal slot 
feeding a vertical column. They as- 
sumed that the acceleration of the sur- 
face layer of the film was due only to 
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gravity, neglecting the effects of sur- 
face tension and momentum transfer 
within the film. They then generalized 
their conclusions to cover all types of 
wetted-wall columns. It will be shown 
below that their results represent only 
an extreme limit, even for the special 
case which they treated. For the case 
of a column of the type described in 
reference 1, in which the slot width is 
of the same order as the steady state 
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film thickness and in which the slot is 
also vertical, data obtained in a model 
study indicate that the acceleration of 
the surface of the film takes place in a 
distance about an order of magnitude 
smaller than would be estimated from 
the authors’ equation. 

The sketch in Figure | indicates the 
generalized problem on which the 
model study was based. The fluid is in 
full parabolic (laminar) flow at the 
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Fig. 1. Change in velocity profile of a laminar 
film emerging from between parallel plates 
into an open channel. 


slot exit. In the region of interest the 
velocity distribution is changing to the 
half-parabolic distribution of laminar 
flow in an open channel. The surface 
layer is clearly being accelerated by 
the fluid under it. A force balance in 
the direction of flow on an element of 
volume yields 

Or oP D 

SP ax Dé pu ( ) 
Outside the immediate vicinity of the 
slot exit dP/dx is negligible. Further- 
more from the definition of kinematic 
viscosity 


(2) 


so that at steady state Equation (1) 
becomes 
ou ou du 


ay 


g sin 


Equation (3) can be put in dimension- 
less form by making the following sub- 
stitutions: 


x ud 
LetX =— U=— 
8 
§ 


r, 
Re = —— (Reynolds number for 
open channel) 


The value of § is found by solving 
Equation (3) with the right-hand side 
equal to zero: 


gsingd 


5 (4) 


Substitution of this value in Equation 
(3) gives 


4 dU 
Re oY” ox oY 
(5) 


The equation of continuity for two- 
dimensional, incompressible flow is 


+—=0 (6) 
so that 
V=-— — dY 


Substituting (7) and (5) and rear- 
ranging One gets 


aU 
4 (s = 
ay" 


(* 
0 

Re 


Equation (8) predicts that the velocity 
profile at any point downstream from 
the slot exit will depend only on X, Re, 
and the velocity profile at the slot exit. 
For the case described above the third 
parameter can be characterized by the 
ratio of the slot spacing to the equilib- 
rium film thickness, 

In the model study, the slot spacing 
was 2.57 mm., the width of the flow 
channel was 99.4 mm., and the ap- 
paratus was inclined 6.00 deg. to the 
horizontal. The fluid flowed 100 mm. 
between the parallel plates before 
emerging into the open channel. The 
fluid used was a mixture of about 50% 
glycerine in water, the viscosity of 
which had been determined as a func- 
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Fig. 2. Change in velocity of the surface of a laminar film emerging from 
between parallel plates into an open channel. 
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Fig. 3. Velocity changes in a faliing film fed 
by a horizontal slot. 


tion of temperature. The fluid flow was 
metered with a gear pump. Lycopo- 
deum powder was sprinkled on the 
surface of the liquid where it emerged 
from the slot. The spots of powder 
were then photographed by the light 
of a stroboscope which flashed 79.5 
times/sec. + 1%, and gave an average 


of six exposures per picture. The six 


successive values of x for a given spot 
of powder were plotted against a time 
scale with an arbitrary zero point. The 
slopes taken from the curves so ob- 
tained are plotted as the ratio of u, to 
3r,/2 vs. X/Re in Figure 2. The scat- 
ter of the data indicates the precision 
of the work. The closeness of approach 
of the points at high values of X/Re to 
unity indicates the accuracy. The ap- 
proximation of Scriven and_ Pigford 
(2) is also shown. 

At Re = 647, the value of 8 calcu- 
lated from Equation (4) was just equal 
to the slot spacing. Thus the average 
velocity of the liquid within the slot 
is the same as that in the open channel. 
In the case of Re = 811, 8/5 = 0.92; 
that is the film is thicker in the open 
channel, and hence the average veloc- 
ity in the slot is higher than in the open 
channel. For Re = 387, 8/8 = 1.19, 
and these conditions are reversed. 
These differences in average velocities 
would seem to be the reason for the 
differences in the rate of acceleration 
of the surace of the film. 

From Figure 2 it is seen that the 
distance in which the film accelerates 
to 90% of its steady state velocity is 
about 13 6 for Re 647. A graphical in- 
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tegration of the solid curve drawn 
through these points can be made to 
estimate the actual contact time of the 
surface elements of the film. At Re 647 
the additional contact time is equiva- 
lent to the time in which the film sur- 
face could travel an additional distance 
of 6 6 at the steady state velocity u,. 
As is mentioned below, however, the 
authors have shown that the effect on 
gas absorption is even less than would 
be estimated on the basis of the addi- 
tional contact time alone. 

The flow situation treated by the 
authors is shown schematically in Fig- 
ure 3. They assumed that since the 
liquid within the slot has no vertical 
component of velocity, the only force 
producing acceleration of the film down 
the wetted wall would be the force of 
gravity. This assumption is not even ap- 
proximately correct; the assumption of 
zero velocity across the A-C plane 
would require an infinite film thickness 
at that point. Indeed a consideration of 
the forces acting within the film shows 
that the film thickness at A-C will 
generally be equal to or less than the 
slot spacing as long as 8 is greater than 
the steady state film thickness. 

Equation (1) is valid for this flow 
situation if the appropriate coordinate 
system is used. However because of the 
curvature of the liquid surface the 
pressure of the liquid in the region A- 
B-C is still above atmospheric, and the 
pressure term in the equation cannot 
be neglected. Furthermore as in the 
case above the liquid layer on the sur- 
face is accelerated by the faster-flowing 
liquid within the film as soon as it 
emerges from the slot. Thus the surface 
of the film is caused to accelerate not 
only by the action of gravity but also 
by the effect of surface tension and by 
momentum transfer within the film. 

A numerical example will serve to 
illustrate the order of magnitude of 
some of the quantities involved. The 
authors’ calculations were based on a 
column of the type used by Vivian and 
Peaceman (3) in which a typical slot 
width was 1.38 mm. (Vivian and Peace- 
man actually used slots which sloped 
either up or down at about a 45-deg. 
angle, but this does not affect the basic 
argument presented here.) Consider a 
liquid flow rate of 25 cc./cm.-sec. of a 
fluid having a kinematic viscosity of 
0.01 sq. em./sec. and a surface tension 
of 75 dynes/cm. This corresponds to a 
Reynolds number of 1,000 on the col- 
umn and would produce a film thick- 
ness of about 0.42 mm. and an average 
velocity of about 60 cm./sec. for the 
film at steady state. The pressure due 
to surface tension in a cylinder of fluid 
is equal to the surface tension divided 
by the radius of curvature. This pres- 
sure exerted over the area of the slot 
provides the force necessary to change 


Vol. 6, No. 4 


the momentum of the stream from the 
horizontal to the vertical direction. The 
change in horizontal momentum in 
going from A-B to A-C is approxi- 
mately 1.2pu*,,, that is 480 dynes/sq. 
cm. for this example. If the radius of 
curvature of the film were just equal 
to the slot width, the pressure in the 
region A-B-C would be about 580 
dynes/sq. cm. above atmospheric. 
Since this pressure is more than enough 
to produce a vertical momentum at 
A-C equal to the horizontal momentum 
at A-B, it follows that the radius of 
curvature of the film will actually be 
somewhat greater than 8 and the film 
thickness at A-C will be somewhat less. 
(Since the film below A-C can only be 
getting thinner, the center of the radius 
of curvature must lie in the plane A-C 
or above it.) 

The authors derived equations show- 
ing how the acceleration of the film at 
the inlet end of a wetted-wall column 
results in a lowered rate of absorption. 
Their equations consider not only the 
greater residence time of the surface 
of the film in this region but also the 
effect of the stretching of the film as 
it accelerates. That these two effects 
tend to be mutually compensating is 
apparent from the results obtained by 
the authors for a 4-cm. column at Re 
1,000. They calculate a rate of absorp- 
tion of about 84% of the rate which 
would obtain with instantaneous ac- 
celeration of the film. They calculate 
that the film will be accelerating over 
the entire length of the column, and 
the calculated contact time of an ele- 
ment of film surface is about twice 
what it would be with rapid accelera- 
tion. Based on contact time alone the 
calculated rate would have been only 
about 70% of the rate with rapid ac- 
celeration. 

On the basis of the model study and 
the semiquantitative discussion pre- 
sented above it appears that the 
authors’ estimate of the distance over 
which the acceleration of the film takes 
place is five to ten times too great. It 
would thus seem likely that the effect 
of the acceleration would be noticeable 
only on columns shorter than 1 cm. 
This conclusion is in agreement with 
the work of Vivian and Peaceman (3), 
who found no effect of slot width or 
slot orientation in a column 4.2 cm. 
long. Of more importance under most 
circumstances in this range of column 
heights is the outlet end effect men- 
tioned in reference 1. This effect is the 
formation of a stagnant layer on the 
lower part of the falling film, which 
acts as an effective barrier to gas ab- 
sorption. 


ACKNOWLEDGMENT 


The experimental work presented here 
was done in 1954 at the Laboratorium 


A.1.Ch.E. Journal 


voor Fysische Technologie, Technische 
Hogeschool, Delft, Netherlands, under the 
direction of Professor H. Kramers. Peter 
Croockewit assisted with the experiments. 


NOTATION 

g = acceleration due to gravity, 
cm./sec.” 

P = pressure, dynes/sq. cm. 

u = velocity in x direction, cm./ 
sec. 

u, = velocity of surface in x direc- 
tion, cm./sec. 

v = velocity in y direction, cm./ 
sec. 

x = distance in direction of flow, 
cm. 

y = distance normal to direction 


of flow, cm. 


Greek Letters 


lr. = volumetric flow rate, cc./cm.- 
sec. 

8 = film, thickness, cm. 

8 = slot width, cm. 

0 = time, sec. 

v = kinematic viscosity, sq. cm./ 
sec. 

p = fluid density, gm./cc. 

tr = shear, dynes/sq. cm. 

¢ = angle of inclination of flow 


channel to horizontal 
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Dear Editor: 


It has come to my attention that Dr. 
Joseph Joffe has published a figure re- 
lating minimum compressibility factor 
to reduced temperature. 

Our note on page 171 of the March, 
1960, issue of the A.I.Ch.E. Journal, 
in which we utilized the relationships 
of minimum compressibility factor to 
reduced temperature and pressure, 
should have given credit to Dr. Joffe 
for his earlier work with this relation- 
ship: Joffe, Joseph, Chem. Eng. Progr., 
45, 160 (1949). 


Very truly yours, 


L. C. Case and 
H. C. Weber 
Purdue University 
Lafayette, Indiana 
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Mass Transfer in Condensation 


In an investigation of the film con- 
densation of methanol in the presence 
of small quantities of air Baer and 
McKelvey (1) measured heat transfer 
rates lower than the theoretical Nus- 
selt values. They stated that the data 
could not be explained satisfactorily on 
the basis of a diffusion controlled re- 
sistance to mass transfer. The explana- 
tion was presented that, under the 
conditions of the experiments, the in- 
terfacial resistance to mass transfer was 
controlling. 

However Harriott (2) has shown 
that these data can be correlated with 
a diffusion equation if one makes the 
assumption that the interfacial resist- 
ance to mass transfer is negligible and 
that k, is a constant. The purpose of 
this note is to present a more complete 
analysis of the original data to show 
that the experimental data are clearly 
incompatible with a diffusion con- 
trolled resistance to mass transfer. 

The experimental data for runs I 
through V are shown in Table 1. In 
these runs the partial pressure of the 
air was constant, but the total pressure 
was varied. The measured quantities 
are AT, and 

Since the thickness and the thermal 
conductivity of the condenser plates 
are known, the heat flux is calculated 
directly from the AT, values. The rate 
of mass transfer is then calculated by 
dividing the heat flux by the latent 
heat of vaporization of methanol. Mass 
transfer rates are shown in the third 
column of the table. 

AP is defined as (P,—P,). There- 


fore 


If the pressures P, and P, are related 
to temperatures T, and T, through the 
Clusius-Clapyron equation, and if 
T,.T, ~ T’,, one obtains 

AP 
— = ] — e—AMAT./RT*% (2) 


where 
aT, = (T,—T,). 
If AT, represents the temperature 
drop across the condensate film, then 
AT, = AT,— AT; (3) 


Since the heat flux is known, values of 
AT, can be calculated directly with the 
Nusselt equation. Values of (AP/P,) 
can then be calculated with Equation 
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(2). They are shown in the last col- 
umn of Table 1. 

Figure 1 is a plot of the data. The 
mass transfer rate is plotted against 
the dimensionless quantity (AP/P,). 
The points fall on straight lines with 
the possible exception of run V, where 
there appears to be a slight bending of 
the curve. 

A test of the diffusion mechanism is 
provided by analyzing the effect of air 
on the mass transfer rate. Consider, for 
example, runs II and V when AP/P, = 
0.06. With 0.9% air the mass transfer 
rate is about 7 times greater than 
when 1.8% air is present. 

For a diffusion controlled process 
the increase in the rate of mass transfer 
can be calculated. The process to be 


JAMES M. McKELVEY 


Washington University, Saint Louis, Missouri 
considered is the steady state unidirec- 
tional diffusion of methanol vapor 


through air. The rate is given by the 
equation 


r 


MDF | P,.—P, (1—x) | 
= n 
RTAz xP, 
(4) 
Since (x << 1), Equation (4) can be 
written 


(5) 


MDP AP 
r ] | | 


= —— In 
RT Az xP, 


The effect of temperature and pressure 
on Az can be estimated by using the 
standard correlations (3) for natural 
convection heat transfer. The result is 
that the diffusion rate at 0.9% air is 


TABLE 1 
r xX 10° 
(g./sq. 

AT,(°C.) AT.(°C.) cm.-sec.) AP/P. 
1.21 0.59 0.56 0.0038 Run I 
1.77 0.75 0.71 0.0076 T. = 333°K. 
9.45 1.00 0.94 0.0084 P = 0.82 atm. 
3.10 1.19 1.12 0.0107 x = 0.008 
3.84 1.60 1.51 — 
4.12 1.48 1.40 0.0134 
1.48 0.53 0.49 0.0203 Run II 
1.95 0.64 0.59 0.0283 T. = 330°K. 
2.23 0.73 0.67 0.0278 P = 0.73 atm. 
2.95 0.88 0.81 0.0418 x = 0.009 
4.30 1.23 1.14 0.0532 
5.70 1.56 1.44 0.0650 
1.70 0.40 0.37 0.0395 Run III 
2.07 0.47 0.43 0.0476 T. = 327°K. 
2.84 0.64 0.59 0.0604 P = 0.64 atm. 
3.20 0.68 0.63 0.0703 x = 0.010 
3.70 0.78 0.72 0.0785 
4.43 0.91 0.84 0.0920 
6.00 1.19 1.10 0.119 
6.86 1.33 1.23 0.125 
2.26 0.40 0.37 0.065 Run IV 
2.76 0.46 0.44 0.077 T. = 314°K. 
3.56 0.59 0.56 0.094 P = 0.49 atm. 
4.45 0.73 0.67 0.116 x = 0.014 
6.72 1.03 0.96 0.165 
8.25 1.26 1.18 0.191 
9.60 1.44 1.33 0.218 
AT 0.26 0.24 0.076 Run V 
3.00 0.34 0.31 0.102 To = 314°K. 
4.06 0.45 0.41 0.135 P = 0.37 atm. 
6.40 0.70 0.64 0.196 x = 0.018 
7.20 0.78 0.72 0.217 
10.10 1.06 0.97 0.285 
12.00 1.23 LAs 0.327 


Thickness of condenser plate: 0.56 cm. i 
Conductivity of condenser plate: 0.14 cal./cm.-sec.-°C, 
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1.6 times greater than that at 1.8% 
air. It is apparent that some other 
factor than diffusion is involved. 

Now consider the possibility that the 
diffusional process operates in series 
with the interfacial process. In this 
case the resistances are additive and 


R, _ Ra + R; (6) 
Equation (6) can be rearranged to 
give 
R, 1 


(7) 
R, 


The quantities R; and R, are de- 
fined by the equations 


R, = (P* —P,)/r (8) 
R, = (P,—P*)/r (9) 


Equations (7), (8), and (9) can be 
combined to eliminate r. One obtains 


Ry, P* —P, 


The rate equation for the diffusional 
process can be written 


| P, — P*(1—x) 


T= 
RTAz xP, 


(11) 
which can be rearranged to give 
1 — xe” 
FP. 1—x 
where y = RTAz/MDP. 


Now combining Equations (1), (7), 
(10), and (12) one obtains 


R, x ( ey—] 


In the limit when r- 0 the right 
side of Equation (13) reduces to the 


indeterminate form (0/0). It can be 
evaluated with L’Hospital’s rule: 


) as) 
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which is seen to be the slope of the r 
vs. (AP/P,) curve evaluated at r = 0. 

Equations (13) and (14) would 
enable one to calculate the relative im- 
portance of diffusion, if one knew the 
value of Az. Unfortunately Az values 
are not known, and because of the 
complex shape and flow conditions in 
the apparatus it is unlikely that any- 
thing more than an order-of-magnitude 
estimate of Az can be made. 

The vapor in the apparatus follows a 
path from the surface of the boiling 
liquid, past the condenser plate where 
some of it condenses, and upward to 
the walls of the bell jar which encloses 
the apparatus where more of it con- 
denses. The condensate then drips 
back into the boiling liquid. In a 
sense then the vapor is in a state of 
forced convection, and since the con- 
denser surface is located directly above 
the boiling liquid, it is probable that 
eddies disrupt any steady flow pattern. 
Therefore if one calculates the effective 
film thickness based on correlations for 
natural convection heat transfer, one 
should have an estimate of the maxi- 
mum possible film thickness. 

Now consider for example run V. 
The value of m, is 3 x 10° g./sq.cm.- 
sec. and x = 0.018. The diffusivity of 
methanol vapor under the conditions 
of the run is about 0.48 sq.cm./sec. 
The Nusselt number is estimated to 
be about 7.4 with the correlation 
for natural convection heat transfer to 
short vertical plates used. The charac- 
teristic length was taken as 3.5 cm. 
(the radius of the disk), and AT is 
taken as 10 deg. The substitution of 


A.1.Ch.E. Journal 


these numbers into Equation (14) 
shows that at very low heat flux the 
diffusion process could contribute 12% 
of the total resistance to mass transfer. 

In run V, in which the air content 
was about 1.8%, the heat flux ranged 
from about 700 to 3,500 B.t.u./sq.ft.- 
hr. Previous investigations of conden- 
sation have been carried out at higher 
heat flux. For example Othmer (4) in- 
vestigated the condensation of steam 
containing 1.9% air but with the heat 
flux in the range of 6,000 to 24,000 
B.t.u./sq.ft.-hr. Under these conditions 
it is quite likely that diffusion could be 
the controlling factor for mass transfer. 


NOTATION 

k, |= mass transfer coefficient 

m, =slope of r vs. (AP/P,) curve 
at r = 0 

r = mass transfer rate 

x = mole fraction air in bulk of 
vapor 

D = diffusion coefficient 

M -=nmolecular weight of methanol 

P = total pressure 

P, =partial pressure of methanol 
in bulk of vapor 

BR; = partial pressure of methanol 
at liquid side of interface 

P* = partial pressure of methanol at 
vapor side of interface 

R = gas constant 

R, = total resistance to mass trans- 
fer 

R, = diffusional resistance to mass 
transfer 

R = interfacial resistance to mass 
transfer 

T. |= temperature in bulk of vapor 

T,; = temperature at liquid side of © 
interface 


Greek Letters 


y = quantity defined by Equation 
(12) 

N = latent heat of vaporization of 
methanol 

Az = effective film thickness for dif- 
fusion 

AT, = temperature drop from bulk of 
vapor to condenser plate 

AT, = temperature drop through con- 


denser plate 

AT, = temperature drop through con- 
densate film 

AP = (P,— 

AT, = (T.—T:;) 
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Reply to Professor McKelvey’s Note 


Professor McKelvey’s note shows that 
the diffusion process could contribute 
as much as 12% of the total resistance 
to mass transfer at very low heat flux, 
based on a Nusselt number of 7.4 and 
the limiting slope of the graph for run 
V. However, based on the same Nus- 
selt number and the same equation, 
the ratio of diffusion resistance to total 
resistance would vary from 0.16 to 
0.55 for the individual data points of 
run V. For data points from the other 
four runs this ratio is even higher, and 
the ratio exceeds 1 for several points of 
runs I and II. A ratio of 1 or greater 
means that all the resistance could be 
attributed to diffusion. A ratio greater 
than 1 means that the Nusselt number 
is actually greater than the assumed 
value of 7.4. 

As another way of showing the prob- 
able importance of diffusion, the mass 
transfer coefficients have been calcu- 
lated for typical data from runs I to V, 


with equilibrium assumed at the inter- 
face. The calculated Nusselt numbers 
range from 4 to 40, generally increas- 
ing with the over-all temperature drop. 
The increase could be explained partly 
by the increased density difference and 
partly by the increased flow of vapor 
in the system. The expected Nusselt 
numbers for natural convection would 
be about 5 to 10; the exact values are 
not easily calculated since the lower 
molecular weight at the interface tends 
to offset the effect of the lower tem- 
perature at the interface. The fact that 
the calculated values are about the 
same as those expected for natural con- 
vection is strong evidence that diffu- 
sion is important. Eddy currents in the 
condenser might make the Nusselt 
numbers 2 to 3 times the values for 
natural convection, but it seems un- 
likely that they would be 10 to 20-fold 
higher, as would be required to make 
the diffusion resistance negligible. (To 
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Cornell University, Ithaca, New York 


get a Nusselt number of 100 would re- 

uire a Reynolds number of about 
20,000 either for flow in a pipe or flow 
past a flat plate.) 


Nusselt Numbers for Condensation of 
Methanol with Air Present 
(Data of McKelvey and Baer) 


rX 10°, *Apparent 

g./sq. Nusselt 
Run °C. cm.-sec. number 
la 0.59 0.56 41 
If 1.48 1.40 40 
Ila 0.53 0.49 7 
lif 1.56 1.44 20 
Illa 0.40 0.37 6.5 
Ith 1.33 1:23 13.3 
1Va 0.40 0.37 5.8 
IVg 1.44 1.33 12.9 
Va 0.26 0.24 4.0 
Vd 0.70 0.64 TA 
Ve 1.23 1.13 10.4 


* Based on a length of 6 cm and D = 0.48 
sq. cm./ sec. at 0.37 atm 
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HEAT TRANSFER—CHICAGO, Vol. 55, 
No. 29, 1959. 


Hard-Water Scaling of Finned Tubes 
at Moderate Temperatures, J. G. Knud- 
sen and H. K. McCluer. With the 
increasing use of finned tubes in indus- 
trial heat transfer equipment it is im- 
portant to know their heat transfer 
characteristics. A list of recommended 
fouling coefficients to be used in the 
design of plain-tube exchangers has 
been published; however very little 
information on the behavior of finned 
tubes under scaling conditions has been 
reported. This investigation is con- 
cerned with a study of the rate of 
scaling of transverse finned tubes in a 
double-pipe heat exchanger. The Effect 
of Thermal Cycling of Integral-Finned 
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Duplex Tubes, Edwin H. Young and 
Marvin L. Katz. The effect of thermal 
cycling to 350° and 600°F. on the heat 
transfer performance of duplex inte- 
gral-finned tubes is reported. The pri- 
mary heat transfer variable affected by 
thermal cycling was the bond resistance 
of the tubes. The phenomenon of 
bond resistance is discussed, and an 
apparatus for the measurement of bond 
resistance is described. Curves indicat- 
ing the variation in bond resistance as 
a function of the number of thermal 
cycles for (a) four copper-liner tubes 
cycled to 350°F., (b) ten admiralty- 
liner tubes cycled to 350°F., and (c) 
four admiralty-liner tubes cycled to 
600°F. are presented and discussed. 
The effect of bond resistance on the 
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over-all coefficient of an air cooler is 
indicated. Coefficients for Evaporation 
of Neutral Sulfite Spent Liquors, S. T. 
Han, B. D. Andrews, and W. G. 
Dedert. This paper presents the results 
of an investigation of the evaporation 
of neutral sulfite spend pulping liquor 
in a semicommercial, forced-circulation, 
external heat-exchanger evaporator. A 
series of runs was made at each of four 
conditions simulating quadruple-effect 
operation. The principal variable studied 
at each condition was the liquor veloc- 
ity through the tubes of the heat ex- 
changer. Data are presented on over-all 
heat transfer coefficients, and these are 
analyzed to yield film coefficients on 
both the liquor and the steam sides. 


(Continued on page 4D) 
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Table 3, right, is a corrected version 
of the one published in “Correlating 
Vapor Pressures and Heats of Solution 
for the Ammonium Nitrate-Water Sys- 
tem” by Donald F. Othmer and Ger- 
hard J. Frohlich, A.I.Ch.E. Journal, 6, 
210 (1960). The authors are obliged to 
Stanley J. Porter of the Fisons Fer- 
tilizers Ltd., Bramford, England, for 
pointing out the discrepancies. 

In “A Corresponding States Correla- 
tion for Higher Molecular Weight 
Liquids” by A. Bondi and D. J. Simkin, 
A.I.Ch.E. Journal, 6, 191 (1960), the 
van der Waals volumn Vw of cyclo- 
paraffins was calculated without allow- 
ance for the compression of the mole- 
cule by mutual approach of nonbonded 
methylene groups to closer distances 
than corresponds to the van der Waals 
radius of the carbon atom. Allowance 
for this effect means that one has to 
subtract 1.14 cc./mole from V,, for 
each six (or five) ring in the molecule. 
The corresponding correction for the 
surface area of a mole of molecules A,, 
is —0.57 x 10° sq.cm./ring. The re- 
sulting changes in E° are listed in the 
table at the right. 

Most of the anomalies in the p-v-T 
and surface energy relations of poly- 
cyclic naphthese mentioned in the origi- 
nal article disappear once these correc- 
tions have been made. 
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Phase 


V 

V-IV 
IV 
IV-III 
Ill 
Il 

Il-I 

I 
I-liquid 


Errata 


TABLE 3. ENTHALPIES FOR SOLID AMMONIUM NITRATE DERIVED FROM DATA OF 
REFERENCE 8, 14. (BASE TEMPERATURE O°C.) 


Temperature 


t, 


—60 to --17 


—17 


—17 to +32 


432 


+32 to +83 


483 


+83 to +125 


4125 


+125 to +170 


+170 


Keal./kg.-mole NHiNOs 


—5,043 + 3.10T + 0.0551T° 
110.8 

—5,580 + 9.54T + 0.0398T? 
409.9 

—5,043 + 14.11T + 0.0235T" 
311 

—6,420 4+ 27.22T 

1,027 

—5,393 + 27.22T 

1,460” 


REVISED CORRELATIONS FOR CALCULATING E° or CYCLOPARAFFINS 


One Ring System per Molecule 


Monoalkylcyclohexanes: E° = 6.85 — 0.20 p> 


Ne 


l 
Nel 


a 


1 
Dialkylcyclohexanes: E° = 5.40 + 


b 


1 
Monoalkyl decalins: E° = 9.60 + ~ E° (Pa) 


Polycyclic Naphthenes 


1 
Cyclopentanes: E° = 5.45 R, + 4.30 Re + 1.1 M — 2.25X + < E° (Pz) 


1 
Cyclohexanes: E° = 6.45 R: + 5.00 Re + 1.05 M — 2.25X + ry E° (Pz) 


Condensed cyclic polymethylenes (except those containing endo methylene 
groups): E®° = 1.34 M. + 0.20 T 
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Pot-type 
furnaces 
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Laboratory ovens 


MAXIMUM 500° F. 


FOR LABORATORY 
TESTING 
Sterilizing, temper- 
ing glass, preheat- 
ing plastics—only 
a few of many uses 
for these versatile 
ovens. 
Forced air convec- 
tion allows accu- 
rate automatic 
control of evenly- 
distributed heat. 
Rugged construc- 
tion, ease of opera- 
tion and economy 
—plus practical 
good looks—guar- 
antee a wise in- 
vestment. 
Smallsize overall dimension: 
28” wide, 16” deep, 43%” 
high. Inside dimensions: 20” 
x 16” x 18”; gives option of 
several heats in a single lab- 
oratory. Models available for 
either 110 or 220 vac. 
Write Today for free bulletin 
203-10DV 


Burn-off 


Box H = 
Um | furnaces q\4 Walk-in batch ovens 


DESPATCH OVEN CO. 619 S.E. 8th St., Minneapolis 14, Minn. 


Sterilizers 
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The liquor-side coefficients indicate 
that little boiling occurred in the tubes. 
Description and Experimental Results 
of Two Regenerative Heat Exchangers, 
E. K. Dabora, M. P. Moyle, R. Phillips, 
J. A. Nicholls, and P. L. Jackson. Two 
pebble-type regenerative heat exchang- 
ers capable of operating at pressures 
and temperatures beyond the limits of 
commercially available equipment have 
been designed and constructed by per- 
sonnel of the Aircraft Propulsion Lab- 
oratory. These heat exchangers were 
required to produce stagnation tem- 
peratures of about 2,500°R. at pres- 
sures of about 1,000 Ib./sq.in. in ex- 
periments designed to achieve a stand- 
ing detonation wave. In the initial 
operation the outlet temperature of the 
small (hydrogen) heat exchanger was 
considerably less than anticipated, and 
a theory was therefore developed to 
predict the performance of a regenera- 
tive heat exchanger with heat loss. The 
design and operating characteristics of 
the two heat exchangers are presented 
in this report, and their performance is 
compared with the analysis. The ex- 
perimental results agree with the 
theory. Local Shell-Side Heat Transfer 
Coefficients in the Vicinity of Seg- 
mental Baffles in Tubular Heat Ex- 
changes, M. S. Gurushankariah and 
J. G. Knudsen. Local heat transfer co- 
efficients were studied in detail in the 
central baffle space between two seg- 
mented baffles in a tubular heat ex- 
changer. Two baffle spacings and three 
flow rates were investigated. Average 
over-all Nusselt numbers determined 
from the measured local coefficients 
compare favorable with average Nus- 
selt numbers measured by other work- 
ers. The data are presented in picture 
form, which permitted a schematic 
diagram of the flow pattern in the 
baffle space to be drawn. The results 
indicate the presence of three flow 
zones between two baffles. The longi- 
tudinal-flow zone occurs in the baffle 
windows; the cross- and eddy-flow 
zones occur on the downstream and 
upstream sides of the baffle space re- 
spectively. Heat transfer rates were in 
general higher in the eddy-flow zone. 
The heat transfer rate varies along in- 
dividual tubes from a maximum at the 
baffle to a minimum midway in the 
baffle. The minimum value is one- 
fourth to one-half the ~alue at the 
baffle. Heat Transfer and Pressure Drop 
of Air in Forced Convection Across 
Triangular Pitch Banks of Finned Tubes, 
D. J. Ward and E. H. Young. The 
effects of tube geometry on the heat 
transfer and pressure-drop characteris- 
tics of equilateral-triangular-pitch tube 
barks containing smooth, integral, heli- 
cally finned tubes with air drawn by 
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forced convection in cross flow through 
the banks were studied in seven finned- 
tube banks ranging from four to eight 
rows deep, with air velocities from 200 
to 3,000 ft./min. based on the mini- 
mum cross section of the tube banks. 
The tubes used in the investigation 
ranged from %4 to 2% in. in diameter 
over the fins, with tube spacings equal 
to the nominal fin diameters plus 3/16 
in. for all tube banks. The velocity 
distribution and turbulence of the air 
approaching the tube banks were also 
studied. A single plain tube bank was 
included in the study for comparison 
with previous investigations, and rates 
of heat transfer from individual rows 
of tubes in one tube bank were inves- 
tigated. The air-pressure-drop data 
were compared with a_ relationship 
proposed by Gunter and Shaw. An 
alternate correlation is also presented. 
Heat Transfer and Fluid Friction Dur- 
ing Flow Across Banks of Tubes: VII. 
Bypassing Between Tube Bundle and 
Shell, O. P. Bergelin, K. J. Bell, and 
M. D. Leighton. This paper presents 
information on the flow between the 
outer row of tubes and the shell wall 
in rectangular tube banks. The results 
presented include isothermal, heating, 
and cooling runs in both laminar and 
turbulent regimes for two tube-bank 
geometries with various bank-to-shell 
clearances. The effect of sealing strips 
to block the bypass stream is also 
shown. Methods of generalizing the 
results for commercial exchanger de- 
sign are considered. Forced-Convection, 
Local-Boiling Heat Transfer in Narrow 
Annuli, Louis Bernath and William 
Begell. Heat transfer data in the region 
of fully developed local boiling have 
been collected, analyzed, and corre- 
lated. The results of this analysis per- 
mit the prediction of the wall superheat 
for the range of the variables studied. 
A proposed local boiling film concept 
is shown to agree with experimental 
observations. Performance of Vapor- 
izers: Heat Transfer Analysis of Plant 
Data, Charles H. Gilmour. This paper 
records observed data from several 
vaporizers in a chemical plant and 
shows how the data are analyzed on 
the basis of heat transfer theory to 
establish the mechanism, to determine 
the probable film coefficients, and to 
obtain data on fouling. Heat Transfer 
Rates to Boiling Freon 114 in Vertical 
Copper Tubes, H. L. Foltz and R. G. 
Murray. The prediction of heat flux 
along the length of a tube boiler is a 
problem particularly in the design of 
high-efficiency gas coolers in which 
heat is transferred from the gas to a 
boiling liquid. Heat transfer rates from 
condensing steam to boiling Freon 114 
were measured in vertical copper tubes 
to determine where the assumption of 
uniform heat flux could be safely used 
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and how tube length, tube diameter, 
flow rates, pressure, and temperature 
difference affected uniformity. The Pre- 
diction of Surface Temperatures at 
Incipient Boiling, S. G. Bankoff. Super- 
heat required for bubble nucleation 
with respect to surface conditions is 
considered. It is shown that cavity 
type of surfaces may require relatively 
low superheats which are determined 
by the cavity dimensions but that 
grooves, which’ are the more common 
type of primary roughness element, are 
ineffective vapor traps unless very 
poorly wetted or steep walled. An ap- 
proximate theory derived for predicting 
superheats required for initiation of 
ebullition at low pressures, based on a 
limiting real solution of the equations 
for the rate of penetration of the liquid 
into the capillary roughness element. 
A semiempirical expression for mini- 
mum superheat at elevated pressures 
is given. Agreement is shown with the 
literature within the experimental un- 
certainties involved. These observations 
should also be pertinent to cavitation 
phenomena. Bubble Growth Rates in 
Highly Subcooled Nucleate Boiling, 
S. G. Bankoff and R. D. Mikesell. By 
comparison of the Rayleigh solution 
for bubble growth and collapse with 
experimental data, it is found that the 
pressure of the vapor within bubbles 
arising in very subcooled nucleate boil- 
ing is less by a small, fairly constant 
amount than the pressure at a great 
distance. The effect is the same as if 
the bubble surroundings were imparted 
an initial impulse while the minute 
bubble was still entirely within the 
laminar-wall layer. The kinetic energy 
imparted by this initial impulse and the 
restricting pressure difference determine 
the bubble trajectory. These parameters 
are computed for Gunther’s data. It is 
then postulated that the heat flux from 
the portion of the bubble projecting 
into the turbulently-flowing core de- 
pends primarily upon turbulent and 
convective heat flow rather than lami- 
nar heat conduction and hence is rela- 
tively constant during the bubble life- 
time. The proposed mechanism gives 
qualitative agreement with the ob- 
served trends. It is suggested that 
latent heat transport may be an im- 
portant mode of heat transfer in sub- 
cooled nucleate boiling. The Effects of 
Superimposed Forced and Free Con- 
vection on Heat Transfer and Pressure 
Drop in a Horizontal Rectangular Duct, 
M. Altman and F. W. Staub. Average 
and local heat transfer coefficients and 
flow friction data are reported. Varia- 
bles include a range of Grashof and 
Reynolds numbers based on equivalent 
duct diameter. Axial wall temperature 
distributions, duct position, and inlet 
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ences are abundant; they are one of its 
valuable features. Mention is made of 
complete bibliographies which are made 
available by the IUPAC Commission on 
High Temperatures and Refractories. 
The book gives a broad survey in con- 
siderable depth of the modern high tem- 
perature field. It will be of most interest 
to those wishing to keep abreast of the 
progress and direction in this field. 


John R. Bartlit 


Principles of Unit Operations, A. S. Foust, 
L. A. Wenzel, C. W. Clump, L. Maus, and 
L. B. Andersen. John Wiley and Sons, Inc., 
New York (1960). 578 pages. $15.00. 


In this text the unit operations of chemi- 
cal engineering are presented in unified 
groups related by identical basic principles. 
The general approach employed empha- 
sizes the scientific laws upon which the 
operations are based; the arrangement 
certainly appears to give the student a 
much greater opportunity to understand 
this basis than did the previous classical 
approach to unit operations. 

Topics are divided into three major 
sections: Part I dealing with those opera- 
tions which are equilibrium controlled 
processes, Part II dealing with rate de- 
pendent processes, and Part III which ap- 
plies the principles of equilibrium and 
rate processes to the design of equipment 
for various unit operations. 

It would seem that the text represents, 
to a certain extent, a compromise between 


the classical concept of unit operations 
and the more recently developed transport 
process considerations. In effect the latter 
two sections of the book serve as texts in 
both areas; Part II could serve as a text 
for the study of transport processes alone, 
while Part III is an extensive consideration 
of unit operations and design calculations 
along more or less traditional lines. 

The subject matter included in this uni- 
fied approach is extensive. Of particular 
interest is the treatment of unsteady state 
molecular transport and the consideration 
of boundary layer theory. On the other 
hand, it is felt that a more extensive dis- 
cussion of the recent developments in film 
theories, such as that of surface renewal, 
would have been a desirable complement 
to the section on turbulent—molecular 
transport. 

The text is well illustrated throughout; 
diagrams and nomenclature are clearly 
presented and easily followed. There are 
a large number of illustrations of process 
equipment included, although this may be 
a doubtful qualification considering the 
availability of descriptive literature for 
equipment and the cost to the student for 
the duplication of this information in the 
text. 

It is evident that this volume represents 
quite a departure from the traditional 
presentation of unit operations, and the 
reviewer feels the authors are quite justi- 
fied in saying “. . . . the unification pre- 
sented here is the next logical step in the 
evolution of the concept of unit opera- 
tions.” 


John B. Butt 


Computer 
Program 
Abstracts 


Readers of the A./.Ch.E. Journal 
who are interested in programming 
fer machine computation of chemi- 
cal engineering problems will find in 
each issue of Chemical Engineering 
Progress abstracts of programs sub- 
mitted by companies in the chemical 
process industries. Collected by the 
Machine Computation Committee of 
the A.I.Ch.E., these programs will te 
published as manuals where sufficient 
interest is indicated. The following 
abstracts have appeared this year: 
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Double-Pipe Heat Exchanger Calcu- 
lations (059) 


Vol. 6, No. 4 
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Solution of Simultaneous Linear 
Equations (060) 
WL DST1 (061) 
/ 
/ 
/ 
/ 
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/ 
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/ 
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When your next design, engineering or 
construction project is assigned, call on 
Stearns-Roger for one reliable source. 
Upon completion the plant is at the 
point of production to run far into the 
future, efficiently, economically. 


Engineers, Constructors, 
Manufacturers to INDUSTRY 


P.O. Box 5888 — a 7, Colo. 
DENVER 
HOUSTON 
SALT LAKE CITY 


Stearns-Roger Engineering Co., Ltd. Calgary 
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shape were varied. Average heat trans- 
fer coefficients and duct friction factors 
were correlated for both linear and 
nonlinear axial wall temperature dis- 
tributions. The Effects of Superimposed 
Forced and Free Convection on Heat 
Transfer in a Vertical Rectangular 
Duct, M. Altman and F. W. Staub. 
Average and local experimental heat 
transfer coefficients are reported for a 
vertical duct of rectangular cross sec- 
tion where the mean air flow is from 
the top to the bottom of the duct and 
where heat is being added to the air 
at the walls. Results are given for a 
Reynolds number range of 1,800 to 
10,000 based on the equivalent duct 
diameter for a duct length to equiva- 
lent diameter ratio of 69. The charac- 
teristic dip region in the transition zone 
between turbulent and laminar flow 
condition is absent for Grashof num- 
bers greater than 2 x 10° based on 
diameter. The Radial Heat Flux, S. W. 
Churchill and R. E. Balzhiser. The 
ratio of the radial heat flux at any 
radius to the radial heat flux at the wall 
provides insight into the structure of 
heat transfer in fully developed flow in 
a tube and can be used to calculate the 
temperature field and local heat trans- 
fer coefficient for laminar and slug flow 
from the effective thermal conductiv- 
ity. This important quantity is exam- 
ined in detail for the first time and 
values are presented for slug, laminar, 
and turbulent flow with a uniform 
heat-flux density at the wall and with 
a uniform wall temperature. The ex- 
plicit or implicit assumptions concern- 
ing the radial heat flux which have 
been made in the development of 
existing theoretical expressions for heat 
transfer are noted. Heat Transfer in 
Scraped-Surface Exchangers, Peter Har- 
riott. A simple equation for the film 
coefficient of a scraped-surface ex- 
changer is obtained from the theory 
for transient conduction in a_ thick 
slab. The theoretical coefficient is pro- 
portional to the square root of the heat 
capacity, density, thermal conductivity, 
and rotational speed. Experimental 
data for fluids of moderate viscosity 
show reasonable agreement with the 
theory, although lower coefficients for 
very viscous fluids or pastes would be 
expected. Mechanically Aided Heat 
Transfer, D. Q. Kern and H. J. Kara- 
kas. Heat transfer devices with moving 
parts implement phase changes to and 
from viscous Newtonian and non-New- 
tonian fluids. By combining certain 
principles of heat and mass transfer, 
hydrodynamics, and rheology, equa- 
tions are developed for tke design of 
these machines and the prediction of 
their performance. A numerical exam- 
ple illustrates the use of the derived 
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equations. Film Coefficients for Heat 
Transfer to Liquid Drops, E. R. El- 
zinga, Jr., and J. T. Banchero. Heat 
transfer rates to drops in liquid-liquid 
systems have been experimentally 
measured, and the effects of physical 
properties and drop size on the con- 
tinuous-phase heat transfer coefficient 
have been determined. Internal drop 
circulation has been shown to increase 
greatly the continuous-phase coefficient 
for some systems, and conversely the 
presence of surface-active materials 
reduces the continuous-phase coefficient 
by decreasing internal drop circula- 
tion. Natural Convection in Horizontal 
Liquid Layers, Ernst Schmidt and P. L. 
Silveston. Heat transfer through a 
horizontal liquid layer bounded on top 
by a cold surface and on bottom by a 
heated surface was measured, and re- 
sults were correlated by dimensionless 
numbers. Optical observations were 
made on the patterns formed in the 
layer by convection. The data are satis- 
factorily correlated. Condensing Heat 
Transfer Within Horizontal Tubes, 
W. W. Akers, H. A. Deans, and O. K. 
Crosser. This investigation studied the 
effect of vapor velocity, temperature 
difference, and fluid properties upon 
the heat transfer coefficient of a vapor 
condensing within a horizontal tube. 
Condensing heat transfer coefficients 
for propane and Freon 12 were meas- 
ured over a wide range of conditions. 
The data would not correlate when the 
existing equations for condensation 
were used. Calculation of the Perform- 
ance of a Mixed-Vapor Condenser by 
Analogue Computation, N. G. O’Brien, 
R. G. Franks, and J. K. Munson. An 
analogue-computer program for com- 
puting the condenser size and compo- 
sition changes encountered in the 
simultaneous condensation of a binary 
vapor mixture is described, and the ef- 
fects on performance of liquid-phase 
resistance to mass transfer are com- 
puted. Optimum Air-Fin Cooler Design, 
D. Q. Kern. In an induced-draft air- 
fin cooler the heat transfer coefficient 
for each successive row of tubes nor- 
mal to the air flow increases exponen- 
tially with the number of tube rows 
for a given air velocity. The air pres- 
sure drop and power consumption in- 
crease very nearly in direct proportion 
to the number of tube rows. Combin- 
ing both functions yields equations 
which permit the design of the air-fin 
cooler having the lowest annual cost 
for any pay-out term. In this solution 
the number of rows and air velocity 
are dependent variables. Ddta and a 
numerical problem illustrate the method 
of application. Transient Heat Conduc- 
tion in Annular Fins of Uniform Thick- 
ness, A. J. Chapman. The transient 
behavior of an annular cooling fin of 


uniform thickness is considered. For a | 
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cooling fin which is initially at the 
same temperature as the surroundings 
and is suddenly heated at its inner 
radius, equations are developed in a 
dimensionless form which give the dis- 
tribution of the temperature in the fin, 
the heat removed from the source, the 
heat given up to the surroundings, 
etc., all as functions of time. These 
equations are also reduced to graphical 
form for the use of design engineers. 
The Graetz-Nusselt Problem (With Ex- 
tension) for a Bingham Plastic, E. H. 
Wissler and R. S. Schechter. The 
Graetz-Nusselt problem is extended to 
include heat transfer to a slurry which 
behaves as a Bingham plastic. The 
eigenvalues, normalized expansion co- 
efficients for constant inlet temperature, 
and the norms of the orthogonal func- 
tions are tabulated. These values per- 
mit the computation of heat fluxes and 
average fluid temperatures with and 
without internal heat generation. Heat 
Transfer During Laminar Flow Past 
Flat Plates: An Extension of Pohl- 
hausen’s Solution to Low- and High- 
Prandtl-Number Fluids, F. D. Fisher 
and J. G. Knudsen. The Pohlhausen 
solution for heat transfer during lami- 
nar flow past an isothermal flat plate 
has been extended to low- and high- 
Prandtl-number fluids. The integral 
obtained by Pohlhausen is rearranged 
so that it may be evaluated easily for 
low-Prandtl-number fluids. 
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11-S. Nuclear Engineering, Part I: The first volume from 
the first nuclear engineering congress, held at Ann Arbor, 
contains articles on the metallurgy of zirconium, beryl- 
lium, thorium, uranium, heat transfer studies in the nu- 
clear field; and articles on reactors including the Swedish 
reactor; chlorination of aromatics under gamma radiation; 
gamma-ray polymerization of styrene and methyl metha- 
crylate. Vol. 50, 280 pp., paper bound; $3.00 to members, 
$4.00 to nonmembers. 


16-S. Mass Transfer—Transport Properties: Studies of gas 
bubbles, gas-film transfer, nonisothermal systems, liquid 
drops, thermal diffusion, gas viscosity, rotating cylinders, 
intermolecular forces. Vol. 51; paper bound; 125 pp.; $3.00 
to members, $4.00 to nonmembers. 


15-S. Mineral Engineering Techniques: Studies of the 
separation techniques of flotation, fine sizing, and sink 
and float and various related concentrating devices, to- 
gether with cost and design considerations, assembled 
with a view toward acquainting the chemical engineer 
with the possibility of applying these techniques in his 
own field. Vol. 50; paper bound; 85 pp.; $2.50 to members, 
$3.75 nonmembers. 


14-S. Ion Exchange: Data on mixed-bed deionization rare- 
earth separation, adsorption and stripping, economic 
evaluation, hydroxide-cycle operations, asymptotic solu- 
tion of mechanisms, use of gross components. Vol. 50; 
paper bound; 134 pp.; $3.00 to members, $4.00 to non- 
members. 


20-S. Liquid Metals Technology, Part I: A volume on 
liquid metals problems of special interest to the chemical 
engineer, it contains ten articles (84 pages) on the manu- 
facture and availability of alkali metals, sodium heat 
transfer, sampling analysis for impurities, description of 
high-temperature loops, material transport, corrosion and 
mass transfer, thermal conductivity, etc. Vol. 53; paper 
bound; $3.00 to members, $4.00 to nonmembers. 


7-S. Applied Thermodynamics: Experimental data, largely 
on hydrocarbons, and the results of various calculation 
programs covering enthalpies of mixtures, vapor liquid 
equilibria, and the thermodynamic properties of single 
components. Vo. 49; paper bound; 165 pages; $3.00 to 
members, $4.00 to nonmembers. ‘ 


6-S. Phase-Equilibria—Coliected Research Papers: Papers 
on the methane-nitrogen ethane-ethylene, and ethyl al- 
cohol-water systems; reduced crudes at subatmospheric 
pressures; hydrocarbon mixtures; integral calculation, 
and graphical methods for distillation. Vol. 49; paper 
bound; 113 pp.; $3.00 to members, $4.00 to nonmembers. 


3-S. Phase-Equilibria—Minneapolis and Columbus: Stud- 
ies of pressure-vapor temperature relations, solubility, 
graphical techniques, solvent extractions, etc. Vol. 48; 
paper bound; 122 pp.; $3.00 to members, $4.00 to non- 
members. 


2-S. Phase-Equilibria—Pittsburgh and Houston: Studies 
of vapor-liquid equilibria under such topics as flash va- 
porization, nomographs, extraction, thermodynamics, iso- 
thermal and isobaric equations. Vol. 48; paper bound; 138 
pp.; $3.00 to members, $4.00 to nonmembers. 


4-S. Reaction Kinetics and Transfer Processes: Data on 
transfer phenomena in heterogeneous systems, including 
studies of fixed and fluidized beds, catalytic dehydration, 
alcoholysis, and diffusion. Vol. 48; paper bound; 125 pp.; 
$3.00 to members, $4.00 to nonmembers. 


1-S. Ultrasonics—Two Symposia: Papers examining pos- 
sibilities and limitations of applied acoustics in chemical 
processes and unit operations. Vol. 47; paper bound; 87 
pp.; $2.00 to members, $2.75 to nonmembers. 


8-S. Communications: Papers stressing accuracy and clar- 
ity in written and spoken communication and treating 
corollary problems such as sound psychological ap- 
proaches, proper routing of correspondence and informa- 
tion, better accounting and statistical reports, and scien- 
tific organization of paper work. Vol. 49; paper bound; 57 
pages; $1.00 to members, $1.50 to nonmembers. 


21-S. Computer Techniques in Chemical Engineering: 12 
papers, primarily on digital-computer techniques in use 
the the chemical industry. $3.00 to members, $4.00 to 
nonmembers. 


1-M Reaction Kinetics in Chemical Engineering by Olaf 
A. Hougen: A survey of the historical development of 
chemical kinetics as applied to process design, of the 
present state of this technology, and of the most promis- 
ing fields therein for immediate investigation. Vol. 47; 
paper bound; 78 pp.; $2.25 to members, $3.00 to non- 
members. 


2-M. Atomization and Spray Drying by W. R. Marshall, 
Jr.: Covering the theory of spray drying and its industrial 
applications. Vol. 50; paper bound; 122 pp.; $3.00 to mem- 
bers, $4.00 to nonmembers. 


Standing or individual orders should be sent to American 
Institute of Chemical Engineers, 25 West 45th Street, 
New York 36, New York. Standing orders carry a dis- 
count of 10%. Symposium Series volumes will be mailed 
and billed as they become available. 
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The Stora-Vulcan Fractionator* 


a new distillation concept for heat sensitive materials 


RISING VAPOR 


Low Pressure Drop Made Practical 


The Stora-Vulean Fractionator, developed in Sweden 
and used extensively in Europe, achieves an amazingly 
low pressure drop by departing radically from the con- 
ventional bubble-cap and sieve-tray design. 

The latter require energy from high heat and pressure 
at the column bottom to push vapor upward through 
the liquid on each tray. In the Stora-Vulean Frae- 
lionator, however, energy for the vapor-liquid con- 
lacting is provided by rotors driven by a shaft with an 
external motor. 

These rotors at each tray fling a horizontal spray of 
liquid reflux droplets from column center wall, 
through which the vapor rises. At the column wall, col- 
lection rings retrieve the liquid and return it, via 
channels to the central sump from which it is re- 
distributed. Liquid also overflows from each central 
sump to the tray below. 

The narrow collection rings and spoke-like return 
channels leave a much larger open area in the Stora- 
about 30% to 
70% is open area as compared to 12% to 15% in con- 


Vulean trays than in conventional trays 


ventional trays. 
Patent 2,880,145 


OVERFLOW FROM ABOVE 


BAFFLE 


BAFFLE 


OVERFLOW TO TRAY BELOW 


This allows free passage of vapor and greatly reduces 
pressure drop. These two features-—mechanical energy 
for vapor-liquid contacting and much greater open area 

combine to give pressure drops of 0.05 to 0.1 mm. Hg. 
per plate or about | 20th of that of a bubble-cap plate. 

The unique Stora-Vulean Fractionator design con- 
tributes the following additional advantages which make 
low pressure drop eminently practical: 

® capacity is higher than that of conventional towers 

having equal diameter. 

plate efficiencies are equivalent to conventional 

lrays. 

m retention time on trays is significantly less than 

on conventional trays. 

= turn-down limit is extremely low. 

The sole supplier of the Stora-Vulcan Fractionator in 
the Western Hemisphere, Vulean-Cincinnati, Inc. has 
been serving the chemical processing industry for over 
fifty years. This experience is at your service. 

120 Sycamore Street, Cincinnati 2, Ohio 
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